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Abstract 

We describe a theoretical formulation for stereo in terms of the Markov Random Field 
and Bayesian approach to vision. This formulation enables us to integrate the depth infor- 
mation from different types of matching primitives, or from different vision modules. We 
treat the correspondence problem and surface interpolation as different aspects of the same 
problem and solve them simultaneously, unlike most previous theories, We use techniques 
from statistical physics to compute properties of our theory and show how it relates to pre- 
vious work. These techniques also suggest novel atgoxithms for stereo which are argued to be 
preferable to standard algorithms on theoretical and experimental grounds. It can be shown 
(Yuille, Gaiter and Biilth0ff 1989) that the theory is consistent with some psychophysical 
experiments which investigate the relative importance of different matching primitives. 

1 I n t r o d u c t i o n  

In this paper we introduce a theoretical formulation for stereo in terms of the Bayesian approach 
to vision, in particular in terms of coupled Markov Random Fields. We show that this formalism 
is rich enough to contain most of the elements used in standard stereo theories. 

The fundamental issues of stereo are: (i) what primitives are matched between the two 
images, (ii) what a prior i  assumptions are made about the scene to determine the matching and 
thereby compute the depth, and (iii) how is the geometry and calibration of the stereo system 
determined. For this paper we assume that (iii) is solved, and so the corresponding epipolar 
lines between the two images are known. Thus we use the epipolar line constraint for matching, 
some support for this is given by the work of Bfilthoff and Fahle (1989). 

Our framework combines cues from different matching primitives to obtain an overall per- 
ception of depth. These primitives can be weighted according to their robustness. For example, 
depth estimates obtained by matching intensity are sometimes unreliable since small fluctuations 
in intensity (due to illumination or detector noise) might lead to large fluctuations in depth, 
hence they are less reliable than estimates from matching edges. The formalism can also be ex- 
tended to incorporate information from other depth modules (Biilthoff and Mallot, 1987, ]988) 
and provide a model for sensor fusion (Clark and Yuille, 1990). This framework was initially 
de~ribed in Yuille and Gennert (1988). 

Unlike previous theories of stereo which first solved the correspondence problem and then 
constructed a surface by interpolation Grimson (1981), our theory proposes combining the two 
stages. The correspondence problem is solved to give the disparity field which best satisfies the 
a prior i  constraints. 
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Our model involves the interaction of several processes and is fairly complex. We will intro- 
duce it in three stages at different levels of complexity. 

At the first level features (such as edges) are matched, using a binary matching field V/~ de- 
termining which features correspond. In addition smoothness is imposed on the disparity field 
d(E) which represents the depth of the surface from the fixation plane. In this case the corre- 
spondence problem, determining the V/,, is solved to give the smoothest possible disparity field. 
The theory is related to work by Yuille and Grzywacz (1988a, 1988b) on motion measurement 
and correspondence, and, in particular, to work on long-range motion. 

At the second level we add line process fields I(g) (which represents depth discontinuities) 
(Geman and Geman, 1984) to break the surfaces where the disparity gradient becomes too high. 

The third level introduces 'additional terms corresponding to matching image intensities. 
Such terms are used in the theories of Gennert (1987) and Barnard (1986) which, however, 
do not have line process fields or matching fields. A psychophysical justification for intensity 
matching is given by the work of Biilthoff and Mallot (1987, 1988), Thus our full theory is 
expressed in terms of energy functions relating the disparity field d(a~), the matching field V~, 
and the line process field l(E). 

By the use of standard techniques from statistical physics, particularly the mean field ap- 
proximation, we can eliminate certain fields and obtain effective energies for the remaining fields 
(see Geiger and Girosi, 1989; Geiger and Yuille, 1989). As discussed in Yuille (1989b) (following 
Wyatt - private communication) this can be interpreted as computing marginal probability dis- 
tributions. We use this to show (Yuille, Geiger and Biilthoff 1989) that several existing stereo 
theories, such as the cooperative stereo algorithms (Dev, 1975; Marr and Poggio, 1976) and 
disparity gradient limit theories (Prazdny 1985; Pollard, Mayhew and Frisby, 1987), are closely 
related to versions of our model. 

