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Abs t r ac t .  A common factor in all illusory contour figures is the percep- 
tion of a surface occluding part of a background. These surfaces are not 
constrained to be at constant depth and they can cross other surfaces. 
We address the problem of how the image organizations that yield illu- 
sory contours arise. Our approach is to iteratively find the most salient 
surface by (i) detecting occlusions; (ii) assigning salient-surface-states, a 
set of hypothesis of the local salient surface configuration; (iii) applying a 
Bayesian model to diffuse these safient-surface-states; and (iv) efficiently 
selecting the best image organization (set of hypothesis) based on the 
resulting diffused surface. 
We note that the illusory contours arise from the surface boundaries 
and the amodal completions emerge at the overlapping surfaces. The 
model reproduces various qualitative and quantitative aspects of illusory 
contour perception. 

1 Introduct ion  

The first experiments with stimuli in which contours are perceived without in- 
tensity gradients (see Figure 3) are described by Schumann [26]. Kanizsa [17] 
has described striking visual experiments to relate the perception of illusory con- 
tours to various perceptual phenomena such as occlusions, transparency, depth 
sensations, brightness contrast and object recognition. These contours reveal vi- 
sual grouping capacity and visual cortical activity [5] [28] [23] that  have provoked 
scientific interest for a century. Two questions natural  to ask are (a) how these 
contours are perceived, i.e., how the shape of these illusory contours arise ? and 
(b) why these contours are seen and not others among all possible ones, i.e., how 
a visual organization is selected ? 

1.1 P r e v i o u s  a p p r o a c h e s  

Many computat ional  models have been proposed to describe the formation of 
illusory contours. The following ones take the pr imary view of extending the 
intensity edges, Ullman[27], Shashua and Ullman [25], Heitger & v o n  der Heydt 
[12], Grossberg & Mingolla[10] and Grossberg [11], Guy & Medioni[9], Kellman 
& Shipley[18] , Mumford [20], Williams ~; Jacobs [30]. The approach of regions 
is presented by Nitzberg & Mumford [22] [21] and Brady & Grimson[3]. All 
the above work have very little discussion on how a particular illusory contour 
is selected, but rather focus on the shape of the contour. Williams and Hanson 
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[29], argue that the topological validity of the completed surfaces can be ensured 
by enforcing the labeling scheme of Huffman[14]. Topological validity, however, 
is too weak to constrain the solution space. 

Our surface reconstruction approach is most closely related to Nitzberg and 
Mumford work, though our energy function is substantially different. Also, unlike 
previous authors, we address the problem of selecting a visual organization with 
a model that can be approximately computed. 

1.2 O u r  a p p r o a c h  
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Fig.  1. Kanizsa stereo pair. Different possible interpretations of the Kanizsa 
square figure. Cross-fusing (b.) and (c.) leads to percept (e.) while cross-fusing 
(a.) and (b.) leads to percept (f.). Percept (d.) is obtained from monocular images 
when interpreted "literally", i.e. without the illusory contours. 

When the Kanizsa square image is shown (see figure 1 a) various possible visual 
organizations, salient surfaces, are plausible. One can organize the cues to per- 
ceive a white square in front of four dark circles (see figure 1 e), or alternatively, 
various black shapes distributed over the white background (see figure 1 d). 
When stereo pairs are available (see figure 1 a,b,c), other organizations emerge, 
such as the "amodal completion", which gives the percept of four dark holes 
with a white square being occluded by the white region (see figure 1 f). 

We address the problems of why and how the salient surface arises. Our 
approach is to (i) detect occlusions; (ii) assign salient-surface-states at these 
locations that reflect a particular surface configuration; (iii) apply a Bayesian 
model to diffuse this local surface information; (iv) define an energy measure 
for each diffusion to select the salient surface (the image organization). We note 
that the illusory contours arise from the surface boundaries. Thus we do not 
propagate/extend intensity edges. 

2 A s a l i e n t  d i f f u s e d  s u r f a c e  

In this section the analysis is confined to select and diffuse a single salient surface, 
and in the next section we generalize it to multiple surfaces. 
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2.1 Junct ions ,  occlus ions  and data ass ignment  

It is well known that when occlusions are detected, an immediate sensation of 
depth change occurs. This can occur in monocular images due to features such 
as line endings and junctions. In stereo vision, occlusions along an epipolar line 
in one eye correspond to depth discontinuities in the other[7]. Occlusions are 
typically perceived where junctions or line stops occur. Thus, we start by identi- 
fying the local occlusion cues such as T-junctions, Y-junctions, corners and line 
endings. Each of these cues could suggest various local occlusion scenarios, e.g. 
corners have multiple occlusion interpretations (see figure 2). Initial information 
is then provided in these regions in the form of salient-surface-states representing 
local surface configurations. 

