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Abstract. We study the decidability and complexity of fragments of
intuitionistic first-order logic over (∀,→) determined by the alternation
of positive and negative occurrences of quantifiers (Mints hierarchy).
We prove that fragments Π2 and Σ2 are undecidable and that Σ1 is
Expspace-complete.

1 Introduction

The leading proof assistants such as Coq [6], Agda [3] or Isabelle/HOL [15]
are founded on constructive logics. Still, the complexity behind proof search in
constructive reasoning systems is not well understood even for their basic and
crucial fragments where the implication and universal quantification are used.
This situation is caused partly by the difficulty of the field and partly by the
lack of a systematic approach, especially in the case of quantifiers.

Quantifiers are present in logic at least from the time of Aristotle but a modern
theory of quantification was probably initiated by Ch.S. Peirce [1]. The system-
atic approach to quantifiers through their grouping at the beginning of a logical
formulas was implicit in the work of Peirce, and made explicit by A. Church [5],
who first used the term “prenex normal form”. Since then classifying formu-
las according to the quantifier prefix remains a standard stratification tool in
modern logic, just to mention Ehrenfeucht-Fraïssé games [11, Chapter 6] or the
arithmetical hierarchy of Kleene and Mostowski [9, Chapter 7].

While the prenex normal form is useful for classification of formulas, which
was demonstrated in full strength by Börger, Grädel, and Gurevich in their in-
fluential book [2], it is rarely used in practice. The structure of formulas arising
from actual reasoning (in particular proof formalization) usually involves quan-
tification in arbitrary positions. For instance this happens when a quantified
definition is expanded in a formula.

In addition, the prenex normal form theorem applies to classical logic only.
Things become quite different for constructive logic (aka intuitionistic logic), be-
cause the prenex fragment of intuitionistic logic is decidable [18]. This contrasts
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with the undecidability of the general case (see e.g. [22]) and that makes this
form of stratification unsuitable in the constructive context.

Can we replace the prenex classification by something adequate for intuition-
istic logic? Yes, we can: as observed by Grigori Mints [14], the principal issue is
the alternation of positive and negative occurrences of quantifiers in a formula.
This yields the Mints hierarchy of formulas:

Π1 – All quantifiers at positive positions.
Σ1 – All quantifiers at negative positions.
Π2 – Up to one alternation: no positive quantifier in scope of a negative one.
Σ2 – Up to one alternation: no negative quantifier in scope of a positive one.

And so on. (This can be generalised to cover existential quantifiers.) In a classical
reduction to a prenex form, all the quantifiers on positive positions become
universal and those at negative positions become existential. But a formula can
be classified as a Πn or a Σn formula without actually reducing it to a prenex
form. Therefore, Mints hierarchy makes perfect sense for intuitionistic logic.

As for the existing knowledge, Mints proved that the fragment Π1 of the
constructive logic with all connectives and quantifiers is decidable [14]. An al-
ternative proof of Mints’ result (for the calculus with ∀ and → only) was given
by Dowek and Jiang [8]. A similar decidability result was also obtained by Rum-
melhoff [19] for the positive fragment of second-order propositional intuitionistic
logic (system F). The 2-co-Nexptime lower bound for Π1 was proved by Schu-
bert, Urzyczyn and Walukiewicz-Chrząszcz [20], but the problem is conjectured
to be non-elementary [21]. The undecidability of Σ2 with all connectives and
quantifiers can be derived from the undecidability of the classical satisfiability
problem for ∀∗∃∗ using a result of Kreisel [12, Thm. 7]. This would not work
for Π2 because the Ramsey class ∃∗∀∗ is decidable. Undecidability for Π2 (for
the full language with one unary predicate) is implied by a result of Orevkov [16].

There are other forms of quantifier-oriented hierarchical stratifications of intu-
itionistic formulas. For instance, the classical prenex hierarchy can be embedded
in a fragment of the intuitionistic logic: a negation of a prenex formula is clas-
sically provable if and only if it is provable intuitionistically [12]. A similar, but
more general class of formulas in so called pseudoprenex form, where quanti-
fiers may be separated by double negation ¬¬, was studied in depth by Orevkov
who gave a full characterisation of decidable cases [17]. Also a full character-
ization of decidable cases was given for the logic with equality and function
symbols [7]. Other hierarchies of intuitionistic formulas were proposed e.g., by
Fleischmann [10] and Burr [4] (the latter for arithmetic). However, we are not
aware of any complexity-oriented results for those hierarchies.

In this paper we initiate a systematic study of the decision problem in Mints
hierarchy. We restrict attention to the fragment where only the implication and
the universal quantifier may occur. Our main results are as follows:

A. The decision problems for classes Σ2 and Π2 are undecidable;
B. The decision problem for the class Σ1 is Expspace-complete.
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These results are supplemented by the 2-co-NExptime lower bound for Π1

obtained in [20]. Observe that, because of conservativity, part A applies directly
to the full intuitionistic logic, and the same holds for the lower bound in B. The
upper bound in B also extends to the general case at the cost of some additional
complication. This issue is deferred to the full version of this paper.

The undecidabilities in A are shown for the monadic fragment of minimal logic
(i.e., the language with only unary predicate symbols). It is slightly different with
B, where we conjecture that the monadic case is co-NExptime complete.

