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Abstract. Lasso-type variable selection has been increasingly adopted in many
applications. In this paper, we propose a covariate-correlated Lasso that selects
the covariates correlated more strongly with the response variable. We propose
an efficient algorithm to solve this Lasso-type optimization and prove its con-
vergence. Experiments on DNA gene expression data sets show that the selected
covariates correlate more strongly with the response variable, and the residual
values are decreased, indicating better covariate selection. The selected covari-
ates lead to better classification performance.

1 Introduction

In many regression applications, there are too many unrelated predictors which may
hide the relationship between the response and the most related predictors. A com-
mon way to resolve this problem is variable selection, that is to select a subset of the
most representative or discriminative predictors from the input predictor set. In machine
learning and data mining tasks, the main challenge of variable selection is to select a
set of predictors, as small as possible, that help the classifier to accurately classify the
learning examples. Various kinds of variable selection methods have been proposed to
tackle the issue of high dimensionality. One major type of variable selection methods
is to use the filter methods, such as: t-test, F-statistic [5], ReliefF [10], mRMR [12] and
mutual information [13]. These methods are usually independent of classifiers. Another
wrapper-type of variable selection methods is to take classifiers to evaluate subsets of
predictors [9]. In addition, some stochastic search techniques have also been used for
variable selection [16].

Recently, sparsity regularization receives increasing in variable selection. The well
known Lasso (Least Absolute Shrinkage and Selection Operator) is a penalized least
square method with �1-regularization, which is used to shrink/suppress variables to
achieve variable selection [3,14,19,17,18]. However, �1-minimization algorithm is not
stable compared with �2-minimization. Elastic Net added �2-regularization in Lasso to
make the regression coefficients more stable [19]. Group Lasso was proposed where the
covariates are assumed to be clustered in groups, and the sum of Euclidean norms of
the loadings in each group is used [17]. Supervised Group Lasso performed K-means
clustering before Group Lasso [11]. From the covariate point of view, the aim of tradi-
tional Lasso-type models is to select a set of covariates from the input covariate set that
linearly represent the response approximately. However, they consider data approxima-
tion and representation only, without explicitly incorporating the correlation between
the response and covariates.
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In this paper, correlation information is considered into the Lasso-type variable se-
lection, where regression coefficients associated with larger correlations between the
response and covariates are penalized less. Therefore, the selected covariates are highly
correlated with the response, i.e., the response can be sparsely approximated (repre-
sented) by its closer covariates. In the following, we firstly briefly review the normal
Lasso and Elastic Net, then present our covariate-correlated Lasso (ccLasso) model. An
efficient iterative algorithm, with its proof of convergence, is presented to solve the pro-
posed ccLasso optimization problem. Promising experimental results show the benefits
of the proposed ccLasso model.

2 Brief Review of Lasso and Elastic Net

Let (x1, y1), · · · , (xn, yn) be the input data, where xi ∈ Rp is a vector of predic-
tors and yi ∈ R is a scalar response for xi. Formulate them in matrix form X =
(x1, x2, · · · , xn)

T ∈ Rn×p and y = (y1, y2, · · · , yn) ∈ Rn. Here we adopt the lan-
guage of LARS (covariate point of view) [6]. The j-th column of X (e.g., j-th dimen-
sion or feature throughout the n data points) is the j-th covariate, denoted as a column
vector aj ∈ Rn. Let A = (a1, a2, · · · , ap). The goal of Lasso is variable (covariate)
selection. It selects a subset of k < p covariates from the p covariates a1, · · · , ap (re-
member p is the dimension of xi) that best approximate the response vector y. Lasso
minimizes

min
β

‖y −
p∑

j=1

βjaj‖2 + λ

p∑

j=1

|βj | = ‖y − Aβ‖2 + λ‖β‖1, (1)

Here �q-norm of vector v is defined as ‖v‖q =
[∑n

i=1 |vi|q
]1/q

. For simplicity, we
ignore the subscript 2 for the Euclidean distance q = 2: ‖v‖ = ‖v‖2. λ ≥ 0 is a
penalty parameter. When λ is large, many components of β are zero. The nonzero com-
ponents give the selection of covariates. This covariate point of view is identical to the
compressed sensing of Donoho et al[4].

