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Abstract. An HV-restricted planar graph G is a planar graph with vertex-degree
at most four and such that each edge is labeled either H (horizontal) or V (verti-
cal). The HV-rectilinear planarity testing problem asks whether G admits a pla-
nar drawing where every edge labeled V is drawn as a vertical segment and every
edge labeled H is drawn as a horizontal segment. We prove that HV-rectilinear
planarity testing is NP-complete even for graphs having vertex degree at most
three, which solves an open problem posed by both Manuch et al. (GD 2010) and
Durucher et al. (LATIN 2014). We also show that HV-rectilinear planarity can
be tested in polynomial time for partial 2-trees of maximum degree four, which
extends a previous result by Durucher et al. (LATIN 2014) about HV-restricted
planarity testing of biconnected outerplanar graphs of maximum degree three.
When the test is positive, our algorithm returns an orthogonal representation of
G that satisfies the given H- and V-labels on the edges.

1 Introduction

Let G = (V,E) be a planar graph with vertex-degree at most four. A rectilinear orthog-
onal drawing Γ of G is a planar drawing of G where each vertex v ∈ V corresponds to
a distinct point pv of the plane and each edge (u, v) ∈ E corresponds to a horizontal or
vertical segment between pu and pv. If G is a planar embedded graph, i.e., a graph with
a given planar embedding (a planar embedding defines for each vertex v ∈ V the cir-
cular order of the edges incident to v and it also specifies the external face), we assume
that a rectilinear orthogonal drawing of G preserves its embedding. If v is a vertex of a
planar embedded graph and if e1 and e2 are two (possibly coincident) edges of v that
are consecutive in the clockwise order around v, we say that a = 〈e1, v, e2〉 is an angle
at v of G or simply an angle of G. Two rectilinear orthogonal drawings Γ and Γ ′ of
the same planar embedded graph G are shape equivalent if for any angle a of G, the
geometric angle corresponding to a is the same in Γ and Γ ′. A rectilinear orthogonal
representationH of a planar embedded graphG is a class of shape equivalent rectilinear
orthogonal drawings of G; H can be described by the embedding of G equipped with a
label for each angle of G; the labels for an angle can be R, F , L, or LL, corresponding
to a geometric angle of 90, 180, 270, and 360 degrees, respectively.

The rectilinear planarity testing problem asks whether a planar graph G with vertex-
degree at most four admits a rectilinear orthogonal drawing (or equivalently, a rectilin-
ear orthogonal representation). The problem can be solved in polynomial time in the
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Fig. 1. (a) An HV-graph. (b) An HV-drawing of the HV-graph of Fig. 1(a). (c) An HV-graph that
does not admit an HV-drawing. (d) A rectilinear orthogonal drawing of the graph of Fig. 1(c).

fixed embedding setting, i.e., when the rectilinear orthogonal representation must pre-
serve a planar embedding of G given as part of the input [18]. The rectilinear planarity
testing problem is however NP-complete in the variable embedding setting, i.e., over
all planar embeddings of G [11]. Polynomial-time solutions exist if G is a biconnected
series-parallel graph or if G has maximum vertex-degree three (see, e.g., [7,16,20]).

The rectilinear planarity testing problem is a classical subject of investigation in the
graph drawing literature, and it can be regarded as a special case of the bend mini-
mization problem for orthogonal drawings, probably one of the most explored topics in
the field (see, e.g., [1,2,7,10,14,15,18]). Direction constrained versions of the rectilinear
planarity testing problem also have a long tradition in the literature. An example is when
every edge of G is labeled ‘Up”, or “Down”, or “Left”, or “Right” and one wants to test
whether G has a rectlinear drawing where every edge has a direction consistent with its
label (see, e.g. [12,19]); the 3D version of this problem has also been studied [5,6,8].