The paper is organized as follows. Section 2 introduces some basics, in partic-
ular the undecidable tiling puzzles. Those are encoded in Section 3 into Σ2 and
Π2 formulas. In Section 3.3 we use a syntactic translation to obtain the unde-
cidability results for the monadic fragments of Σ2 and Π2. In Section 4 we show
Expspace-completeness for Σ1 using the decision problem of bus machines [23].

2 Preliminaries

We consider first-order intuitionistic logic without function symbols and with-
out equality. That is, the only individual terms are object variables , written in
lower case, e.g., x, y, . . . We also restrict attention to formulas built only from
implication and the universal quantifier. A formula is therefore either an atom
P(x1, . . . , xn), where n ≥ 0, or an implication ϕ → ψ, or it has the form ∀xϕ.

We use standard parentheses-avoiding conventions, in particular we take the
implication to be right-associative, i.e., ϕ → ψ → ϑ stands for ϕ → (ψ → ϑ).

Mints hierarchy: We define classes of formulas Σn and Πn by induction, begin-
ning with Σ0 = Π0 being the set of open formulas. The induction step can be
expressed by the following “grammar”:

– Σn+1 ::= Σn | Πn | Πn+1 → Σn+1;
– Πn+1 ::= Σn | Πn | Σn+1 → Πn+1 | ∀xΠn+1.

Our proof notation is an extended lambda-calculus of proof terms or simply
proofs or terms . Types assigned to proof terms are formulas. In addition to
object variables, in proof terms there are also proof variables , written as upper-
case letters, like X , Y , Z. An environment is a set of declarations (X : ϕ),
where X is a proof variable and ϕ is a formula. The following type-assignment
rules infer judgements of the form Γ � M : ϕ, where Γ is an environment, M is
a term, and ϕ is a formula. In (∀ I) we require x �∈ FV (Γ ) and y in (∀E) is an
arbitrary object variable.

Γ,X : ϕ � X : ϕ (Axiom)

Γ,X : ϕ � M : ψ
(→ I)

Γ � λXϕM : ϕ → ψ

Γ � M : ϕ → ψ Γ � N : ϕ
(→E)

Γ � MN : ψ

Γ � M : ϕ
(∀ I)

Γ � λxM : ∀xϕ
Γ � M : ∀xϕ

(∀E)
Γ � My : ϕ[x := y]
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As we can see there are two kinds of lambda-abstraction here: the proof ab-
straction λXϕM and the object abstraction λxM . There are also two forms of
application: the proof application MN , where N is a proof term, and the object
application My, where y is an object variable. We use the common conventions,
e.g., unnecessary parentheses are omitted and the application is left-associative.
Terms and formulas are taken up to alpha-conversion.

The formalism is used liberally. For instance, we often say that “a term M has
type α” leaving the environment implicit. Also we often identify environments
with sets of formulas, as well as we write Γ � ϕ when Γ � M : ϕ and M is
not relevant at the moment. Sometimes for convenience we drop ϕ from λXϕM
when it can be deduced from the context.

Free (object) variables FV(ϕ) in a formula ϕ are as usual. For proofs we define
FV(X) = ∅, FV(λXϕ M) = FV(ϕ) ∪ FV(M), FV(MN) = FV(M) ∪ FV(N),
FV(λxM) = FV(M)− {x}, FV(My) = FV(M) ∪ {y}. The notation M [
x := 
y ]
stands for the simultaneous substitution of variables 
y for free occurrences of
(pairwise different) variables 
x.

A term is in normal form when it contains no redex, i.e., no subterm such
as (λXϕ.M)N or (λxM)y. We also define the notion of a proof term in long
normal form, abbreviated as lnf .

– If N is an lnf of type α then λxN is an lnf of type ∀xα.
– If N is an lnf of type β then λXα. N is an lnf of type α → β.
– If N1, . . . , Nn are lnf or object variables and XN1 . . . Nn is of an atom type

then XN1 . . . Nn is an lnf.

Normalization for our proofs follows e.g., from [21]:

Lemma 1. If σ is intuitionistically derivable from Γ then Γ � N : σ, for some
long normal form N .

The target of a formula is the relation symbol at the end of it. The following
observation is essential in long normal proof search.

Lemma 2. If Γ � N : P(
x), where P(
x) is an atomic formula and N is an lnf,
then N = X 
D, where (X : ψ) ∈ Γ with target P, and 
D is a sequence of terms
and object variables.

2.1 Machines and Tilings

To give a concise account of our lower bound results, we disguise Turing Machines
as tiling problems, cf. [2, Chapter 3.1.1]. While the masquerade is quite obvious
to unveil, it is still useful: some formulas become simpler. Our tiling puzzle is
defined as a tuple of the form G = 〈 T ,R,E,ok 〉, where T is a finite set of tiles ,
R : T 4 → T is a tiling function, and E, ok are different elements of T . Such G
defines a unique tiling TG : N× N → T :

– TG(m,n) = E, when n = 0 or m = 0;
– TG(m+1, n+1) = R(K,L,M,N), where

K = TG(m,n+1), L = TG(m,n), M = TG(m+1, n), and N = TG(m+2, n).
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Fig. 1. Result tile

That is, the tile E is placed along the horizontal and
vertical edges of the grid N × N and every other tile
is determined by its neighbourhood consisting of four
tiles: one tile to the left and three tiles below. This is
illustrated by Fig. 1, where T = R(K,L,M,N).
We say that G is solvable when TG(m,n) = ok, for
some numbers m,n. The following is unavoidable:

Lemma 3. It is undecidable to determine if a given tiling puzzle is solvable.