These techniques, however, also suggest novel algorithms for stereo computation. We argue 
that these algorithms incorporate constraints about the set of possible matches better than 
previous algorithms. They can also be directly related (Yuille 1989b) to analog methods for 
solving the travelling salesman problem. Moreover the greater empirical success of the elastic 
net algorithm (Durbin and Willshaw !987) compared with the Hopfield and Tank method (1985) 
strongly suggests that our novel stereo algorithms will be more sucessful than some existing 
algorithms. 

Our model can be related (Yuille, Geiger and Bfilthoff 1989) to some psychophysical exper- 
iments (Biilthoff and MMlot, 1987, 1988; Biilthoff and Fahle, 1989) in which perceived depth 
for different matching primitives and disparity gradients are precisely measured. Their results 
suggest that several types of primitive are used for correspondence, but that some primitives 
are better than others. Our model is in good general agreement with the data from these 
experiments. 

The plan of this paper is as follows: in Section 2 we review the Bayesian approach to vision 
and describe our theory. Section 3 introduces techniques from statistical physics and uses them 
to analyse the theory. The paper Yuille, Geiger and Biilthoff (1989) describes this work in more 
detail, in particular the comparison between theories and the relations to psychophysics. 

2 The  Bayes ian  Approach  to Stereo 

There has been a vast amount of work on stereo. Barnard and Fischler (1982) gives a good 
survey of the literature. We first review the problem of stereo and give an overview of our 
theory. Our theory is then described in terms of an energy function and finally put into a 
probabilistic framework. 
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2 . 1  T h e  M a t c h i n g  P r o b l e m  

There are several choices of matching primitives for stereo. Some theories use features such 
as edges or peaks in the image intensity (e.g., Mart  and Poggio, 1976; Pollard, Mayhew and 
Frisby, 1987; Prazdny, 1985) while others match the image intensity directly (e.g., Barnard, 
1986; Gennert, 1987). Yet another class of theory acts on the Fourier components of the images 
(e.g., Sanger 1988; Jepson and Jenkin, 1989) and hence is particularly sensitive to texture. It is 
unclear which primitives the human visual system uses. Current research (Bfilthoff and Mallot, 
1987, 1988; BSlthoff and Fahle, 1989) suggests that at least edges and image intensity are used 
as primitives. 

It is desirable to build a stereo theory that  is capable of using all these different types 
of primitives. This wilt allow to reduce the complexity of the correspondence problem and 
will enhance the robustness of the theory and its applicability to natural images. But not all 
primitives are equally reliable, however. A small fluctuation in the image intensity might lead 
to a large change in the measured disparity for a system which matches intensity. Thus image 
intensity tends to be less reliable than features such as edges. 

Some assumptions about the scene being viewed are usually necessary to solve the corre- 
spondence problem. These can be thought of as natural constraints (Marr and Poggio 1976) 
and are needed because of the ill-posed nature of vision (Poggio and Torre, 1984). There are two 
types of assumption: (i) assumptions about the matching primitives, i.e., that  similar features 
match (compatibility constraint), and (it) assumptions about the surface being viewed (continu- 
ity constraint). For (it) one typically assumes that either the surface is close to the fixation point 
(disparity is small) or that  the surface's orientation is smoothly varying (disparity gradient is 
smaU) with possible discontinuities (we discuss possible smoothness measures in Section 2.2). 

Our theory requires both assumptions but  their relative importance depends on the scene. If 
the features in the scene are sufficiently different then assumption (i) is often sufficient to obtain 
a good match. If all features are very similar, assumption (ii) is necessary. We require that the 
matching is chosen to obtain the smoothest possible surface, so interpolation and matching are 
performed simultaneously (the next section formalizes these ideas). 