In this paper we study another direction constrained version of the rectilinear pla-
narity testing problem that has been receiving increasing interest. An HV-restricted
planar graph (HV-graph for short) G = (V,E) is a planar graph with vertex-degree
at most four such that each edge is labeled either H (horizontal) or V (vertical).
Denote by EH ⊂ E and EV ⊆ E the subsets of H- and V-labeled edges, respec-
tively. An HV-drawing of G is a rectilinear orthogonal drawing of G such that each
edge e ∈ EH (resp. e ∈ EV ) corresponds to an orthogonal (resp. vertical) segment.
An HV-realization of G is a rectilinear orthogonal representation H of G such that
every drawing of H is an HV-drawing of G, up to a rotation of 90 degrees. The
HV-rectilinear planarity testing problem asks whether an HV-graph admits an HV-
realization. Figure 1 (b) shows an HV-drawing of the HV-graph in Fig. 1 (a). Fig-
ure 1 (c) shows an HV-graph that does not admit HV-realizations, although it admits
a rectilinear orthogonal drawing (Fig. 1 (d)).

Manuch et al. [13] ask what is the time complexity of HV-rectilinear planarity test-
ing both in the fixed and in the variable embedding setting. Durocher et al. [9] describe
a polynomial-time testing algorithm in the fixed embedding setting; for the variable
embedding setting they present a quadratic-time testing algorithm for biconnected out-
erplanar graphs of vertex-degree at most three. The authors leave as open problem both
to characterize the outerplanar HV-graphs that admit an HV-realization and to establish
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the complexity of HV-rectilinear planarity testing in the variable embedding setting for
general HV-graphs. We study these problems and establish the following results:

(i) HV-rectilinear planarity testing is NP-complete in the variable embedding setting
even for HV-graphs with vertex-degree at most three. We recall, for a contrast, that
Garg and Tamassia proved the NP-completeness of rectlinear planarity testing for planar
graphs of vertex-degree at most four [11], but that rectlinear planarity testing can be
solved in linear time for planar graphs of vertex-degree at most three [16].

(ii) There exists a polynomial-time algorithm to test HV-rectilinear planarity for HV-
graphs that are partial 2-trees. In the affirmative case, the algorithm returns an HV-
realization of the graph. Recall that biconnected outerplanar graphs are a sub-family of
partial 2-trees, hence our result provides an algorithmic answer to the open problem of
Durocher et al. [9], even for graphs with maximum vertex-degree four.

The remainder of the paper is organized as follows. Section 2 proves that HV- rec-
tilinear planarity testing is NP-complete. Section 3 describes a polynomial-time algo-
rithm for HV-rectilinear planarity testing of series-parallel graphs, which is used as a
building-block for the design of an HV-rectilinear planarity testing algorithm for partial
2-trees presented in Sec. 4. Conclusions and open problems are in Sec. 5. For space
reasons several proofs are sketched.

2 NP-completeness of HV-rectilinear Planarity Testing

It is easy to see that HV-rectilinear planarity testing is in NP, since the problem is poly-
nomial when a planar embedding of the graph is given [9] and since all planar embed-
dings can be non-deterministically explored [1]. We show the hardness of this problem
even on instances of maximum vertex-degree three by reducing SWITCH FLOW NET-
WORK to it. Hence, the following theorem holds.

Theorem 1. HV-rectilinear planarity testing is NP-complete even for HV-graphs of
maximum vertex-degree three.

A switch-flow network N is an undirected graph where each edge e is labeled with
a range [c′...c′′] of nonnegative integers, called the capacity range of e. For simplicity,
the capacity range [c...c] is denoted with [c]. A flow for a switch-flow network is an
orientation of its edges and an assignment of integer values to them. A flow is feasible
if it satisfies the following two properties: (i) the total flow entering a vertex from the
incoming edges is equal to the total flow exiting the vertex from the outgoing edges,
and (ii) the flow assigned to an edge is an integer within the capacity range of the edge.
Given a switch-flow networkN , the SWITCH FLOW NETWORK problem is the problem
of finding a feasible flow for N .