C~ner  surest/rig local occlusion 
of surfaces tu d i f f e f e l t  ways.  

r J 

V: ,V ,V .... v= 
a .  b .  e .  d .  

Fig.  2. Each corner has five (5) local salient surface interpretations. (a.) Convex 
shape. Salient black (on top). (b.,c.) Two different T-junction interpretations. 
(Extension shown to denote depth edge) (d.) Concave shape. Salient white (on 
top). The last one is the null hypothesis, i.e., no salient surface. 

Sallent-surface-state:  
We define a binary field (rio E [0, 1] representing the salient-surface-state at 

pixel (i, j )  on the image. More precisely, a~j = 1 indicates that  the pixel (i, j )  
is salient, and aij = 0 indicates that it is not. Initially the information is only 
availble at occlusion. We define cr q 0,s as the initial data, where q indicates various 
possible hypothesis (to be defined), and a binary parameter "~ij = O~ 1, which 
indicates where a junction is present or not. 

Corners (as T-ju~ctions): At a corner, five (5) different possible configu- 
rations (hypothesis) for cr0qs = 1,0 must be analyzed (see figure 2), i.e., q = 
1,2, 3, 4, 5. Different from previous work, we are conjecturing a mechanism where 
even at corners a T-junction is hypothesized. This mechanism will be of key im- 
portance to obtain the formation of illusory surfaces. 

T- and Y- junctions: These 3-junctions admit any of the three surface patches 
on top, with the angles biasing the probability. A null hypothesis must be always 
added. 



416 

End-Stopping: At an end stop of a bar, a surface discontinuity is suggested, 
the bar is being occluded at that location. Thus, just one interpretation is pro- 
vided and the null hypothesis, i.e., q = 1, 2. 

It is plausible that  each configuration cr0q u has a different probability to occur 

and a statistical analysis of scenes would be necessary to estimate P(I[{a0%i, A~j }). 
For simplification, we will set all of them equal, i.e., we will consider the image 
to be conditionally independent on the parameters {crq j, Aij}. 

2.2 Diffusion process from sparse data 

In order to diffuse the salient-surface-state values from the sparse junction loca- 
tions, we fit piecewise smooth surfaces using the prior distribution 

P({cqj}) = C1 H e-["'5(~u-~176 ' 
ij 

where C1 is a normalization constant, and the diffusion coefficients Izij depend 
upon intensity edges as we will discuss. Assuming a Gaussian error we derive a 
posterior Gibbs distribution associated to an energy functional E(g)  given by 

j , 2 = --0"015) "~]2ij(6rij--Cri,j+l)2-4-~th(o'ij--cri+l,j) 2] (1) 
ij 

The first term in the energy fimctional imposes a fit to the sparse input data  
(Aij = 0, 1) while the other terms perform a controlled diffusion of this data to 
nearby locations if there are no discontinuities, i.e. #~s # 0. Note that each set 
of hypothesis {a0q~j } yields a different diffusion result. 

S m o o t h i n g  coefficients: 
In order to prevent smoothing along intensity boundaries, we define the 

smoothing coefficients as 

/z/hi = /z(l--e~j) and #i~j =/z(l-ei~), (2) 

where e h(v) = i indicates the presence of a horizontal edge (or vertical edge). The 
intensity edge map efficiently allow for neighbor pixels with the same "color" to 
interact and to block the ones of different "color". 

I l l u s o r y  c o n t o u r s  a n d  a description of  the algorithm: 
We propose the following method to estimate the locations of surface discon- 

tinuities, which provide the illusory contours. 

(i) Compute ~ij from the edge map; 
(ii) Estimate {crij } by minimizing E Di$]usi~ 

(iii) Apply a threshold function on {aij} such that if ~rij > 0.5 it is mapped to 
1, otherwise to zero. 
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This last step identifies likely discontinuity locations as trij = 0.5 iso-contours, 
i.e. the 0.5 transition points of the salient-surface-state values. Step (ii) we use 
two methods to minimize for E(cr). An exact, but computationally expensive, 
Cholevsky decomposition and an approximate one, very fast and parallel, based 
on renormalization group (averaging process). The description can be found in 
[19] where we also show the solution o'ij is bounded by the initial data c%~j. 
Thus, crij C [0, 1] if a0,j E [0, 1] and the a~j can be interpreted as the degree of 
saliency (salient-surface-states). 

C u r v a t u r e  R e m a r k :  Note that no curvature term has been considered in this 
model (just nearest neighbor interactions) and so, the desired smoothness is 
captured by allowing continuous solutions for o'ij and the (simple) non-linearity 
of the model (thresholding). 