In general, �1-minimization is not stable compared with �2-minimization [15]. To
compensate for this, Elastic Net [19] further adds the ridge regression penalty term into
Lasso objective function, which can be formulated as

min
β∈Rp

‖y −Aβ‖2 + λ‖β‖1 + ζ‖β‖2, (2)

where λ, ζ ≥ 0 are model parameters. Apart the sparsity, Elastic Net usually encourages
a grouping effect, i.e., strongly correlated covariates tend to be in or out of the model
together.

3 Covariate-Correlated Lasso

In this section, we present our covariate-correlated Lasso (ccLasso).
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3.1 Covariate-Response Vector Correlation

First, we rescale the data. Note that in Lasso we can normalize y such that ‖y‖ = 1;
This change is absorbed by β through an overall proportional constant. Second, we can
also normalize each covariate aj to ‖aj‖ = 1. The difference is absorbed into βj . Our
covariate-correlated Lasso (ccLasso) is motivated by the following two observations.

First, since each covariate aj has the same dimension as y, we may consider the
correlation between y and covariate aj . This is useful information. Intuitively, if we
select a few covariates to form a linear combination that best approximates the response
vector y, then the covariates correlated more with y would be good choices. In fact, this
correlation information has been emphasized and successfully used in analysis of gene
expression microarray data of gene selection [8]. To the best of our knowledge, this
correlation information has not been explored or emphasized in Lasso-type covariate
selection.

Then, we can prove that if we restrict β to have only one nonzero component, the se-
lected covariate must be the covariate which correlates with y the most, i.e., the highest
correlation coefficient w.r.t. y.

Lemma 1. If we select one covariate among the p covariates, the selected one has the
highest correlation coefficient with y.

Proof. Selecting one covariate aj that minimizes the error most is the following mini-
mization problem,

min
j,βj

J = ‖y − βjaj‖2 = yT y + β2
j a

T
j aj − 2βjy

Taj . (3)

Since y and aj are normalized, i.e., yT y = 1, aTj aj = 1 and y and aj are already
centered as in standard regression, the correlation coefficient is

ρ(y, aj) =
yTaj

‖y‖‖aj‖ = yTaj .

Thus J = 1 + β2
j − 2βjρ(y, aj). Setting the derivative w.r.t. βj to zero, we obtain

βj = ρ(y, aj). Thus, J = 1− [ρ(y, aj)]
2 and the selection problem becomes

min
j

1− [ρ(y, aj)]
2. (4)

Therefore the selected one must has the highest (absoluate value) correlation coefficient
with y. �–

The above result is intuitively appealing: if we select one covariate to represent y
approximately, the selected covariate must be the one closest (most correlated) to y. If
we select two covariates to represent y, the standard LASSO results are not necessarily
the two covariates most correlated to y. Our covariate-correlated Lasso (ccLasso) is
motivated by the desire to encourage the selected covariates to correlate more with y.
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3.2 Covariate-Correlated Lasso

By imposing the correlation information into the variable selection, our covariate-
correlated Lasso can be formulated as follows,

min
β

‖y −Aβ‖2 + λ

p∑

j=1

μj |βj |, (5)

where
μj = (1− |ρ(y, aj)|)2. (6)

The intuition is that when aj correlates strongly (either positively or negatively) with y,
μj is close to zero, thus a small penalty. As λ increases, βj with large penalty tend to
go to zero. Thus the final selected covariates tend to have larger correlation with y.

We now use α to replace β to denote/emphasize the regression coefficients obtained
from ccLasso. Let D = diag(μ1, · · · , μp), then ccLasso can be written compactly as

min
α

‖y −Aα‖2 + λ‖Dα‖1. (7)

4 Computational Algorithm

4.1 Update Algorithm

Problem Eq.(7) is a convex formulation and we seek the global optimal solution. In this
section, an efficient algorithm is derived to solve this problem. The detailed algorithm
is given in Algorithm 1. In Algorithm 1, the initialization is the solution of the ridge
regression problem

min
α

‖y −Aα‖2 + λαTDα. (8)

The solution of this ridge regression problem is given by

α(0) = (ATA+ λD/2)−1AT y. (9)

4.2 Convergence Analysis

In this section, we provide a convergence analysis for Algorithm 1. Since L(α) is a
convex function of α, thus, we only need to prove that the objective function value L(α)
is non-increasing in each iteration in Algorithm 1. This is summarized in Theorem 1.