The SWITCH FLOW NETWORK problem is trivially in NP, by assigning to the edges
all possible flow values and orientations and computing the sum of the flows at each
vertex. In [11] it is shown that SWITCH FLOW NETWORK is NP-hard even in a very
restrictive setting, that is, if its instances are such that: (a) the lower bounds of the
capacities ranges of the edges are either zero (as in [0...c]) or equal to the upper bounds
(as in [c]), (b), edges with a proper capacity range (as in [0...c]) do not form a cut, and
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Fig. 2. (a) A feasible flow for an instance N of the SWITCH FLOW NETWORK problem; the
instance is the underlying undirected graph. The thick arrow represents a flow of two units while
the thinner arrows represent flows of one unit. (b) The maximal planar SWITCH FLOW NETWORK

instance N ∗ obtained from N . (b) Graph N ∗ and its dual D.

(c) the network is planar. Starting from an instance N of the SWITCH FLOW NETWORK

problem satisfying Properties (a), (b), and (c), we create an instance G of HV-planarity
testing of maximum degree three as follows (refer to Figs 2 and 3):

Step 1. Construct a maximal planar instance N ∗ by inserting dummy edges with ca-
pacity range [0] into N . Observe that N ∗ admits a feasible flow if and only if N does.

Step 2. Compute the dual plane graph D of N ∗. Observe that, since N ∗ is a maximal
triconnected graph, each vertex of D has degree three and D is also triconnected. We
label the edges of D with the capacity range of the corresponding edge of N ∗.

Step 3. Compute an orthogonal drawing ΓD of D with the linear-time algorithm in [17].
This algorithm takes as input a 4-plane biconnected graph and computes a drawing with
at most 2n+ 4 bends and such that each edge has at least one vertical segment.

Step 4. Transform ΓD into a positive instance F of HV-planarity testing by replacing
orthogonal and vertical segments with rectangular boxes and by labeling each horizontal
and vertical edge of F with labels H and V, respectively (see also Fig. 3(b)). Note that
F has maximum vertex-degree three and, as D is triconnected, it has a unique HV-
realization HF up to horizontal and vertical flips.

Step 5. Build the instance G of HV-planarity testing. First, identify for each edge e of
D with a label different from [0] a rectangular box of F corresponding to a vertical
segment of ΓD. If the label of e is [c], insert the HV-graph Tc, called tendril, in the
rectangular box, attaching it with two edges e′ and e′′ called the handles of the tendril.
See Fig 3(d) and 3(e) for T1 and T2. If e is labeled [0...c] insert into the rectangular box
the HV-graph Wc, called wiggle. Wiggles W1 and W2 are shown in Figs. 3(f) and 3(g).

Lemma 1. An HV-realization of the HV-graph G corresponds to a feasible flow of the
switch network N and vice versa.

Proof sketch: First, we show that, starting from an HV-realization HG of G, a feasi-
ble flow for N can be found. Observe that each tendril Th necessarily has the HV-
realization HTh

or HTh
, giving to its left and right faces fl and fr, 4h and −4h (or
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Fig. 3. (a) An orthogonal drawing ΓD of the dual graph D. (b) The positive instance F of HV-
planarity testing built by Step 4. (c) The instance G of HV-planarity testing corresponding to the
SWITCH FLOW NETWORK instance N depicted in Fig. 2(a). (d) Tendril T1. Edges e′ and e′′ are
the handles of the tendril. (e) Tendril T2. (f) Wiggle W1. (g) Wiggle W2.

−4h and 4h, respectively) right angles. Since in any HV-realization of G, the subgraph
of G obtained by neglecting tendrils and wiggles is drawn as it is in F , and since in F
each face is balanced in terms of left and right turns, it follows that the HV-realization
chosen for tendrils and wiggles of G decides a flow traversing the faces of G. By con-
struction, such a flow (divided by 4) gives a feasible flow for N . Conversely, suppose
a feasible flow exists for N . By choosing the corresponding HV-realizations for ten-
drils and wiggles, each face is balanced in terms of right and left angles, yielding an
HV-realization for G. �

3 Testing Algorithm for Series-Parallel Graphs

The decomposition of a biconnected graph G into its triconnected components is de-
scribed by the SPQR-tree data structure, which implicitly represents all planar embed-
dings of G. We assume familiarity with SPQR-trees and related terminology [4]. If
the SPQR-tree T of G has no R-nodes (corresponding to triconnected components
that are triconnected graphs), G is a series-parallel graph and T is called an SPQ-tree:
S-nodes represent series compositions, P -nodes parallel compositions, and Q-nodes
single edges. Series-parallel graphs are a super-class of biconnected outerplanar graphs.

