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Abstract .  In this paper we show that the cut-width of the mesh of d- 
ary trees MT(d, n) is of order O(d'*+l), which improves both upper and 
lower bounds of Barth [2], by a factor of d. 
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1 Introduction 

The cutwidth is a fundamental parameter of interconnection networks which 
plays an important role in the VLSI design [6]. Informally, the cutwidth prob- 
lem is to find a linear layout of vertices of a graph and a drawing of its edges 
as semiarcs above the line so that the maximum number of cuts of a vertical 
line separating consecutive vertices with edges is minimized. The corresponding 
decision problem is NP-complete in general but is solvable in polynomial time 
for trees [9]. Very little is known on the exact or even approximate values of 
cutwidths of specific graphs, see e.g. [5, 7, 8]. We study the cutwidth of the mesh 
of d-ary trees MT(d, n), denoted by cw(MT(d, n)). This graph is defined as fol- 
lows. For d > 2, n > 1, let T(d, n) denote the complete d-ary tree of depth n. 
Consider a d n x d ~ matrix of vertices. On each row (resp. column) of the matrix, 
put T(d, n) such that the vertices of the row (column) are the leaves of the tree. 
The resulting graph is a generalization of the well known mesh of trees [4], i.e. 
MT(2, n), and was proposed as a possible interconnection network of parallel 
computers [1, 3] for it combines together the mesh and tree structure. MT(d, n) 
has d'~(d n + 2(a m - 1 ) / ( d -  1)) vertices. Barth [2] proved an upper and lower 
bound for the cutwidth of MT(d,n) of orders O(d "~+2) and ~(d'~), respectively. 
In this paper we show that cw(MT(d,n)) = O(d'~+l), where upper and lower 
bounds differ by a multiplicative factor of 2 only. The upper bound is obtained 
by a recursive linear layout while the lower bound is derived using refinements 
of standard methods in the field. 
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2 Preliminaries 

The cutwidth problem is defined as follows. For a graph G = (V,E), IV I = n, let 
lr : V ~ {1, 2, ..., n} be a 1-1 labeling of vertices of G. Denote 

~ ( a ,  ~) = ~a~{l{uv e E:  ~(u) < ~ < ~(v)}l}. 

Then cutwidth of G is defined as 

~ ( a )  = m~ { ~ ( a , ~ ) } .  

The problem can be viewed as a placing of vertices of G into integer points 
1, 2, 3, ..., n of the x-axis and a drawing of edges above the line x. That is why 
we will often speak about a linear layout. 

Let GI = (V1,E1) and G2 = (V~,E2) be graphs such that IVI[ <_ IV21. Let 
X C V2, IX I = IVI]. An embedding of G1 in G2 with respect to X is a couple of 
mappings (~b, ¢)  satisfying 

~b : V1 -~ X is an injection, ¢ : E1 ~ {set of all paths in G2}, 

such that if uv E E1 then ¢(uv) is a path between ¢(u) and ¢(v). Define the 
congestion G1 in G2 with respect to X 

cgx(G1,G2) = rain m_ax{[{l e ~ : e e ¢(1)}1}. (~,¢) ee/s2 

The bisection width ofthe graph G = (V, E), with respect to X C V, denoted 
by bwx(G), is the minimum number of edges in G removal of which divides G 
into G1 = (V1,E1) and G2 = (V2, Eq) such that ]IX N Vii - IX VI V21] _< 1. 

3 Optimal Bounds 

In this section we prove asymptotically optimal upper and lower bounds on the 
cutwidth of the mesh of d-ary trees. 