Theorem 1. The objective function value L(α) of Eq.(7) for ccLasso minimization
problem is non-increasing,

L(αt+1) ≤ L(αt), (12)

upon the updating formulae Eq.(11) in Algorithm 1.

To prove Theorem 1, we need the help of the following two Lemmas, which are
needed to be proved firstly.
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Algorithm 1. Algorithm for covariate-correlated Lasso

1: Input: Training data A ∈ Rn×p and corresponding response y ∈ Rn, parameters λ, maxi-
mum number of iteration tmax, and convergence tolerance ε > 0;

2: Compute B = ATA, D, μj as in Eqs.(6,7)
3: Initialize t = 0, α(t) = (ATA+ λD/2)−1AT y.
4: Update diagonal matrix

M (t) = diag

(√
|α(t)

1 |, · · · ,
√

|α(t)
p |

)
; (10)

5: Update combination coefficients

α(t+1) = M (t)

[
M (t)BM (t) +

λ

2
D

]−1

M (t)AT y; (11)

6: If t > tmax or ‖α(t+1) − α(t)‖ < ε, go to step 7; otherwise, set t = t+ 1 and go to step 4;
7: Output: The converged regression coefficients α∗ = α(t+1).

Lemma 2. Define an auxiliary function

G(α) = ‖y −Aα‖2 + λ

p∑

i=1

α2
i

2|α(t)
i |

di. (13)

Along with the {α(t), t = 0, 1, 2, · · · } sequence obtained in Algorithm 1, the following
inequality holds,

G(α(t+1)) ≤ G(α(t)). (14)

Proof. Since both two terms in auxiliary function G(α) are semi-definite program-
ming (SDP) problems, we can obtain the global optimal solution of G(α) by taking the
derivatives and let them equal to zero.

Making use of M (t) denotation in Eq.(10), the auxiliary function G(α) can be rewrit-
ten as

G(α) = ‖y −Aα‖2 + λ

2
αT (M (t))−2Dα. (15)

Take the derivative of Eq.(15) with respect to α, and we get

∂G(α)

∂α
= 2ATAα− 2AT y + λ(M (t))−2Dα. (16)

The second order derivatives are

∂2G(α)

∂αi∂αj
= 2ATA+ λ(M (t))−2D. (17)
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This is clearly a positive semi-definite matrix. Thus function G(α) is a convex function
and its global optimal solution α∗ is unique. By setting ∂G(α)

∂α = 0, we obtain

α∗ =

[
ATA+

λ

2
(M (t))−2D

]−1

AT y (18)

= M (t)

[
M (t)BM (t) +

λ

2
D

]−1

M (t)AT y. (19)

The solution α∗ is the global optima of G(α). Thus G(α∗) ≤ G(α) for any α. In
particular, G(α∗) ≤ G(α(t)). Comparing Eq.(11) with Eq.(19), α(t+1) = α∗. This
completes the proof of Lemma 2.

Remark. It is important to note that we use Eq.(19) instead of the seemingly simpler
Eq.(18). This is because as iteration progresses, some elements of α(t) could become
zero due to the sparsity of l1-penalty. This causes the failure of the inverse of M (t) in
Eq.(18). Thus Eq.(18) is ill-defined. However, M (t) is well-defined. Thus Eq.(19) is
well-defined, which is chosen as the updating rule Eq.(11) in Algorithm 1.

Lemma 3. The {α(t), t = 0, 1, 2, · · · } sequence obtained by iteratively computing
Eqs.(10,11) in Algorithm 1 has the following property

L(α(t+1))− L(α(t)) ≤ G(α(t+1))−G(α(t)). (20)

Proof. Setting Δ = (L(α(t+1))−L(α(t)))− (G(α(t+1))−G(α(t))), substitute Eq.(7)
and Eq.(13) in it, we obtain

Δ = (λ‖Dα(t+1)‖1 − λ‖Dα(t)‖1)−
(
λ

p∑

i=1

di
(α

(t+1)
i )2

2|α(t)
i |

− λ

p∑

i=1

di
(α

(t)
i )2

2|α(t)
i |

)

= −λ

2

p∑

i=1

di

|α(t)
i |

(
− 2|α(t+1)

i ||α(t)
i |+ 2|α(t)

i |2 + (α
(t+1)
i )2 − (α

(t)
i )2

)

= −λ

2

p∑

i=1

di

|α(t)
i |

(
|α(t+1)

i | − |α(t)
i |

)2

≤ 0. (21)

This completes the proof of Lemma 3.