2 . 2  T h e  F i r s t  L e v e l :  M a t c h i n g  F i e l d  a n d  D i s p a r i t y  F i e l d  

The basic idea is that  there are a number of possible primitives that  could be used for matching 
and that  these all contribute to a disparity field d(x). This disparity field exists even where 
there is no source of data. The primitives we will consider here are features, such as edges in 
image brightness. Edges typically correspond to object boundaries, and other significant events 
in the image. Other primitives, such as peaks in the image brightness or texture features, can 
also be added. We will describe the theory for the one-dimensional case. 

We assume that  the edges and other features have already been extracted from the image 
in a preprocessing stage. The matching elements in the left eye consist of the features xiL, for 
iL =- 1, ..., Nt. The right eye contains features x ~ ,  for aR = 1, ..., N~. We define a set of binary 
matching elements V/~a~, the matching field, such that  V i ~  = 1 if point iL in the left eye 
corresponds to point an in the right eye, and ViLeR = 0 otherwise. A compatibility field AiL~ 
is defined over the range [0, 1]. For example, it is 1 if iL and aR are compatible (i.e. features of 
the same type), 0 if they are incompatible (an edge cannot match a peak), 

We now define a cost function E(d(x), V~R) of the disparity field and the matching elements. 
We will interpret this in terms of Bayesian probability theory in the next section. This will 
suggest several methods to estimate the fields d(x), ViL~ given the data. A standard estimator 
is to minimize E(d(x), V~L~ R) with respect to d(x), V~L~ n. 

E(d(x),ViL~n) = ~ A'L~RViL~R(d(xiL) -- (X~R -- XiL)) ~ 
iL ~aR 
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+)~{~--'~(~-'~. ViLeR -- 1) 2 + ~ ( ~  VILaR -- 1)2) " -{- ff/M(Sd)2dx. (1) 
iL aR aR i L 

The first term gives a contribution to the disparity obtained from matching iL to an. The 
third term imposes a smoothness constraint on the disparity field imposed by a smoothness 
operator S. 

The second term encourages features to have a single match, it can be avoided by requiring 
that each column and row of the matrix V~L~ R contains only one 1. In Section 3 we will argue 
that it is better  to impose constraints in this way, hence the second term will not be used in our 
final theory. However we will keep it in our energy function for the present since it will help us 
relate bur approach to alternative theories. 

Minimizing the energy function with respect to d(Z) and V~a. will cause the matching which 
results in the smoothest disparity field. We discuss ways of doing this minimization in Section 3. 

The coefficient ? determines the amount of a priori knowledge required. If all the features 
in the left eye have only one compatible feature in the right eye then little a priori knowledge is 
needed and 7 may be small. If all the features are compatible then there is matching ambiguity 
which the a priori knowledge is needed to resolve, requiring a larger value of q and hence more 
smoothing. In Yuitle, Geiger and Biilthoff (1989) we show that this gives a possible explanation 
for some psychophysical experiments. 

The theory can be extended to two-dimensions in a straightforward way. The matching ele- 
ments Vi~aa must be constrained to only allow for matches that use the epipolar line constraint. 
The disparity field will have a smoothness constraint perpendicular to the epipolar line which 
Will enforce figural continuity: 

Finally, and perhaps most importantly, we must choose a form for the smoothness operator 
S. Marr and Poggio (1976) proposed that,  to make stereo correspondence unambiguous, the 
human visual system assumes that  the world consists of smooth surfaces. This suggests that we 
should choose a smoothness operator which encourages the disparity to vary smoothly spatially. 
In practice the assumptions used ~n Marr 's  two theories of stereo are somewhat stronger. Marr 
and Poggio I (1976) encourages matches with constant disparity, thereby enforcing a bias to the 
fronto-parallel plane. Marr and Poggio lI  (1979) uses a coarse to fine strategy to match nearby 
points, hence encouring matches with. minimal disparity and thereby giving a bias towards the 
fixation plane. 