Proof. A routine reduction of the following problem:
Does a deterministic Turing Machine accept the empty input?

Row n in the tiling corresponds to the n-th step of a computation. �

Fig. 2. Dependency of locations

Locations in tilings: To place a tile at
a location (m,n) we must tile all loca-
tions in the set L(m,n) = {(k, l) | l ≤
n ∧ k ≤ m + n − l}, as illustrated in
Fig. 2, where the gray square is the lo-
cation (m,n). Define (m,n) � (k, l) when
L(m,n) ⊆ L(k, l). This inherits the prop-
erties of inclusion, in particular the rela-
tion � is a well-founded partial order.

3 Classes Σ2 and Π2

Our undecidability results are shown by a reduction from the tiling puzzle prob-
lem. The reader has to be aware that the argument to follow is proof-theoretical
rather than semantical. We are not concerned with the interpretation of our
formulas in any model, but in their formal structure and in the mechanism of
proof construction. The construction of the tiling is encoded by expanding the
proof environment: adding new tiles corresponds to adding more assumptions.

3.1 Undecidability for Σ2

We encode a tiling puzzle G = 〈 T ,R,E,ok 〉 as a Σ2 formula over the signature:

– Nullary relation symbols: start , loop, for global control;
– Unary relation symbols T, for each tile T ∈ T , including E;
– Unary relation symbols A, B, representing border positions;
– Binary relation symbols H, V, for horizontal and vertical neighbourhood.

Technically, it is convenient to define a finite set ΓG of Π2 formulas, and
consider the entailment problem ΓG � start rather than a single Σ2 formula. For
every “rule” of the form R(K,L,M,N) = X, the set ΓG contains the formula:

(0) ∀yzuv (K(y)→L(z)→M(u)→N(v)→V(z, y)→H(z, u)→H(u, v)→
∀x (T(x)→H(y, x)→V(u, x)→ loop)→ loop).
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Fig. 3. Formula (0)

Observe that quantifiers ∀yzuv are positive in the for-
mula (0), and ∀x is negative. This is reversed in the
judgement ΓG � start . The intended meaning of the for-
mula is illustrated by Fig. 3. Variables yzuv represent
tile positions, the assumptions K(y), . . . ,H(u, v) describe
the situation of the tiling before placing tile T at x. The
predicates T(x),H(y, x),V(u, x) extend the proof envi-
ronment to account for the new tile. The other formulas
in ΓG are the following:

(1) ∀y (E(y)→A(y)→B(y)→ loop)→ start ;
(2) ∀y (E(y)→A(y)→∀x (H(y, x)→E(x)→A(x)→ loop)→ loop);
(3) ∀y (E(y)→B(y)→∀x (V(y, x)→E(x)→B(x)→ loop)→ loop);
(4) ∀x (ok(x) → loop).

Let Δ be a set of formulas in the above signature. Object variables occurring
in Δ may be interpreted as tile locations, and predicates H and V are used to
determine these locations. A variable x may have one or more pairs of coordinates
in Δ. This is defined by induction:

– If A(x),B(x) ∈ Δ then x has coordinates (0, 0);
– If H(x, y) ∈ Δ and x has coordinates (m,n) then y has coordinates (m+1, n);
– If V(x, y) ∈ Δ and x has coordinates (m,n) then y has coordinates (m,n+1).

A set of formulas (i.e., an environment) Δ is good when all formulas in Δ are of
the forms A(x), B(x), H(x, y), V(x, y), or T(x), where T ∈ T , and in addition:

– Each x ∈ FV(Δ) has exactly one pair of coordinates.
– For each x ∈ FV(Δ) with coordinates (m,n), and every T ∈ T ,

• T(x) ∈ Δ if and only if TG(m,n) = T;
• B(x) ∈ Δ if and only if m = 0;
• A(x) ∈ Δ, if and only if n = 0.

The intuition is that a good environment consistently represents partial informa-
tion about TG, with possible redundancy: several variables may have the same
coordinates. Good environments consist only of atoms, and targets of non-atomic
formulas in ΓG are nullary. Therefore, for good Δ, and for a unary or binary
atom α, it follows from Lemma 2 that ΓG , Δ � α is only possible when α actu-
ally belongs to Δ.

Lemma 4. If ΓG , Δ � F : loop, for some good Δ, and some long normal proof F ,
then G is solvable.

Proof. We proceed by induction with respect to the length of F . Since loop is
an atom, the long normal proof F must begin with a proof variable Z declared
in ΓG , Δ so that its type ends with loop (cf. Lemma 2).

If the variable Z is of type (4) then F = Zx′D, where x′ is an object
variable and ΓG , Δ � D : ok(x′). Then ok(x′) must actually be in Δ. Hence
TG(m,n) = ok, for some m,n.
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Now suppose that Z is of type (2). Then F = Zy′DEDA(λx
′λZ1Z2Z3. D),

where DE and DA are, respectively, of type E(y′) and A(y′), and
ΓG , Δ, Z1 : H(y′, x′), Z2 : E(x′), Z3 : A(x′) � D : loop.