In [7] a polynomial-time algorithm is described that computes an orthogonal drawing
of a series-parallel graph G, with the minimum number of bends over all planar embed-
dings of G. Our testing algorithm enhances the approach given in [7] to deal with H- and
V-labels on the edges. As in [7] we use a variant of the SPQ-trees called SPQ∗-tree.
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The SPQ∗-tree T of G for a given reference edge e implicitly describes all possible
planar embeddings of G with e on the external face and is such that: (i) each edge or a
chain of edges joined by vertices of degree two in G is represented by a Q∗-node; (ii)
the root of T is a P -node with two children, one of which is the Q∗-node associated
with e; (iii) each S-node has two children. An example of an SPQ∗-tree of a series-
parallel graph is shown in Fig. 4(b). See [7] for more details. Another basic ingredient
of the algorithm in [7] is the concept of spirality of an orthogonal representation H; it
gives a measure of how much H is “rolled-up”. We now recall basic definitions and re-
sults about spirality, restricted to rectilinear orthogonal representations, and we provide
additional properties for the spirality of HV-realizations.

Spirality of Rectilinear Orthogonal Representations and HV Representations. Let
T be the SPQ∗-tree of a series-parallel graph G for a given reference edge e = (s, t).
Let H be a rectilinear orthogonal representation of G for some planar embedding of G
with edge e on the external face. Also, let μ be a node of T with poles u and w, and
let Hμ be the restriction of H to the pertinent graph Gμ of μ. We also say that Hμ is
a component of H. For each pole v ∈ {u,w}, let indegμ(v) and outdegμ(v) be the
degree of v inside and outside Hμ, respectively. Define two (possibly coincident) alias
vertices of v, denoted by v′ and v′′, as follows: (a) If indegμ(v) = 1, then v′ = v′′ = v;
(b) If indegμ(v) > 1 and outdegμ(v) = 1, then v′ = v′′ is a dummy vertex that splits
the edge of v that is outside Hμ; (c) If indegμ(v) = outdegμ(v) = 2, then v′ and v′′

are dummy vertices, each splitting a distinct edge of v that is outside Hμ.
Let Av denote the set of distinct alias vertices of a pole v (if G has vertex-degree at

most three, |Av| = 1). Let Puw be any simple path from u to w inside Hμ and let u′ and
w′ be alias vertices of u and of w, respectively. The path Su′w′

obtained concatenating
(u′, u), Puw, and (w,w′) is called a spine of Hμ. Denote by n(Su′w′

) the number of
right turns minus the number of left turns encountered moving along Su′w′

from u′

to w′. The spirality σ(Hμ) of a component Hμ with poles u and w is defined based
on the following cases: (i) If Au = {u′} and Aw = {w′}, then σ(Hμ) = n(Su′w′

).
(ii) If Au = {u′} and Aw = {w′, w′′}, then σ(Hμ) = (n(Su′w′

) + n(Su′w′′
)/2.

(iii) If Au = {u′, u′′} and Aw = {w′}, then σ(Hμ) = (n(Su′w′
) + n(Su′′w′

))/2.
(iv) If Au = {u′, u′′} and Aw = {w′, w′′}, assume w.l.o.g. that (u, u′) immediately
precedes (u, u′′) counterclockwise around u and that (w,w′) immediately precedes
(w,w′′) clockwise around w. Then σ(Hμ) = (n(Su′w′

) + n(Su′′w′′
))/2.

We now briefly recall the spirality properties used in this paper, restricted to our
setting. We assume that G is a series-parallel graph equipped with an SPQ∗-tree T .