Considerations for the choice of smoothness operator (Yuilte and Grzywacz 1988a, 1988b) are 
discussed in Yuille, Geiger and Biilthoff (1989). They emphasize the importance of chobsing an 
operator so that  the smoothness interaction decreases with distance. An alternative approach 
is to introduce discontinuity fields which break the smoothness constrair~t, see next section. For 
these theories the experiments described in Yuille, Geiger and Biilthoff (1989) are consistent 
with S being a first order derivative operator. This is also roughly consistent with Marr and 
Poggio I (1976). We will therefore use S = O/Ox as a default choice for our theory. 

2.3 The Second and Third Level Theories: Adding  Discontinuity  and 
Intensity Fields 

The first level theory is easy to analyse but makes the a priori assumption that the disparity field 
is smooth everywhere, which is false at object boundaries. The second level theory introduces 
discontinuity fields l (x)  to break the smoothness constraint (Blake 1983, Geman and Geman 
1984, Mumford and Shah 1985). The third level theory adds intensity fields. Our energy 
function becomes 

E(d(x),V~L~R,C ) = AdLaRV~L~R(d(x~) -- (x~R - xi~)) 2 
~L,aR 

+# f {L(x)  - R ( x  + d (x ) ) ) ' dx  
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+ A { ~ ( ~  VI~R -- 1) 2 + ~ ( ~  V~a R - 1) 2} + 7/M_c(Sd)2dx + M(C). (2) 
4£, a R  a R  i L 

If certain terms are set to zero in (3) it reduces to previous theories of stereo. If the second and 
fourth terms are kept, without allowing discontinuities, it is similar to work by Gennert (1987) 
and Baxnard (1986). If we add the fifth term, and allow discontinuities, we get connections to 
some work described in Yuille (1989a) (done in collaboration with T. Poggio). The third term 
will again be removed in the final version of the theory. 

2.4 The Bayesian Formulation 
Given an energy function model one can define a corresponding statistical theory. If the energy 
E(d, V, C) depends on three fields: d (the disparity field), V the matching field and C (the dis- 
continuities), then (using the Gibbs distribution - see Parlsi 1988) the probability of a particular 

e-~I~,v.c) 
state of the system is defined by P(d, V, Gig ) = z where g is the data, /3 is the inverse 
of the temperature parameter  and Z is the partit ion function (a normalization constant). 

Using the Gibbs Distribution we can interpret the results in terms of Bayes' formula 

p(d,V, Cig ) = P(g]d,Y,C)P(d,Y,C) P(9) (3) 

where P(g].d, V, C) is the probability of the data g given a scene g, V, C, P(d, V, C) i s the  a priori 
probability of the scene and P(g) is the a priori probability of the data. Note that  P(g) appears 
in the above formula as a normalization constant, so its value can be determined if P(gtd, V, C) 
and P(d, V, C) are assumed known. 

This implies that  every state of the system has a finite probability of occurring. The more 
likely ones are those with low energy. This statistical approach is attractive becanse the /3 
parameter gives us a measure of the uncertainty of the model temperature parameter T = -[ 
At zero temperature (/3 -+ oo) there is no uncertainty. In this case the only state of the sys- 
tem that  have nonzero probability, hence probability 1, is the state that globally minimizes 
E(d, V, C). Although in some nongeneric situations there could be more then one global mini- 
mum of E(d, V, C). 

Minimizing the energy function will correspond to finding the most probable state, indepen- 
dent of the value of/3. The mean field solution, 

J =  ~ dP(d,V, CIg), (4) 
d,v,C 

is more general and reduces to the most probable solution as T ~ O. It corresponds to defin- 
ing the solution to be the mean fields, the averages of the f a, a d  l fields over the probability 
distribution. This enables us to obtain different solutions depending on the uncertainty. 