Proof of Theorem 1. From Lemma 2 and Lemma 3, we have,

L(α(t+1))− L(α(t)) ≤ G(α(t+1))−G(α(t)) ≤ 0, (22)

which is to say
L(α(t+1)) ≤ L(α(t)). (23)

This completes the proof of Theorem 1. Therefore, Algorithm 1 converges to the global
optimal solution of ccLasso model starting from any initial coefficient α(0), due to the
convexity of optimization problem. Setting di = 1, the same algorithm can solve the
standard Lasso problem.
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5 Experiments

We evaluate the effectiveness of the proposed covariate-correlated Lasso (ccLasso) on
the two well known data sets: Colon Cancer Data [1] and Leukemia Dataset [8]. The
performance in variable selection and classification accuracy of the ccLasso will be
compared with other methods. Once the variables are selected by our ccLasso method,
the standard regression has been used to achieve classification [3].

5.1 Colon Cancer Data

The data is Affymetrix Oligonucleotide Array measurements of gene expression levels
of 40 tumor and 22 normal colon tissues for 6500 human genes [1]. A subset of 2000
genes based on highest minimal intensity across the samples was selected1. These data
were first preprocessed by taking a base 10 logarithmic of each expression level, and
then each sample is centerized and normalized to zero mean and unit variance across
the genes [3].

Classification Comparison. Because this dataset does not contain test set, we use the
leave-one-out cross validation (LOOCV) method to evaluate the performance of the
classification methods on a selected subset of genes [3]. The external LOOCV proce-
dure is performed as follows: 1) remove one observation from the training set; 2) Select
top 150 genes as ranked in terms of the t statistic; 3) Re-selected the k most important
genes from the 150 genes by the proposed ccLasso algorithm; 4) Use these k genes to
classify the left out sample. This process was repeated for all observations in the train-
ing set, and the average classification performance has been computed. Figure 1 shows
the comparison results across different k genes selected out. Here, we can note that (1)
the performances of all three methods are better as more genes are picked out for clas-
sification. (2) Lasso performs better than Elastic Net in this dataset. (3) The proposed
ccLasso shows consistent superiority over the Lasso and Elastic Net. The best classifi-
cation accuracy and its corresponding genes are summarized in Table 1. The proposed
ccLasso is compared with the following classification methods: SVM [7], MAVE-LD
[2], gsg-SSVS [16], Lasso [14] and Elastic Net [19]. It is clear demonstrated that the
proposed ccLasso is better than the other popular classification methods using only
moderate number of genes.

Table 1. Classification results on Colon Cancer Data

Method No. of genes LOOCV accuracy
SVM 1000 or 2000 0.9032
MAVE-LD 50 0.8387
gsg-SSVS 10/14 0.8871
Lasso 18 0.8316
Elastic Net 18 0.9510
ccLasso 18 0.9755

1 http://microarray.princeton.edu/oncology/affydata/

http:// microarray.princeton.edu/oncology/affydata/
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Fig. 1. External LOOCV classification accuracy of Lasso, Elastic Net and ccLasso on Colon
Cancer Data

Average Correlation. As discussed in Lemma 1 in Section 3.1, we show that if we
select only one covariate using Lasso model, this covariate must be the one with the
highest correlation with y. From this, we expect that for small number of selected co-
variates, their average correlation with y will be high. But if we select larger number of
covariates using Lasso, their average correlation with y will be smaller. In contrast, our
ccLasso can select the large number of desired covariates that are highly correlated with
the response y. To further illustrate these, we compute the average correlation coeffi-
cients between the selected covariates (genes) and y across different number of genes.
Figure 2 (a) shows the comparison results. Here we can noted that for small number of
selected genes, both Lasso and ccLasso can select the genes that are highly correlated
with y. However, if we select large number of genes, the average correlation coefficients
for ccLasso are clearly larger than that for Lasso model.

Residual Comparison. Both Lasso and ccLasso are the approximation models for solv-
ing the following problem

min
β

‖y −Aβ‖, s.t. ‖β‖0 = k. (24)

In other words, we select a subset AS of the covariates A with k entries (training sam-
ples) such that we achieve the best representation using AS . This is a discrete selection
problem and is well known to be is NP hard.