As in the previous case, the atoms E(y′) and A(y′) must occur in Δ. To apply
induction to D, it suffices to prove that the environment

Δ′ = Δ,Z1 : H(y′, x′), Z2 : E(x′), Z3 : A(x′)
is good. Since Δ is good, the variable y′ has exactly one pair of coordinates (m, 0)
in Δ′. The new variable x′ has the coordinates (m+1, 0) and this is its only pair
of coordinates. We conclude that Δ′ is good.

If Z is of type (3) then the argument is similar as in case (2). If it is of type (0)
then F = Zy′z′u′v′DKDLDMDNDVD

1
HD

2
H(λx

′λZ1Z2Z3. D), where:

– Terms DK, DL, DM, DN, DV, D1
H, D2

H are respectively of types K(y′), L(z′),
M(u′), N(v′), V(z′, y′), H(z′, u′), H(u′, v′) in the environment ΓG , Δ;

– ΓG , Δ, Z1 : T(x
′), Z2 : H(y

′, x′), Z3 : V(u
′, x′) � D : loop;

– T = R(K,L,M,N).

But if a long normal form has type K(y′) in ΓG , Δ then it must be a proof
variable. The same holds for all the proofs mentioned in the first item above:
these atoms must simply belong to Δ.

Let Δ′ = Δ,T(x′),H(y′, x′),V(u′, x′). The environment Δ is good, so the
variables y′, z′, v′, and u′ have exactly one pair of coordinates each. In addition,
the presence of assumptions V(z′, y′) and H(z′, u′) forces that the coordinates of
y′, z′, u′ are of the form (m,n + 1), (m,n), and (m + 1, n), respectively. Since
H(y′, x′),V(u′, x′) ∈ Δ′, the added variable x′ has coordinates (m + 1, n + 1)
in Δ′, and it is the only such pair. In addition, v′ has coordinates (m + 2, n),
because H(y′, x′) ∈ Δ′. Since Δ is good, and contains K(y′), L(z′), M(u′), and
N(v′), we have TG(m+ 1, n+ 1) = T.

It follows that Δ′ is a good environment, and we can apply induction to D
because it is a proof of loop shorter than F . �

Lemma 5. If ΓG � start then G is solvable.

Proof. A long normal proof of start must be of the form D = Z(λxλXY V.D′),
for some variable Z of type (1) and some D′ with

ΓG , X : E(x), Y : A(x), V : B(x) � D′ : loop.
The set Δ = {E(x),A(x),B(x)} is good and we apply Lemma 4. �

Our next aim is to show the converse to Lemma 5. For the rest of this section
we assume that G is solvable with TG(m0, n0) = ok. For a good set Δ define

SΔ = {(m,n) | some x ∈ FV(Δ) has coordinates (m,n)}.
We say that a set Δ of formulas is very good when Δ is good and:

– The set SΔ is a subset of L(m0, n0);
– For every (m,n) ∈ SΔ, exactly one x ∈ FV(Δ) has coordinates (m,n);
– If x ∈ FV(Δ) has coordinates (m+ 1, n) then some H(y, x) is in Δ;
– If x ∈ FV(Δ) has coordinates (m,n+ 1) then some V(y, x) is in Δ.
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Intuitively, in a very good set there is no redundancy and every location is “fully
justified”.

Lemma 6. If Δ �= ∅ is very good then ΓG , Δ � loop.

Proof. Induction with respect to the cardinality of the difference L(m0, n0)− SΔ.
In the base case we have (m0, n0) ∈ SΔ, whence ok(x) ∈ Δ, for some x. We use
the assumption (4) to derive loop.

For the induction step, let (m′, n′) ∈ L(m0, n0)−SΔ be minimal with respect
to �. It exists because the relation � is well-founded. Suppose for example
that m′ = m + 1 and n′ = 0. By the minimality of (m′, n′), there is a unique
variable y ∈ FV(Δ) with coordinates (m, 0) and with E(y),A(y) ∈ Δ. Then
Δ′ = Δ∪{H(y, x),E(x),A(x)} is very good, for a fresh x, whence ΓG , Δ′ � loop.
That is, we have ΓG , Δ � H(y, x)→E(x)→A(x)→ loop. Since x �∈ FV(Δ), we
generalize over x and use the assumption (2) to obtain ΓG , Δ � loop. �

Lemma 7. If G is solvable then ΓG � start.

Proof. The set Δ = {E(x),A(x),B(x)} is very good, so by Lemma 6 we have
ΓG ,E(x),A(x),B(x) � loop. Hence ΓG � E(x) → A(x) → B(x) → loop. Using
axiom (1) one derives ΓG � start . �

Theorem 8. Provability in Σ2 is undecidable.

Proof. By Lemma 3, solvability of tiling puzzles is undecidable. Lemmas 5 and 7
give an effective reduction from the tiling puzzle problem to provability. �

3.2 Undecidability for Π2

The undecidability proof for Π2 formulas follows a similar pattern as the proof
for Σ2. Given a tiling puzzle G, we define a set ΓG of Σ2 formulas, where formu-
las (1) and (4) remain unchanged, while formulas (0), (2), and (3) are replaced
by formulas (0’), (2’), and (3’) using new unary predicates R, Rh, and Rv. Those
serve as intermediate proof goals or “internal states” in proof construction.