Substituting Components with the Same Spirality. Let H and H′ be two rectilinear
orthogonal representations of the same planar graph G and let μ be a node of T . We
say that H and H′ are μ-different if their planar embeddings may differ only for the
clockwise orderings of the edges inside Gμ and if the labels of the external angles
at the poles of μ stay the same in the two representations. See Figs. 4(c) and 4(d)
for an example. Suppose that H and H′ are μ-different and that σ(Hμ) = σ(H′

μ).
The next theorem claims that it is always possible to get a new rectilinear orthogonal
representation H′′ by substituting Hμ with H′

μ in H (see, e.g., Fig. 4(e)).
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Fig. 4. (a) A planar graph G; (b) The SPQ∗-tree of G for the reference edge (1, 20), and a high-
lighted node μ (the pertinent graph Gμ of μ is highlighted in the graph); (c)-(d) Two rectilinear
orthogonal representations H and H′ that are μ-different; both Hμ and H′

μ have spirality 2. (e)
The rectilinear orthogonal representation obtained by substituting Hμ with H′

μ in H.

Theorem 2. [7] Let H and H′ be two rectilinear orthogonal representations of the
same planar graph G such that H and H′ are μ-different and σ(Hμ) = σ(H′

μ). Then
the embedded labeled graph H′′ obtained by substituting Hμ with H′

μ in H is a recti-
linear orthogonal representation.

Intuitively, Theorem 2 implies that in an orthogonal representation H we can always
substitute a certain component Hμ with a component H′

μ having the same spirality,
independently of the planar embedding of Hμ and H′

μ.

Spirality Relationships for Series- and Parallel-Compositions. Let H be a rectlinear
orthogonal representation of G. For an S- or a P -node μ of T , the spirality of Hμ is
related to the spiralities of the orthogonal representations of the pertinent graphs of the
children of μ. For an S-node the relationship is given by Lemma 2. For a non-root
P -node the relationship depends on the number of its children (see Lemmas 3 and 4).

Lemma 2. [7] Let μ be an S-node of T with children μ1 and μ2. Then: σ(Hμ) =
σ(Hμ1 ) + σ(Hμ2 ).

Lemma 3. [7] Let μ be a P -node of T with three children μ1, μ2, and μ3. Let ei be
the edge of Hμ〉 incident to pole w (i = 1, 2, 3) and let eout be the external edge of Hμ
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incident to w; also, suppose that eout, e1, e2, e3 are encountered in this clockwise order
around w. Then: σ(Hμ) = σ(Hμ1) + 2 = σ(Hμ2 ) = σ(Hμ3 )− 2.

Lemma 4. [7] Let μ be a non-root P -node of T with two children μ1, μ2. Suppose that
while moving clockwise around w from an external edge of Hμ incident to w, the edges
of Hμ1 incident to w precede those of Hμ2 incident to w. For each pole v ∈ {u,w}
and for i = 1, 2, let eout be the external edge of Hμ incident to v that is circularly
consecutive around v to an edge ei of Hμi incident to v, and let liv be the label of the
angle at v formed by eout and ei. Also, let αi

v = 0 if liv = F andαi
v = 1 if liv = R. Then:

(i) σ(Hμ) = σ(Hμ1 ) + kiuα
1
u + kiwα

1
w and (ii) σ(Hμ) = σ(Hμ2 ) − kiuα

2
u − kiwα

2
w,

where kiv = 1 if indegμi
(v) = 1 and outdegμ(v) = 1, while kiv = 1/2 otherwise.

Finally, if μ is the root node it has two children, one of which is associated with the
reference edge e (see, e.g., Figs. 4(a) and 4(b)). The following result comes immediately
from [7], considering that in a rectilinear orthogonal representation each edge (included
e) is a segment, and the number of angles with R-labels minus the number of angles
with L-labels in an internal face equals 4.

Lemma 5. Let μ be the root of T and let ν be the child of μ that does not correspond to
the reference edge (s, t). Let f be the internal face of H that contains (s, t), and let ls
(resp. lt) be the label of the angle in f at vertex s (resp. at vertex t). Assume that moving
along e from s to t corresponds to walking counterclockwise on the boundary of f . For
v ∈ {s, t}, let αv = 0 if lv = F , αv = 1 if lv = R, and αv = −1 if lv = L. Then:
σ(Hν) + ksαs + ktαt = 4, where kv = 1 if indegν(v) = 1 and kv = 0 otherwise.

