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1 I n t r o d u c t i o n  

One of the techniques in m0del-based pose estimation of 3D objects consists of locating "interest 
points" on models of the objects, detecting these point s in the image, and matching subsets of 
these image points against subsets of the interest points of the models. Valid matches determine 
a similar object pose, which can be found by clustering techniques. 

Solving for the position and orientation of an object knowing the images of n points at known 
locations on the object is called the n-point perspective problem (see [5] for a review and a four 
points solution), The three-point problem, also called the triangle pose problem [9], has been 
solved in various ways. A review of the major direct solutions for three points under exact 
perspective is provided in [4]. Another direct solution is described in this paper. Computation 
speed is important when many or all possible combinations of triples of image feature points 
and triples of model interest points are considered. Direct methods require quite a fe w floating 
point operations. Some researchers have proposed faster methods based on scaled orthographic 
projection [8,6,10]. We introduce an alternative approximation which we call orthoperspective, 
a local scaled orthographic projection using a plane normal to one of the rays, which causes 
smaller errors for off-center images. The angular terms of the pose of a given triangle depend 
then only on two parameters of the image triangle, and these can be precomputed in a two 
dimensional lookup table resulting in a very fast pose estimation algorithm. 

2 P r e l i m i n a r i e s  

Figure 1 shows a triangle M1MoM2 of known dimensions. Its sides MoMI and MoM2 have 
known lengths D1 and D2 and the angle M1MoM2 at vertex M0; which we call c~, is also known. 
This triangle projects on the image plane in rnzmom2. The projection on the left drawing of 
the figure is an exact perspective projection. The projection on the right is an approximation 
that we call orthoperspective (Section 4). With both projections, the position of the triangle in 
space is completely determined by the location of its image, by the range R0 of the vertex M0 
along the line of sight Orno, and by the angles 01 and 02 that the sides MoM1 and MoM2 make 
with the line of sight Omo. Once the three unknowns R0, 01 and 02 are determined, the triangle 
vertices are given by 
~ o o  = R0 ~0, ~ = [Ro + D l  (cos 01 - -  ~* ' l~ ' -~n  -- D tan Vl  ) j 0 1 -  l~t~ls,nsia0'-~'fZ , ~ '~2= [RoWD2(cosO~z  - -  ~tanslnO~rz . . . . . . .  ]J eo ~ , J 2  ~ e 2 s , n  in 0. ---4.x2 

where e--~0, ~ and ~ are the known unit vectors along the lines of sight Omo, Oral and Ore2, 
and "~'1 and "~2 are the angles between e0 and ~ and ~0 and ~ respectively. 

3 Tr iangle  Pose  Solu t ions  for  E x a c t  P e r s p e c t i v e  

In the exact perspective projection (Figure 1, left), the law of sines for triangle OMoMz yields 

sin(0z - ~'1) = sin~/1 (1) 
Ro/D~ 

A similar equations is written for 02. Dividing the two equations eliminates R0 

sin(0z - ~fz) _ K, with g -- sinffl/Dz (2) 
sin(02 - "~2) sin'~2/D2 
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Figure 1: Exact perspective and orthoperspective for a triangle 

K is a combination of known parameters. We call K the  foreshortening ratio, because it is a 
ratio of foreshortening measures for the two sides of the triangle. 

A second relation between 01 and 02 is obtained by expressing the cosine of a,  the angle at 
vertex M0 of the world triangle, as a dot product [7]: 

cos ~ = sin 01 sin 0z cos ¢ + cos 01 cos 02 (3) 

where ¢ is the angle between the plane containing O, m0 and rn 1 and the plane containing O, 
rn0 and rn2. This equation also applies to the orthoperspective approximation (Figure 1, right). 

Eliminating 02 yields a fourth degree equation in sin2(01 - 71). The coefficients of the 
equation and details are given in [3]. A total of two triangle poses compatible with the original 
equations is generally found. Representative pose surfaces are presented graphically in Figure 2. 
The top row of Figure 2 shows the three diagrams of one set of solutions (R, 01, 02), the bottom 
row the second set. However, this separation into two sets is artificial. The step discontinuity 
of the surfaces of one set matches the step discontinuity of the surfaces of the other set so that 
the resulting surface does not possess any discontinuity. For example, the general shape of the 
surface giving 01 is the double valued surface shown in Figure 3; the surface for 02 is similar. 
The surface for R0 also combines two layers which cross each other, but are very close together. 

A startling consequence is that if the image of a triangle deformssmoothly (corresponding to 
a smooth 3-D motion of the 3D triangle) so that  the final image is identical to the initial image, 
then the corresponding world triangle has not necessarily returned to its original position. It 
would require a second cycle of the image deformation sequence to bring back the world triangle 
to its initial position (Figure 3, right). This occurs when the trajectory corresponding to the 
triangle poses on the solution surface describes a closed cycle around the point (K = 1, ¢ = ~). 