(0’) ∀x [∀yzuv (K(y)→L(z)→M(u)→N(v)→ V(z, y)→H(z, u)→H(u, v)→
(T(x)→H(y, x)→V(u, x)→ loop)→ R(x)) → R(x)] → loop;

(2’) ∀x[E(x) → A(x) →
∀y(E(y) → A(y) → (H(y, x)→loop) → Rh(x)) → Rh(x)] → loop;

(3’) ∀x[E(x) → B(x) →
∀y(E(y) → B(y) → (V(y, x)→loop) → Rv(x)) → Rv(x)] → loop.

Theorem 9. Provability in Π2 is undecidable.

Proof. The proof is similar to that of Theorem 8. Lemmas 4–7 need some adjust-
ments. We say that a set Σ of formulas is neutral , when it consists exclusively
of formulas of the following shapes:

– ∀yzuv [K(y)→L(z)→M(u)→N(v)→ V(z, y)→H(z, u)→H(u, v)→
(T(x)→H(y, x)→V(u, x)→ loop)→ R(x)];
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– E(y) → A(y) → (H(y, x)→loop) → Rh(x);
– E(y) → B(y) → (V(y, x)→loop) → Rv(x),

where x and y may be any individual variables. We first show the following
analogue of Lemma 4:

If ΓG , Δ,Σ � F : loop, for some good Δ, some neutral Σ,
and some long normal proof F , then G is solvable.

The proof is quite similar to that of Lemma 4, but there are some alterations.
For instance, a normal proof of loop using assumption Z of type (0′) may now
take the form Z(λx′λU.G), where U is a proof variable of type

∀yzuv (K(y) → L(z) → M(u) → · · · → R(x′)),
and G is a proof of R(x′), possibly using U . Now, since x′ is a new eigenvariable,
not occurring in ΓG , Δ,Σ, the only way to define G is this:

G = Uy′z′u′v′DKDLDMDNDVD
1
HD

2
H(λZ1Z2Z3. D),

with D being a shorter proof of loop in an environment extended by the dec-
larations of variables Z1, Z2, Z3 (as in the proof of Lemma 4), but also by the
declaration of U . However, adding Z1, Z2, and Z3 to Δ preserves the goodness
of Δ, and also adding U to Σ preserves the neutrality of Σ. We can thus use the
induction hypothesis.

An analogue of Lemma 5 is easily derived from the above. For the converse
we need to reprove the statement of Lemma 6:

If Δ �= ∅ is very good then ΓG , Δ � loop,
in the new setting, and this requires only minor adjustments. For example, in case
m′ = m+1 and n′ = n+1, we have a very good Δ′ = Δ∪{T(x),H(y, x),V(u, x)},
where x is a fresh variable. From the induction hypothesis we have ΓG , Δ′ � loop,
whence ΓG , Δ � T(x)→H(y, x)→V(u, x)→ loop. So if ϑ(x) denotes
∀yzuv (K(y)→ · · · →H(u, v)→ (T(x)→H(y, x)→V(u, x)→ loop) → R(x)),

then we can derive ΓG , Δ, ϑ(x) � R(x). This yields ΓG , Δ � ∀x [ϑ(x) → R(x)],
because x is not free in ΓG , Δ. It remains to apply (0’) to derive loop. �

3.3 Monadic Σ2 and Π2

Our proofs of Theorems 8 and 9 used binary relation symbols. We now show
how to eliminate them by a syntactic translation.

Let 1 and 2 be fresh unary relation symbols (i.e., not occurring in the source
language). With every binary relation symbol P we associate another fresh
nullary symbol p. We define P(x, y) = 1(x) → 2(y) → p, for binary P, and
P(x) = P(x), P = P, when P is unary or nullary. Then, by induction, define
∀xϕ = ∀xϕ, and ϕ → ψ = ϕ → ψ.

Lemma 10. Let Σ consist of binary atoms and let targets of all formulas in Γ
be nullary or unary. Then Γ,Σ � P(x, y) implies P(x, y) ∈ Σ.
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Proof. We have Γ ,Σ,1(x),2(y) � p. No formula in Γ may end with p, thus
a long normal proof of p must begin with an element of Σ: a variable of
type Q(u, v) = 1(u) → 2(v) → q. Then q = p, i.e., P = Q, and we have
Γ,Σ,1(x),2(y) � 1(u) and Γ,Σ,1(x),2(y) � 2(v). There is no other way to
prove 1(u) but to use the assumption 1(x). Hence, x = u, and similarly we also
obtain y = v. Thus, P(x, y) = Q(u, v) ∈ Σ. �

We say that a formula is easy when it is either an atom, or has the form

– ∀xϕ, where ϕ is easy and it is not an atom, or
– ϕ → ψ, where ϕ and ψ are easy, and the target of ψ is unary or nullary.

Observe that the sets ΓG in Section 3 and 3.2 consist of easy formulas.

Lemma 11. If Γ � ϕ, where ϕ and all formulas in Γ are easy, then Γ � ϕ.