In this paper we concentrate on the mean quantities of the field (these can be related to the 
minimum of the energy function in the zero temperature limit). A justification to use the mean 
field as a measure of the fields resides in the fact that it represents the minimum variance Bayes 
estimator (Gelb 1974). 

3 S t a t i s t i c a l  m e c h a n i c s  a n d  m e a n  f i e ld  t h e o r y  

In this section we discuss methods for calculating the quantities we are interested in from the 
energy function and propose novel algorithms. 

One can estimate the most probable states of the probability distribution (5) by, for example, 
using Monte Carlo techniques (Metropolis et al 1953) and the simulated annealing (Kirpatrick 
et al 1983) approach. The drawback of these methods are the amount of computer time needed 
for the imulementation. 
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There are, however, a number of other techniques from statistical physics that can be applied. 
They have recently been used to show (Geiger and Girosi 1989, Geiger and Yuille 1989) that a 
number of seemingly different approaches to image segmentation are closely related. 

There are two main uses o f  these techniques: (i) we can eliminate (or average out) different 
fields from the energy function to obtain effective energies depending on only some of the fields 
(hence relating our model to previous theories) and (ii) we can obtain methods . for finding 
deterministic solutions. 

There is an additional important  advantage in eliminating fields - we can impose constraints 
on the possible fields by only averaging over fields that satisfy these constraints. 

For the first level theory, see Section 3.1.1, it is possible to eliminate the disparity field to 
obtain an effective energy Eeff(V~j) depending only on the binary matching field I~j, which is 
related to cooperative stereo theories (Dev 1975, Mart and Poggio 1976). Alternatively, Sec- 
tion 3.1.2, we can eliminate the matching fields to obtain an effective energy Eeff(d) depending 
only on the disparity. We believe that  the second approach is better since it incorporates the 
constraints on the set of possible matches implicitly rather than imposing them explicitly in the 
energy function (as the first method does). 

Moreover it can be shown Ynille (1989b) that  there is a direct correspondence between these 
two theories (with Eeff(Vij ) and E,.fl(d)) and analog models for solving the travelling salesman 
problem by Hopfield and Tank (1985) and Durbin and Willshaw (1987). The far greater empirical 
success of the Durbin and Willshaw algorithm suggests that  the first level stereo theory based 
on E~ff(d) will be more effective than the cooperative stereo algorithms. 

We can also average out the line process fields or the matching fields or both for the second 
and third level theories. This leaves us again With a theory depending only on the disparity 
field, see Sections 3.1.2, and 3.1.3. 

Alternatively we can use (Yuille, Geiger and Biilthoff 1989) mean field theory methods to 
obtain deterministic algorithms for minimizing the first level theory E,yf(I/~). These differ from 
the standard cooperative stereo algorithms and should be more be more effective (though not as 
effective as using E~.t.f(d)) since they can be interpreted as performing the cooperative algorithm 
at finite temperature thereby smoothing local minima in the energy function. 

Our proposed stereo algorithms, therefore, consist of eliminating the matching field and the 
line process field by these statistical techniques leaving an elective energy depending only on 
the disparity field. This formulation will depend on a parameter ~ (which can be interpreted as 
the inverse of the temperature of the system). We then intend to minimize the effective energy 
by steepest descent while lowering the temperature (increasing f~). This can be thought of as a 
deterministic form of simulated annealing (Kirkpatrick et al 1983) and has been used by many 
algorithms, for example (Hopfield and Tank 1985), (Durbin and Willshaw 1987) (Geiger and 
Girosi 1989). It is also related to continuation methods (Wasserstrom 1973). 

3.1 A v e r a g i n g  out  F i e lds  

In the next few sections we show that ,  for the first and second level theories, we can aver- 
age out fields to obtain equivalent, though apparently different, ~ formulations. As discussed in 
Yuille (1989b) (following Wyat t  - private communication) this can be interpreted as computing 
marginal probability distributions. 