2.3 Salient Organization 

We now define a measure to evaluate the saliency of the surface obtained from the 
occlusion cues. Each image organization is defined by a distinct set of hypothesis 
{~0q,j, Aij}, and the reconstruction of {aij}  proceeds by minimizing the energy 
given by equation (1). We then propose that the favored organizations (saliency) 
are the ones with salient-surface-states {crij } with lowest energy value of 

S(~) E s ~ u ~ Y ~ ( ~ o  "q = t ~t O , j , ~ i j } ) ) = E [ G i j ( 1 - - a i j ) ] / N 2 ,  (3) 
i j  

where the image size is assumed to be N • N. Notice that  ~ = ~ ( { ~ , ,  )~ij)) is 
evaluated by minimizing (1). This criterion basically favors organizations where 
regions have been more clearly segregated by the diffusion process, i.e., where 
the final states are closer to l 's and 0's (the minimum energy is obtained when 
eij = 0, 1), and penalizes for ambiguities e i j =  0.5. 

Complexity: Let us say we have P junctions, each one having Q possible config- 
uration states. The total number of hypothesis is QP. Thus, the computational 
complexity is exponential with the number of junctions. One may reduce the 
number of hypothesis by only allowing salient hypothesis that are "color coher- 
ent",  Like only assigning saliency ~0,, = t to white regions. This reduces Q, the 
possible hypothesis for each junction, but still leads to an exponential growth on 
the total number of hypothesis (as long as Q # 1). We now offer an approach to 
this organization problem where various methods are known to approximately 
compute the best organization in polynomial (very fast) time. 

M a t r i x  n o t a t i o n :  In matrix notation the fornmla (1) can be written as 

E(~) = (o - (A - S ) - I z ~ q )  T (A - S) (c~ - (A - s ) - l z c  rq) (4) 

where we have neglected an additive constant . Here, ao p and c~ are vectors 
containing the values of ~q,j and c~ij respectively, cast into a single column 
vector, i.e., 
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f f k  = ( 7 i T N j  ~- ~ i j  or  ~k -~ f f i n t ( k / N ) , r n o d ( k , N ) ,  . 

The  superscript T represents t ransposes and I is the identi ty matr ix .  We have 
introduced the variable sij = 1 -  Aij.  S is a diagonal mat r ix  with diagonal entries 
sij and Z = (I  - S). The mat r ix  (A - S) is symmetr ic ,  block tr i-diagonal,  with 
the following structure.  

(A - S) = 

A1 - $1 D T 0 . . .  

D 1  A 2  - S2 D T "'. 

0 Dz A3 - $3  ". 

where the matr ices  Di and A i  - -  Si are given by 

D i  z 

--~ti_l,  1 0 Xil --~hl 0 

0 -tt~'_l, 2 , Ai  - Si ---- --~hl Xi2 '" 

0 0 "'- 

h + # h .  v + v and i is a row index. where )s -- Aij + P i - l , j  q- I l l , j -1 Pij  
Since the energy is quadrat ic  and positive definite, the m i n i m u m  of the energy 

is 0 and the m i n i m u m  energy configuration is given by 

(5) 

T h e  o r g a n i z a t i o n  s e l e c t i o n  p r o c e s s :  
We now procede to elaborate,  within an efficient representation, the problem 

of visual organizat ion selection. We draw this formulat ion f rom previous work 
on opt imiza t ion  by Karmarkar  [16]. 

Let us assume we have p = 1 , . . . , P  junct ions  and tha t  for each junc t ion  
we have q = 1, ..., Q hypothesis  (salient states). Let us define the binary field 
r = 0, 1 tha t  is 1 when junct ion  p is at state q. For each junc t ion  only one 

hypothesis  is accepted (to select one salient surface), i.e., Q E q = l  •Pq ---- 1. Let us  

represent each hypothesis  as ag, and thus, 

P 

p = l  

Using (5) we can write the energy (3) as 
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i P Q P Q 

p = l  q=l  r : l  s : l  

1 P'Q P'Q'P'Q 

- N~ Eevq(z0q ,  ) T M - T 1 -  E ePqO~'(e~p ) T M - T M - l ( r r 0 , '  (6) 
p,q p,q,r,~ 

where M -1 = ( h -  S ) - l ~ ,  and under the constraint ~ Q  epq = 1 Vast lit- 
erature exists on solving this problem. The interior point method proposed by 
Karmarkar,  e.g. [16]. A related mechanical statistical methods, where @q is av- 
eraged out, was proposed in [6] [8]. Also a related method is mean field annealing 
where early work [2] already introduces. These methods lead to a solution of the 
form 

Q e - f ~ ( h , , , , , - ~ , ,  &.,,v,, . . . . . .  ) ' Eq=l 
where hpq = ((r0q)TM-T1 and kp,q ..... = ((rq%)TM-TM-1~r~, and /3 is an an- 

nealing parameter. For/3 = 0 the solution is ~pq ~- 1 / Q  and as/3 --~ oo a solution 
is obtained. 