Proof. A quasi-long eliminator is a term of the form XE1 . . . Em, where X is
a proof variable and every Ei is either a lnf or an object variable. Observe that
if Γ � M : τ , where M is a quasi-long eliminator, then either τ = ϕ, for some ϕ,
or τ = 2(y) → p, or τ = p, for some p and y. In the last two cases, we have
M = M ′N1 or M = M ′N1N2, with M ′ : P(x, y), and N1 : 1(x), and N2 : 2(y),
for some x.

Let now Γ � M : ϕ, where M is an lnf or a quasi-long eliminator. We prove
that Γ � ϕ, by induction with respect to M . The case of a variable is obvious.

Let M = λZ.N . The case of ϕ = P(x, y) follows from Lemma 10, because
the only easy formulas with binary targets are atoms. So we can assume that
ϕ = ψ → ϑ, and we have Γ ,Z :ψ � N : ϑ. By the induction hypothesis for N
we have Γ, ψ � ϑ, whence Γ � ϕ.

If M = λy N (where we can assume y fresh) then ϕ = ∀y τ , which means
that ϕ = ∀y ψ with ψ = τ . We have Γ � N : ψ, so Γ � ψ and thus Γ � ϕ by
generalization.

If Γ � X 
EN : ϕ then the type of X 
E must be of the form ψ → ϕ, because ϕ
is neither of the form 2(y) → p nor p. By the induction hypothesis, both ψ → ϕ
and ψ are provable, and so must be ϕ.

If Γ � X 
Ey : ϕ, where y is an object variable, then Γ � X 
E : ∀x τ , for some τ
with ϕ = τ [y/x]. Since X 
E is a quasi-long eliminator, we must have ∀x τ = ∀xψ,
and ϕ = ψ[y/x]. We apply induction to X 
E. �

The converse to Lemma 11 is obvious. Since all formulas used in our coding
are easy, we can restate Lemmas 5 and 7 using ΓG instead of ΓG .

Theorem 12. It is undecidable whether a given Σ2 (resp. Π2) formula with
unary predicates is provable.

4 Expspace-completeness for Σ1

The lower bound is obtained by encoding the halting problem for bus ma-
chines [23] into the inhabitation problem. A bus machine is an alternating com-
puting device operating on a finite word (bus) of a fixed length. At every step the
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whole content of the bus is updated according to one of the instructions of the
machine. In addition new instructions may be created each time and those can
be used in later steps. A precise definition is as follows.

A simple switch over a finite alphabet A is a pair of elements of A, written
a � b. A labeled switch is a quadruple, written a � b(c � d), where the simple
switch c� d is the label. Finally, a universal switch is a triple, written a� b× c.

Formally, a bus machine is a tuple M = 〈A,m,w0, w1, I 〉, where A is a finite
alphabet, m > 0 is the bus length of M (the length of the words processed),
w0 and w1 are words of length m over A, called the initial and final word ,
respectively, and I is a set of global instructions .

Every global instruction is an m-tuple I = 〈 I1, . . . , Im 〉 of sets of switches.
Switches in Ii are meant to act on the i-th symbol of the bus. It is required that
all switches in a given instruction I are of the same kind: either all are simple, or
all are labeled, or all are universal. Therefore we classify instructions as simple,
labeled, and universal. A local instruction is a special case of a simple instruction
with singleton sets at all coordinates.

A configuration of M is a pair 〈w,J 〉, where w is a word over A of length m,
and J is a set of local instructions. The initial configuration is 〈w0,∅ 〉, and
any configuration of the form 〈w1,J 〉 is called final .

Let I = 〈 I1, . . . , Im 〉, w = a1 . . . am, and w′ = b1 . . . bm, w′′ = c1 . . . cm.
Transitions of M according to I are defined as follows:

– If I is a simple instruction, and for every i ≤ m the switch ai � bi belongs
to Ii, then 〈w,J 〉 ⇒I

M 〈w′,J 〉;
– If I is a labeled instruction and ai� bi(ci � di) is in Ii, for every i ≤ m, then

〈w,J 〉 ⇒I

M 〈w′,J ′ 〉, where J ′ = J ∪ {〈 {c1 � d1}, . . . , {cm � dm} 〉};
– If I is universal and ai�bi×ci is in Ii, for all i ≤ m, then 〈w,J 〉 ⇒I

M 〈w′,J 〉,
and also 〈w,J 〉 ⇒I

M 〈w′′,J 〉.

A configuration 〈w,J 〉 is accepting iff it is either a final configuration, or

– There is a non-universal instruction I ∈ I ∪ J , with 〈w,J 〉 ⇒I

M 〈w′,J ′ 〉,
where 〈w′,J ′ 〉 is accepting, or

– There is a universal I ∈ I ∪ J such that we have 〈w,J 〉 ⇒I

M 〈w′,J 〉 and
〈w,J 〉 ⇒I

M 〈w′′,J 〉, where both 〈w′,J 〉 and 〈w′′,J 〉 are accepting.

The machine M halts iff the initial configuration is accepting. As usual with
alternating machines, an accepting computation of a bus machine should be
imagined as a tree with final configurations at all leaves and universal transitions
at branching nodes.

Example 13. This example is based on [13]. Let A = {0, 1, 2, 3}, and let
I+ = {0 � 1(2 � 3)}, I− = {1� 0(3 � 2)},

I = {0 � 0(2 � 2), 1 � 1(3 � 3)}, I∗ = {1 � 2}.
Consider M = 〈A, 4, 0000, 3333, I 〉, where I consists of the following tuples:
〈 I, I, I, I+ 〉, 〈 I, I, I+, I− 〉, 〈 I, I+, I−, I− 〉, 〈 I+, I−, I−, I− 〉, 〈 I∗, I∗, I∗, I∗ 〉.