4 Orthoperspectlve 

Figure 1 (right) describes the orthoperspective approximation. A plane H through point Mo 
perpendicular to the line of sight Orn0 is considered. Points M1 and M2 project onto this plane 
at H1 //2 using an orthogonal projection; the image points rn0, rnl and m2 are the perspective 
images of M0, HI and H2. 
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Figure 2: Solutions for triangle pose using exact perspective for tan q,x = 0.1, Dx/D2 = 0.5 and 
c~ = 7r/4. Range of K from 1/4 to 4. Range of tan(C/2) from one quarter to four times tan(~/2).  

Figure 3: Solution surface for angle 01 or 0~. Two cycles may be necessary in the image for the 
world triangle to return smoothly to its original position 

Notice that  if we rotate the camera around the center of projection O to bring the optical axis 
to the line of sight Orn0 (a standard rotation[7]), the image plane becomes parallel to the plane II 
on which we performed the orthogonal projection. After this camera rotation, orthoperspective 
is simply a scaled orthographic projection. The camera rotation removes the dependence of the 
construction on the offset of the world object from the optical axis. For this reason orthoper- 
spective is a better approximation to perspective than classical scaled orthographic projection 
for image elements which are not centered in the image plane [1,3]. 

In the right triangle OMoH1 of Figure 1 (right) 

sin 01 
Ro/DI  - tan'~l (4) 

Writing a similar equation for 02 and dividing the two equations eliminates R0, yielding 

ranch/D1 sin 01 = K, with g - (5) 
sin 02 tan'72/Dz 
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Figure 4: Errors for triangle pose using orthoperspective 

Eliminating 02 between Equation 5 and Equation 3 yields a second degree equation in sin 2 01 

sin2¢ sin 4 01 - (K 2 - 2K cos a cos ~b -{- 1) sin 2 01 -F K 2 sin~c~ = 0 (6) 

Equation 6 always has two positive solutions, but only the smaller solution has magnitude less 
than I and can thus be equated to the square of the sine of an angle. The single solution for sin 01 
results in two complementary solutions for 01 corresponding to mirror image directions of MoN[1. 
The corresponding value for sin 02 obtained from Equation 5 also yields two complementary 
solutions for 02. Equation 3 has to be used to discard two of the four combinations of 01 
and 02. Finally, the distance Ro of the vertex -~o from the center of projection is computed 
using Equation 4. This yields a single solution for R0. Thus the two solution triangles share a 
common vertex A//0, whereas in exact perspective the two solution triangles have slightly distinct 
N/o vertices. Therefore a single-valued surface is obtained for Ro/D1. Otherwise the diagrams 
for the approximation are almost identical to those obtained for exact perspective (Figure 2) 
and are omitted for lack of space. They can be found in [3]. 

5 Comparison of Triangle Pose obtained by Exact and Approximate Perspective 

We numerically compare the results provided by the exact perspective and the approximate 
perspectives for the parameter values used in Figure 2. The results are plotted in Figure 4. The 
numbers given on the 3D plots of Figure 4 are nondimensional errors in R0/DI and angular 
errors in degrees. The following characteristics of the errors can be observed: 

1. The largest range errors occur for small values of K, i.e. when the side MoMI is much 
more foreshortened than the other side (MoMI and MoM2 do not play symmetric roles in 
these diagrams because the size of the image of MoMI is fixed since "~1 and K are fixed). 

2. The largest angular errors occur along the line (K = 1, ¢ < ~) and reach almost 10 degrees 
in these valleys of the surfaces. At the edges of the diagrams the angular errors are only 
around two or three degrees. Other error diagrams are provided in [3]. 
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6 Discuss ion 

One advantage of using approximate perspective is that small lookup tables can be constructed. 
The solutions for the angles 01 and 02 depend only on two parameters, K and ~. For each 
triangle of features of an object a two dimensional table can be generated, in which the possible 
values for 01 and 02 are stored for a range of the observable parameters K and ¢. From an 
image of the triangle, the parameters K and ¢ are calculated and the angles are read from the 
table. Then the range R0 is obtained using Equation 4. On a 16K Connection Machine without 
floating point processors, this technique programmed in StarLisp provides a pose estimate of a 
single polyhedra with 40 triangles with a smooth background in around one second [2]. This 
involves matching all pairs of image and model triangles, and clustering the resulting set of pose 
estimates. 

The error diagrams shown in Figure 4 are useful for increasing the accuracy of pose estimation 
by lookup tables. The table cells for which the approximate pose is very different from the exact 
pose (for example for K close to one and ¢ < ~, as seen in Figure 4) can be flagged, and the 
pairs of model and image triangles corresponding to these table cells can be disregarded. 
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