Spirality and HV-realizations. Let G be an HV-graph and let T be an SPQ∗-tree of
G for a reference edge e = (s, t). W.l.o.g, from now on we assume that for any 2-
degree vertex v the two edges incident to v have different labels (otherwise, they can
be simply replaced by a single edge with the same label as the original edges). With
this assumption, the chain associated with a Q∗-node always consists of an alternated
sequence of H-labeled and V-labeled edges. The following lemma can be easily proved.

Lemma 6. Let μ be a Q∗-node of T and let k be the number of edges of Gμ. If k is
even (resp. odd), then there exists an HV-realization of Gμ with spirality j, for every
odd (resp. even) j ∈ [−k + 1, k − 1].

Testing Algorithm. Let G be a series-parallel HV-graph and let T be the SPQ∗-tree
for a given reference edge e = (s, t). The testing is done by traversing T bottom-up;
if the test fails, G does not admit an HV-realization with e on the external face, a new
reference edge is chosen and the test is repeated. If the test succeed for some reference
edge of G, the algorithm reconstructs an HV-realization ofG with a top-down visit of T ,
exploiting suitable information stored in the nodes of T during the bottom-up traversal.

Theorem 3. Let G be a series-parallel HV-graph with n vertices and maximum vertex-
degree four. There exists an O(n4)-time algorithm that tests whether G admits an HV-
realization and, if so, it computes an HV-realization of G. Also, if G has vertex-degree
at most 3, the time-complexity can be reduced to O(n3 logn).
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Proof sketch: Let T be the SPQ∗-tree for a given reference edge e. We describe an
algorithm that tests whether G admits an HV-realization with e on the external face.
Let μ the current node of T when traversing T from bottom to top. Let u and w be
the poles of μ. The algorithm associates with μ a set of tuples, each one corresponding
to a distinct value of spirality that an HV-realization Hμ of Gμ can have within an
HV-realization H of G. The size of the set of tuples associated with μ is O(n), since,
by definition, the absolute value of spirality of Hμ cannot exceed the length of the
shortest path from u to w in Gμ plus one. A tuple contains a value of spirality σμ and
an encoding of an embedding of Gμ for which an HV-realization of Gμ with spirality
σμ exists; this encoding describes for a P -node the cyclic order of the edges of Gμ

incident to u and w (i.e., the permutation of the edges of the skeleton of μ); if μ is
either a Q∗-node or an S-node, the algorithm does not keep any embedding information
for μ (because the embedding is uniquely defined). It is sufficient to keep only one
representative tuple for each possible value of spirality, since by Theorem 2 rectilinear
orthogonal representations with the same spirality are interchangeable.

If during the bottom-up visit we obtain an empty set of tuples for a node of T , the
algorithm reports that G does not admit an HV-realization with e on the external face.
Otherwise, let ν be the child of the root that does not correspond to edge e; if the set
of tuples of ν has a tuple whose spirality verifies the condition of Lemma 5, then the
algorithm reports that an HV-realization of G exists; otherwise, it reports again that G
does not have an HV-realization with e on the external face. Note that, the values αs

and αt in Lemma 5 are uniquely determined by the H- and V-labels once the circular
ordering of the edges around s and t is decided. If the algorithm fails on T , a different
edge e is chosen and it is executed again. The tuples of Q∗-nodes are computed using
Lemma 6, and those of non-root P -nodes using Lemmas 3 and 4. For an S-node μ
with children μ1 and μ2, based on Lemma 2, we consider all distinct values of spirality
obtained by summing up the spiralities of a tuple of μ1 and of a tuple of μ2. However,
if μ1 and μ2 share a pole v of degree 4, the H- and V-labels on the edges incident to
v may not be compatible with some pairs of spirality values for μ1 and μ2, and these
pairs must be discarded.