The machine M behaves in a deterministic way, for example the only instruction
applicable in the initial configuration 〈 0000,∅ 〉 is 〈 I, I, I, I+ 〉. Executing it
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yields 〈 0001, {I0} 〉, where I0 is 〈 {2�2}, {2�2}, {2�2}, {2�3} 〉. The latter can
be used later to change a configuration of the form 〈 2222,J 〉 into 〈 2223,J 〉.
But now the machine must execute 〈 I, I, I+, I− 〉 and enter 〈 0010, {I0, I1} 〉,
where I1 = 〈 {2� 2}, {2� 2}, {2� 3}, {3� 2} 〉.

In the first phase of computation only global instructions are executed and all
words over {0, 1} appear on the bus in the lexicographic order. Every application
of a global instruction creates a new unique local instruction. After arriving
at 1111, the machine rewrites the bus to 2222 using 〈 I∗, I∗, I∗, I∗ 〉 and then
executes one by one all the local instructions, eventually reaching the final 3333.

Theorem 14 ([23]). The bus machine halting problem is Expspace-complete.

Given a bus machine M = 〈A,m,w0, w1, I 〉, we construct (in Logspace)
a set of universal formulas ΓM and an open formula αM such that ΓM � αM
if and only if M halts. The free variables in ΓM and αM are identified with
the symbols in A and the number, as well as arity, of relation symbols in our
formulas also depend on M. The main relation symbol Bus is m-ary and it is
intended to represent the content of the bus. The obvious convention is to write
Bus(w) for Bus(a1, . . . , am), when w = a1 . . . am and to write 
a for a1a2 . . . am.

The formula αM is Bus(w0), and Bus(w1) is a member of ΓM. The idea is that
a proof of Bus(w0) succeeds when every branch of a computation can terminate
by calling the axiom Bus(w1).

We associate binary (resp. ternary, quaternary) predicate symbols I with
sets I of simple (resp. universal, labeled) switches occurring in the instructions
of M. Then for every simple switch a � b in I, the atomic formula I(a, b) is
placed in ΓM, and similarly for universal and labeled switches. For example, the
set I in Example 13 yields two assumptions I(0, 0, 2, 2) and I(1, 1, 3, 3).

In ΓM there are also formulas ψI for all global instructions I in I. In case of
a simple instruction I = 〈 I1, . . . , Im 〉, the formula takes the form:
(1) ψI = ∀
x
y (I1(x1, y1) → · · · → Im(xm, ym) → Bus(
y) → Bus(
x)).

If I = 〈 I1, . . . , Im 〉 is labeled, then:
(2) ψI = ∀
x
y
z
u (I1(x1, y1, z1, u1)→ · · · → Im(xm, ym, zm, um)

→ ((Bus(
u) → Bus(
z)) → Bus(
y)) → Bus(
x)).

Finally, for a universal instruction I = 〈 I1, . . . , Im 〉, we take:
(3) ψI = ∀
x
y
z (I1(x1, y1, z1)→ · · · →Im(xm, ym, zm)

→ Bus(
z) → Bus(
y) → Bus(
x)).

A local instruction J may be identified with a rewrite rule of the form w ⇒ v.
Such a rule will be represented as a formula ϕJ of the form Bus(v) → Bus(w).
We define ΓJ = {ϕJ | J ∈ J }.

To see the motivation, suppose we want to derive ΓM � Bus(1111), where M
is as in Example 13. We use the formula ψ〈 I∗,I∗,I∗,I∗ 〉:

∀
x
y(I∗(x1, y1) → I∗(x2, y2) → I∗(x3, y3) → I∗(x4, y4) → Bus(
y) → Bus(
x),

instantiated by substituting 1 for xi and 2 for yi. Since the assumption I∗(1, 2)
is in ΓM, the task of proving Bus(1111) is reduced to proving Bus(2222).
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Lemma 15. A configuration 〈w,J 〉 is accepting if and only if the judgement
ΓM, ΓJ � Bus(w) is derivable.

Proof. From left to right the proof is by induction with respect to the defini-
tion of an accepting configuration. Let 〈w,J 〉 be accepting. If it is final, the
proof is trivial, because Bus(w1) ∈ ΓM. Otherwise, assume for example that
〈w,J 〉 ⇒I

M 〈w′,J ′ 〉, where 〈w′,J ′ 〉 is accepting, by an application of a labeled
instruction I = 〈 I1, . . . , Im 〉. Then J ′ = J ∪{J}, where J is a new local instruc-
tion. By the induction hypothesis we have ΓM, ΓJ , ϕJ � Bus(w′). It follows that
ΓM, ΓJ � ϕJ → Bus(w′). For j = 1, . . . ,m, let aj � bj(cj � dj) be the switches
used in this step. Then w = a1 . . . am, w′ = b1 . . . bm, and the formula ϕJ is
Bus(d1 . . . dm) → Bus(c1 . . . cm). Hence ΓM, ΓJ � (Bus(
d) → Bus(
c)) → Bus(
b).
We have all the Ij(aj , bj, cj , dj) in ΓM, so we prove Bus(
a) using the appropriate
axiom (2) instantiated with 
x := 
a, 
y := 
b, 
z := 
c, 
u := 
d.