T h e o r e m  1. For any d >__ 2, n > 1 

a ~  +2  - 1 
4 ( d -  1) -< cw(MT(d, n)) < 

(d + 1)2d ~ 
2 ( d -  1) " 

Proof .  Upper Bound. We construct a linear layout of MT(d, n) recursively. 
Let n = 1. According to Barth [2], there exists a layout ~h of MT(d, 1) with 

cw(MT(d, 1),~h) <_ (d+2) [dl - d .  (1) 

Evidently, for d >_ 2 

I-d21 (d+ 1)2d (d + 2) - d < 2(d- 1)" 
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Let n > 1. Consider MT(d, n). The complete d-ary trees of depth n in MT(d, n) 
are naturally divided into row and column trees. Assume we have an linear 
layout ~rn-1 of MT(d, n - 1). Deleting all roots of the 2d ~ complete d-ary trees 
in MT(d, n) we get d 2 graphs isomorphic to MT(d, n - 1). Place these graphs 
consecutively on a line in a row by row order using ~rn_l. Clearly any vertical line 
separating consecutive vertices cuts at most cw(MT(d, n -  1), ~r~-l) edges. Then 
place each root of row trees in such a way that exactly [d/2J of its neighbours lie 
left from it and add edges incident to the root. The number of cuts is increased 
by at most [d/2]a m-1. Finally, place roots of column trees in a similar manner. 
This increases the number of cuts by at most [d/2]d '~. We get a linear layout 
~r,~ of MT(d, n). Hence the following recurrent relation is satisfied: 

cw(MT(d,n) ,~rn)<cw(MT(d,n" 1),~r,~_l)+ [d]  d '~- l+  [d l  a m, 

with the initial condition (1). Solving the relation we get the claimed upper 
bound. 
Lower Bound. We use a simple observation that for any graph G = (V, E) and 
any X C V  

cw(G) > bwx (a). (2) 

Let 2KIx I denote a complete multigraph on IX I vertices obtained from the com- 
plete graph Klxl by replacing each edge by two parallel edges. Then a slight 
generalization of the Leighton's bisection lower bound method [4] gives 

bwxCa) > (3) 
Cgx (2Kix I, G) 

We take X as the set of leaves of all T(d, n)'s in MT(d, n). Thus IX] = d 2". 
Claim: 

cgx(2Ka~, MT(d, n)) <_ 2d2"-l(a TM - dn-1). (4) 

Substituting (4) into (3) and noting (2) we get 

2d2~=1 d2'*~-I (d + 1)2d n 
2 2 > . 

cw(UT(d, n)) >_ 2d2,~_l(dn _ dn_l ) 4(d - 1) 

Proof of the claim: Let (i, j)  denote the leaf in the i-th row and j-th column of 
the original matrix, for 1 < i , j  < d n. We construct 2 paths between any two 
pairs of leaves (i,j) and (k,1). 
The first path: join (i, j)  by the shortest path with (i, l) and join (i, l) by the 
shortest path with (k, l). 
The second path: join similarly (i,j) with (k,j) and (k,j) with (k,l). 
Each such path is a concatenation of two subpaths, one belongs to a row tree 
and the second one in a column tree. W.l.o.g consider an edge uv in a row 
tree T. Let v be the vertex closer to the root of T. Let T' denote the maximal 
complete d-ary subtree of T with the root u. Then T' has d k leaves, for some 
k, 1 < k < n - 1. There are precisely dk(d n - dk)a m paths starting in the leaves 
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of T ~ going through uv and ending in leaves of column trees. Similarly, there are 
precisely (d ~ - dk)dkam paths starting in the leaves of T - T' going through uv 
and ending in leaves of column trees. Clearly these are all paths containing uv. 
Hence 

cgx(2Kd2, , ,MT(d,n))  < 2dk+n(d ~ _ d k) ~ 2d2n-l(d'~-  d - - l ) ,  

which proves the claim. [:] 

4 Final Remarks 

The mesh of complete binary trees MT(2 ,n )  was also generalized to the r- 
dimensional mesh of complete binary trees in a natural way [4], for r _> 2. Both 
generalizations can be combined to the r-dimensional mesh of complete d-ary 
trees of depth n, denoted by MT(d ,  n, r). Our approach applies to this general 
graphs too giving: cw(MT(d,  n, r)) = O(d(n(r-1)+l)l with small constant factors. 
Details will appear in the full version. 
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