3.1.1 A v e r a g i n g  o u t  t h e  D i s p a r i t y  F i e l d  for  t h e  f irst  level  t h e o r y  

We now show that,  if we consider the first level theory, we can eliminate the disparity field and 
obtain an energy function depending on the matching elements V only. This can be related 
(Yuille, Geiger and Biilthoff 1989) to cooperative stereo algorithms and it does impose the 
matching constraints optimally. 

The disparity field is eliminated by minimizing and solving for it as a function of the V 
(Yuille and Grzvwacz 1988a,b). Since the disvaritv field occurs quadratically this is eouivalent 
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to doing mean field over the disparity (Parisi 1988). 
For the first level theory, assuming all features are compatible, our energy function becomes 

E(d(x) ,  V~L~) = Z :  - - + # - 1 )  
~L,aR iL an 

- 1) + 
aR i L 

( 5 )  

Since the energy function is quadratic in the d's the Euler-Lagrange equations are linear in 
d. We can (Yuille, Geiger and Biilthoff 1989) solve these equations for the d's as functions of 
the matching fields and substitute back into the energy function obtaining: 

E(V~L~R) = A ~ ( ~ V ~ n ( x i  L - x~n))()~iLi ~ + G(X,L,XjL))-~(~-~ViLbn(XjL -- Xbn)) 
i L ,.iL al~ b 

- + Z ( Z , , . .  - 1) (6) 
i L an  a R i L 

where G is the Green function of the operator S 2. This calculation shows that  the disparity field 
is strictly speaking unnecessary since the theory can be formulated as in (13), the connection 
to cooperative stereo algorithms is discussed in Yuille, Geiger and Bflthoff (1989). A similar 
calculation (Yuille and Grzywacz 1988a, 1988b) showed that minimal mapping theory (Ullman 
1979) was a special case of the motion coherence theory. 

A weakness of this formulation of the theory in (13), and the cooperative stereo algorithms 
based on it, is that  the uniqueness constraints are imposed as penalties in the energy function, 
by the second and third terms on the right hand side of (13). As mentioned earlier we believe 
it is preferable to use mean field theory techniques which enforce the constraints strictly, see 
Section 3.1.2. 

3.1.2 A v e r a g i n g  o u t  t h e  m a t c h l n g  fields for  t h e  f irst  level  t h e o r y  

We prefer an alternative way of writing the first level theory. This can be found by using 
techniques from statistical physics to average out the matching field, leaving a theory which 
depends only on the disparity field. 

The part i t ion function for the first level system, again assuming compatibility between all 
features, is defined to be Z = ~v.L~ R ~(~) e-PE(V~'d(~)) where the sum is taken over all possible 
states of the system determined by ti~e fields V and d. 

It is possible to explicitly perform the sum over the matching field V yielding an effective 
energy for the system depending only on the disparity field d. Equivalently we could obtain 
the marginal probabli ty distribution p(dlg ) from p(d, VIg ) by integrating out the V field (Wyatt  
-personal communication). 

To compute the parti t ion function we must first decide what class of V~L~ n we wish to 
sum over. We could sum over all possible ViLaR and rely on the A ~ i L ( ~ n  VIL~ -- 1) 2 + 
) ~ R ( ~ L  V~La~ -- 1) ~ term to bias against multiple matches. Alternatively we could impose 
the constraint that  each point has a unique match by only summing over ViL~n which contain 
a single 1 in each row and each column. We could further restrict tl~e class of possible matches 
by requiring that  they satisfied the ordering constraint. 