Alternatively, in this paper, we simply inspect various natural organizations 
to examine the associated energy S(c~) and select the best one. 

We note that analogous models could be constructed for various vision modal- 
ities. For example in texture discrimination, following the "Texton Theory" pro- 
posed by Julesz [15]. The features instead of junctions would be "textons", their 
interpretations would build a set of "states" respectively, while the interactions 
between textons would be dictated by a discontinuity preserving diffusion pro- 
cess. Much work remains to be done. 

3 Experiments  and Results  

The model provides a way to test qualitative and quantitative aspects of illu- 
sory surface perception. We first present the results of the reconstruction for 
"classical" illusory surfaces (see figure 3). Then we investigate various other ge- 
ometricM parameters[23][24] of illusory surfaces, taking the kanizsa square as 
the starting point. All results presented in this article have been obtained using 
# = 0.01 and a threshold of 0.5. !dvi 

4 M u l t i p l e  s u r f a c e s  a n d  a m o d a l  c o m p l e t i o n  

We have so far described a model for reconstructing the salient surface and ap- 
plicable to modal completion, i.e, when the perceived illusory surface is seen in 
front. We now extend the model to account for multiple surfaces and amodal 
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Fig.  3. Two examples of illusory surface perception, stressing the surface aspect 
of the illusory figures. Each of the above figures depict a. The original figure, b. 
Input d a t a -  white=l;  black=0; gray=0.5, c. The reconstruction, d. Threshold- 
ing. 

(e) S(r = 0.389704 S(a) = 0.000000 S(e) : 0.552932 S(a) : 0.527047 

Fig.  4. Different ways of interpreting each corner lead to different surface 
shapes. The 2 lowest S(~) values give "natural" perceptions. (a) Original fig- 
ure; (b) Input data (white - ~0u = 1,~ij = 1; blaek-o'0u = 0,)~ij -- 1; 
gray-c~0u = 0.5, ~ j  = 0); (c) Reconstruction aq; (d) Thresholded values from 
(c); (e) Energy 
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Fig.  5. The change in the perceived surface leads gradually to the changed group- 
ing of features as the vertices of the illusory square are rotated, while the energy 
values show a degradation in the perception of the illusory contours with in- 
creasing curvature. 

Fig.  6. The perception of the illusory square grows stronger as the ratio 7=(circle 
radius)/(square side) is increased, as depicted by the energy values.The model 
only converges to a square if the ratio exceeds a threshold, which is in qualitative 
agreement with human perception. 

completion or perceptual completion of partially hidden surfaces. Figure 8 de- 
picts an example of amodal completion. The "square like" shape is clearly seen 
in Figure 8 b, despite the occluding grey squares, while that  is not the case in 
figure 8 a (where the occluding grey squares are absent). 

We propose a layered and stage wise model [22][13][1] [4] where at each stage 
s, the salient-surface is reconstructed and then, removed, and subsequently the 
same process continues to the next stage until all surfaces have been recon- 
structed. Multiple surfaces can be assigned to each image location due to the 
layered reconstruction. Then, the overlapping regions correspond to amodal com- 
pletions of partially occluded surfaces. 

U p d a t i n g  #i~j: Once the salient surface is reconstructed, at stage s, it is removed 
so that  concealed surfaces can be reconstructed. T The intensity edges associated 
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to the first surface need also to be removed since the surface is no longer there 
to block the interactions. The removal process updates the intensity edges of the 
previously reconstructed surface to zero. 

U p d a t i n g  c~j :  Once the salient surface is reconstructed, at stage s, the occlu- 
sion information must be reconsidered. The removed surface is no longer there 
and therfore the cues for saliency are no longer valid. One must choose the 
salienct-surface-states accordingly. 

The experiments are shown in figures 7 and 8. 

Fig.  7. Multi layer reconstruction for the Kanizsa square figure. First layer: (a) 
�9 . s m t o p  Imtlal values of#i  j ; (b) Sparsity map - ~ij = 1 at non-gray pixels and Aij = 0 

in the gray region. (c) Reconstruction cqj; (d) values from (c) thresholded at 0.5; 
(e) Energy values. Removing the Kanizsa square, and reconstructing the Second 
Layer (Amodal completion): (f), (g), (h), (i), (j) are the same quantities for the 
second layer. 
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