When using Lasso and ccLasso, this is done as follows,
(A0) Tuning the model parameter λ such that the optimal solution α contains k nonzero
entries. (B0) Select the co-variates corresponding to the nonzero entries of α. This gives
the subset AS . (C0) Compute the optimal representation β by solving the linear regres-
sion problem,

Jresidual-error = min
β

‖y −ASβ‖. (25)

We compare the covariate subset AS selected by ccLasso and Lasso, and then compute
the residual errors. The results are shown in Figure 2 (b). It is clear that ccLasso selected
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(a) Average correlation coefficients
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(b) Residual errors

Fig. 2. Average correlation between selected covariates and y and residual errors for Lasso and
ccLasso on Colon dataset
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Fig. 3. LEFT: Objective function convergence with different initializations on Colon Dataset;
RIGHT: Coefficient vector α during iterations (different colors denote different elements of α)

variables lead to lower residual error than Lasso. Thus, ccLasso model provides better
approximate solutions for the discrete selection problem as compared to Lasso model.

Convergence of ccLasso. Figure 3 shows the variation of objective function across the
iterations with different initializations in Algorithm 1. We can see that Algorithm 1 con-
verges very quickly and the maximum iteration number is fewer than 30. Regardless of
the initializations, the final objective function values are the same and converge almost
at the same time, indicting the efficiency and effectiveness of the proposed ccLasso
algorithm.

5.2 Leukemia Dataset

The leukaemia data contains DNA gene expressions of 72 tissue samples [8]2. Follow-
ing previous work, these tissue samples are divided into the training set of 38 samples

2 http://www.broad.mit.edu/cgi-bin/cancer/datasets.cgi

http://www.broad.mit.edu/cgi-bin/cancer/datasets.cgi
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Fig. 4. Classification accuracy of Lasso, Elastic Net and ccLasso on Leukemia testing set (left)
and training set (right)

Table 2. Classification results on Leukemia Dataset

Method No. of genes Training Test
accuracy accuracy

SVM 25∼2000 0.9474 0.8824∼0.9412
MAVE-LD 50 0.9737 0.9706
gsg-SSVS 14 0.9737 0.9706
Lasso 20 1.0000 0.8824
Elastic Net 20 1.0000 0.9118
ccLasso 20 1.0000 0.9412
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(b) Residual errors

Fig. 5. Average correlation between selected covariates and y and residual errors for Lasso and
ccLasso on Leukemia dataset

and the test set of 34 samples. The data gives expression levels of 7129 genes and DNA
products. We use the preprocess method suggested by [3,5].Figure 4 shows the compar-
ison classification accuracy results on training and testing sets across different number
of genes, respectively. Here we can note that (1) all of the three methods perform well
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on training set (all classify correct). (2) On test set, Elastic Net generally performs better
than Lasso with the same number of genes selected out. (3) Our ccLasso consistently
outperforms the other two methods. Table 2 summarizes the comparison results. Noted
that the proposed ccLasso performs better than other methods with moderate number
of genes. Figure 5 shows the average correlation coefficients and residual error results,
respectively. Noted that as the number of selected genes increases, ccLasso model can
return the genes that are more correlated with y (Fig. 5 (a)). Also it returns lower resid-
ual errors and thus approximates the discrete variable selection problem more closely
than Lasso model (Fig. 5 (b)). Figure 6 shows the variation of objective function across
the iterations with different initializations on this dataset. We can see that Algorithm 1
converges very quickly regardless of the different initializations. The above results are
general consistent with that on Colon data, and further demonstrates the benefits of the
proposed ccLasso.
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Fig. 6. LEFT: Objective function convergence with different initializations on Leukemia Dataset;
RIGHT: Coefficient vector α during iterations (different colors denote different elements of α)

6 Conclusion

Covariate-correlated Lasso (ccLasso) naturally promotes correlation of the selected
variable (covariate) with response y; this leads to smaller residual values, indicating a
better solution to the discrete variable selection problem. The model achieves this with
no extra parameters and same level of computation as standard Lasso. An efficient algo-
rithm has been derived to solve ccLasso. Experiments on two well known gene datasets
show that the proposed ccLasso consistently outperforms several state-of-the-art feature
selection methods.
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