The tuple sets for all nodes of T are computed in O(|S|n2 + |P |n + |Q∗|n) time,
where |S|, |P |, |Q| denote the number of S-, P -, and Q∗-nodes in T , respectively.
Hence, we have O(n3)-time complexity for a specific reference edge and O(n4) over
all possible reference edges for G. If the test is positive the algorithm reconstructs an
HV-realization of G in O(n2) time, by visiting T top-down.

If G has maximum vertex-degree 3, there cannot be forbidden pairs of spirality val-
ues for the children of an S-node, and finding its possible spiralities corresponds to
computing a Cartesian sum of two sets of integers, which takes O(n log n) time [3].
Hence, the overall time complexity for series-parallel HV-graphs of vertex-degree at
most 3 is O(n(|S|(n log n) + |P |n+ |Q∗|n)) = O(n3 logn). �

4 Testing Algorithm for Partial 2-Trees

We extend the HV-realizability testing algorithm described in the proof of Theorem 3
to simply connected graphs that do not contain rigid components. Namely, a 2-tree is a
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graph obtained by starting from an edge and iteratively attaching a new vertex per time
to two already adjacent vertices. A partial 2-tree is any subgraph of a 2-tree. We give a
testing algorithm for the class of partial 2-trees, which includes series-parallel graphs.

Let G be an HV-graph that is a connected partial 2-tree (if G is not connected one
can execute the test independently on each connected component). We assume that G
does not contain three adjacent edges with the same label (H or V), because in this case
it is trivial to conclude that G does not admit an HV-realization. The testing algorithm
exploits a constrained version of the algorithm described in Sec. 3 for the biconnected
components and the popular data structure known as the block-cutvertex tree T of G,
which describes the decomposition of G into its biconnected components, also called
blocks. A block consisting of a single edge is called a trivial block. T has a node vB
for each block B of G and a node vc for each cutvertex c of G; there is an arc (vB , vc)
in T if c belongs to B in G. A key-ingredient of our testing algorithm is the following;
the proof is easy and is omitted for space reasons.

Lemma 7. Let B1 and B2 be any two blocks of G and let Π be the path from vB1 to
vB2 in T . Let vc1 and vc2 be the cutvertex-nodes on Π adjacent to vB1 and to vB2 ,
respectively (c1 and c2 may coincide). In any planar embedding of G, either c1 is on
the external face of B1 or c2 is on the external face of B2.

Let B be a block of G and c a cutvertex of G that belongs to B. Suppose we want to
construct an HV-realization of G for a planar embedding where B has c on the external
face and such that some other block is attached to c in the external face of B. To do this,
we need the angle at c in the external face of B to be greater than 90 degrees. We say
that B is HV-extrovert with respect to c if B admits an HV-realization HB such that: (i)
c on the external face of HB; (ii) the external angle at c is greater than 90 degrees. We
also say that HB is extrovert with respect to c. The testing algorithm works as follows:

Step 1. Consider all degree-1 block-nodes of T and for each of these nodes vB let vc be
its adjacent cutvertex-node; test if B is HV-extrovert with respect to c (we explain how
to test it right after the description of Step 2); if so, store its extrovert HV-realization in
a list L and remove vB from T , otherwise mark B as not HV-extrovert. At the end of
this step remove from T all cutvertex-nodes of degree less than 2, previously attached
to some degree-1 block-node.

Step 2. Check whether one of the following cases holds; if not repeat Step 1:

Case 1. Two blocks that are not HV-extrovert are found: in this case the test is negative,
because the property of Lemma 7 cannot be satisfied in any HV-realization of G.

Case 2. T becomes empty. The test is positive. Indeed, in this case there exists a planar
embedding of G and every block B has an extrovert HV-realization, stored in L, that
is compatible with this embedding; an HV-realization of G can be easily obtained by
suitably merging the extrovert HV-realizations stored in L.