For this section we will initially restrict that  each feature in the left image has a unique match 
in the right image, but not vice versa. This shnplifies the computation 5f the parti t ion function, 
but it can be relaxed (Yuille, Geiger and Biilthoff 1989). The requirement of smoothness on 
the disparity field should ensure that  unique matches occur, this is suggested by mathematical 
analysis of a similar algorithm used for an elastic network approach to the T.S.P. (Durbin, 
Szeliski and Yuille 1989). 
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Since we are at tempting to impose the unique matching constraint by restricting the class 
of Y's the £ ~ L ( ~ a R  V~L~R --1)  2 +  ~ a R ( ~ L  V"L~R -- 1) 2 terms do not need to be included in 
the energy function. We can now write the partition function as 

Z = ~ H e-~(~"R ~"L~R (d(~'D--(':~--~'~.))~+f,~(Sd):d~}. (7) 
V,d iL 

For fixed iL we sum over all possible V~L~R, such that Vicar = 1 for only one aR (this ensures 
that  points in the left image have a unique match to points in the right image). This gives 

Z = ~ 1-I(~-~ e-~ (d(.,~)-(.o~-,,L))'ie -~ f .  (Sd)"~, (8) 
d i~ a~ 

This can be written using an effective energy E~f~(d) as 

d /J in aR 

Thus our first level theory of stereo can be formulated in this way without explicitly using 
a matching field. We are not aware, however, Of any existing stereo theory of this form. Since 
it has formulated the matching constr~nts  in computing the parti t ion function we believe it is 
preferable to standard cooperative stereo algorithms. 

3.1.3 A v e r a g i n g  o u t  t h e  m a t c h i n g  a n d  d i s c o n t i n u i t y  f ields for  t h e  t h i r d  level  t h e o r y  

We can apply the same techniques to the second and third theories eliminationg both the 
matching field and the discontinuity fields (Yuilte, Geiger and Biilthoff 1989). This gives an 
effective energy for the third level theory: 

- 1 ~  2 1 2 
E.~t(d) = - -  ,~ log~V'e-~(~("L)-C~°~-"~ .~-~ V" tog{E e-~(~C~°~)-(~°~-~'~ ~ ) o ~  ,~ } 

Again a deterministic annealing approach should yield good solutions to this problem. 
Averaging out the discontinuity field from the second level theory will give (Yuille, Geiger 

and Biilthoff 1989) a theory, depending only on the disparity field and the matching field, which 
is reminiscent of disparity gradient limit theories (Pollard, Mayhew and Frisby, 1987; Prazdny, 
1985). 

The mean field theory approach can also yield deterministic algorithms for theories including 
the binary matching elements (although we believe these algorithms will be inferior to methods 
which eliminate the matching fields for the reasons discussed in Section 3.1.2) which should be 
superior to the cooperative stereo algorithms (the cooperative algorithms are the zero temper- 
ature limit of these equations, and hence are less able to escape local minima). 

4 Conclusion 
We have derived a theory of stereo on theoretical grounds using the Bayesian approach to vision. 
This theory is able to incorporate most of the desirable elements of stereo and it is closely related 
to a number of existing theories. 

The theory can combine information from matching different primitives, which is desirable 
on computational and psychophysical grounds. The formulation can be extended to include 
monocular death cues for stereo corresuondence (Clark and Yuille. 1990). 
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A basic assumption of our work is that correspondence and interpolation should be performed 
simultaneously. This is related to the important experimental and theoretical work of Mitchison 
(1988) and Mitchison and McKee (1987). 

The use of mean field theory enables us to average out fields, enabling us to make mathe- 
matical connections between different formulations of stereo. It also suggests novel algorithms 
for computing the estimators (due to enforcing the matching constraints while performing the 
averaging, see Section 3.1.2) and we argue that these algorithms are likely to be more effective 
than a number of existing algorithms. 

Finally the theory agrees well with some psychophysical experiments (Biilthoff and Mallot, 
1987, 1988; Bfilthoff and Fahle, 1989). Th(;ugh further experiments to investigate the importance 
of different stereo cues are needed. 
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