The proof in the direction from right to left is by induction with respect to the
length of long normal proofs. Assume that ΓM, ΓJ � Bus(w). If w is not final
then a long normal proof must begin with a variable of type (2), (1), or (3). Sup-
pose for example that (3) is the case. For some instantiation 
x := 
a = w, 
y := 
b,

z := 
c, there are proofs of Ii(ai, bi, ci) and of Bus(
b) and Bus(
c). A proof
of Ii(ai, bi, ci) is only possible when Ii(ai, bi, ci) actually occurs in ΓM. This is
because there are no other assumptions with target Ii. In particular this proves
that variables bi, ci do correspond to actual bus symbols. Since Bus(
b) and Bus(
c)

are provable, it follows from the induction hypothesis that 〈
b,J 〉 and 〈
c,J 〉
are accepting. Therefore also 〈w,J 〉 is accepting. �

Upper bound for Σ1: A judgement of the form Γ � ϕ, where ϕ is a Σ1 formula
and all assumptions in Γ are Π1 formulas, is called a Σ1 judgement . Observe
that normal proofs of Σ1 judgements are of the form Γ � λX :α.M : α → β
or Γ � XM1 . . .Mr : β, where each Mi, for i = 1, . . . , r, is a proof term or an
object variable. Proofs of the latter shape are called eliminators . We say that
N ′ is an instance of N when N ′ = N [
x := 
y ] for some object variables 
x, 
y.

Lemma 16. Fix an object variable x0. If Γ � N : ϕ then Γ � N ′ : ϕ, for some
instance N ′ of N such that FV(N ′) ⊆ W = FV(Γ ) ∪ FV(ϕ) ∪ {x0}.

Proof. If x �∈ W then replacing x by x0 in N does not affect Γ and ϕ. �

Lemma 17. Let Γ � N : ϕ, where Γ is a Π1 environment and N is normal.
Assume in addition that either N is an eliminator or ϕ is a Σ1 formula. Then
the term N contains no occurrences of object abstraction. In addition, if N is
an eliminator then ϕ is in Π1.

Proof. Induction with respect to N . If N = X then the type of X is in Π1,
because X is declared in Γ .

If N = λX :ψ. P then ψ is in Π1 and Γ,X :ψ � P : ϑ, for some ϑ ∈ Σ1. We
use the induction hypothesis for P . Case N = λxN ′ is impossible.
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If N = X 
NM , where M is a proof term, then we have Γ � X 
N : ψ → ϕ and
Γ � M : ψ, for some ψ. Since X 
N is an eliminator, the formula ψ → ϕ is in Π1

and so must be ϕ, while ψ is in Σ1. We apply induction to X 
N and M .
If N = X 
Ny, where y is an object variable, we apply induction to X 
N . �

Let W be a set of variables. If FV(Γ ) ∪ FV(ϕ) ∪ FV(M) ⊆ W then we say that
Γ � M : ϕ is a W-judgement. A judgement is W-derivable when it is derivable
using only W-judgements. We have the following easy lemma:

Lemma 18. Let Γ � M : ϕ and let FV(Γ ) ∪ FV(M) ∪ FV(ϕ) ⊆ W. If M
contains no object abstraction then the judgement Γ � M : ϕ is W-derivable.

Lemma 19. The decision problem for Σ1 formulas is solvable in Expspace.

Proof. To find a proof of a given Σ1 formula ϕ one uses an obvious generalization
of the Ben-Yelles algorithm [22] for simple types. It follows from Lemma 17
that a normal inhabitant N of a Σ1 formula ϕ must not contain any object
abstraction. In addition, by Lemma 16 one can assume that free variables of N
are all in the set W = FV(ϕ) ∪ {x0}. (The variable x0 is added to make sure
that the set is not empty.) By Lemma18, the judgement � N : ϕ is W-derivable.
Therefore the algorithm needs only to consider judgements Γ ′ � M : ψ where
all object variables are in W . The number of different formulas in Γ ′ is thus at
most exponential in the size of ϕ. (With at most n variables, every subformula
of ϕ has at most nn instances.) Using the same argument as for simple types we
therefore obtain an alternating exponential time algorithm. �

Theorem 20. The decision problem for Σ1 is Expspace-complete.

Proof. Lemma 15 reduces the halting problem for bus machines to provability
in Σ1. The upper bound is provided by Lemma 19. �

5 Conclusion

We proved that derivability of universally-implicational formulas for classes Σ2

and Π2 of Mints hierarchy is undecidable even for unary predicate symbols. In
case of Σ1 we proved Expspace-completeness of the problem in the polyadic
case. These results combined with an earlier analysis [20] give the picture of
complexity of provability in Mints hierarchy in which the level of a formula ϕ
is determined by the level of a prenex formula classically equivalent to ϕ. What
is also important methodologically, the whole development uses purely proof-
theoretical methods.

All the hardness results were obtained for formulas with a fixed depth of
quantifiers. This suggests an interesting question to investigate: can all formulas
be effectively reduced to ones with a fixed quantifier depth. Two other issues
demanding future work are the exact complexity of the class Π1 and monadic Σ1.
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