Case 3. T consists of just one block-node vB marked as not HV-extrovert. In this case
the algorithm tests whether B admits any HV-realization HB , using the algorithm de-
scribed in Sec. 3. In the affirmative case the test is positive and we can still construct an
HV-realization of G by suitably merging the HV-realizations stored in L. Namely: (i)
embed the HV-realization of each block that shares a cutvertex c with B inside a face
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of G with angle at c larger than 90 degrees (such a face always exists, because c has
degree at most 3 in B); (ii) merge the extrovert HV-realizations of the other blocks as
in Case 2. If B does not admit any HV-realization, then the test is clearly negative.

We now explain how to test whether a block B is HV-extrovert with respect to a
desired cutvertex c. If B is trivial (i.e., a single edge) the test is clearly positive. If B is
not trivial, then c has degree greater than 2 in G and we distinguish between two cases:

Vertex c has Degree 3 in G. In this case c has degree 2 in B. Let s and u be the two
vertices adjacent to c in B, and let T be the SPQ∗-tree of B with reference edge (s, c).
Execute an HV-realizability testing of B with respect to T , using the algorithm of Sec. 3.
If the test is negative, B does not have an HV-realization with c on the external face,
and we conclude that B is not HV-extrovert with respect to c. If the test is positive, there
exists an HV-realization HB with c on the external face, but we have to verify that we
can get an HV-realization with the external angle at c greater than 90 degrees. If edges
(s, c) and (u, c) have the same label (H or V), we do not need to do any additional check,
as HB surely has two angles of 180 degrees at c. If (s, c) and (u, c) have different labels,
let ν be the child-node of the root of T that does not correspond to the reference edge;
it suffices to check whether ν has a tuple whose spirality value satisfies the equation of
Lemma 5, with the constraint that αc (i.e., αt of Lemma 5) is 1 (corresponding to an
internal angle at c of 90 degrees, and hence to an external angle at c of 270 degrees).
Vertex c has degree 4 in G. If c has degree 2 in B, the algorithm applies the same check
as in the previous case. If c has degree 3 in B, let e = (s, c) and e′ = (u, c) be the edges
of B incident to c with the same label (H or V), and let e′′ = (v, c) be the third edge
of B incident to c. Let T be the SPQ∗-tree of B with reference edge e = (s, c). Note
that T has a P -node μ such that one of its poles is c and such that Gμ contains both
e′ and e′′. Also, in any HV-realization that is extrovert with respect to c, e and e′ must
be both on the external face. Hence, to check whether B is HV-extrovert with respect
to c, we can execute an HV-realizability testing of B on tree T , using the algorithm of
Sec. 3, with the restriction that when we compute the tuple set of μ we only consider
the arrangement of its children corresponding to having e′ on the external face.

About the computational complexity of the test described above, let n be the number
of vertices of G, let B1, B2, . . . , Bh be the biconnected components of G, and let ni

be the number of vertices of Bi (i = 1, . . . , h). Also, let T the block-cutvertex tree
of G. For each block-node vBi of T , the algorithm takes O(ni

3) to test whether Bi is
HV-extrovert with respect to a desired cutvertex using the algorithm of Sec. 3, as it only
needs to test the HV-realizability of Bi for a suitably chosen reference edge. Also, if one
block Bi is not HV-extrovert, an additional HV-realizability testing on Bi is run over
all possible reference edges, spending O(ni

4) time. Since
∑

i=1,...,h ni = O(n), the
overall time complexity of the algorithm is O(n4). The time complexity is reduced to
O(n3 logn) if G has vertex-degree at most 3, with the same argument as in Theorem 3.

Theorem 4. Let G be an HV-graph that is a partial 2-tree with n vertices and maximum-
vertex degree four. There exists an O(n4)-time algorithm that tests whether G admits
an HV-realization and, if so, it computes an HV-realization of G. Also, if G has vertex-
degree at most 3, the time-complexity can be reduced to O(n3 logn).
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5 Conclusions and Open Problems

We suggest the study of these problems: (i) Can the polynomial bound of Theorem 4
be improved? Recall that there is a linear-time algorithm for the rectilinear planarity
testing of series-parallel graphs with vertex-degree at most three [20], but it relies on
properties that do not apply for HV-graphs. (ii) Find a combinatorial characterization,
e.g. in terms of forbidden substructures, for the HV-graphs that have an HV-realization.
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