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Abstract. In this paper we analyze a framework for an ECOC clas-
sification system founded on the use of LPDC codes, a class of codes
well-known in Coding Theory. Such approach provides many advantages
over traditional ECOC codings. First, codewords are generated in an al-
gebraic way without requiring any selection of rows and columns of the
coding matrix. Second, the decoding phase can be improved by exploit-
ing the algebraic properties of the code. In particular, it is possible to
detect and recover possible errors produced by the dichotomizers through
an iterative mechanism. Some experiments have been accomplished with
the focus on the parity-check matrix used to define the codewords of the
LDPC code, so as to determine how the code parameters influence the
performance of the proposed approach.
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1 Introduction

To face a classification problem with several possible classes the most immediate
way is to build a single monolithic classifier capable of producing multiple outputs.
However, over the last years, a widely diffused technique consists in decomposing
the original problem into a set of two-class problems that can be faced through
an ensemble of two-class classifiers. The rationale of this approach relies on the
stronger theoretical roots characterizing dichotomizers and makes it possible to
employ some very effective classifiers, such as AdaBoost or Support Vector Ma-
chines, which are not capable to directly perform multiclass classification.

In this context, the most simple approach is One-vs-All that subdivides an n-
class problem into n two-class problems each one isolating a class from the others.
Another approach, suggested by [11], is One-vs-One that defines as many binary
problems as the possible pairs of different classes so dividing the n-class problem
into a set of n(n− 1)/2 two-class problems.

A further technique that emerged for its good generalization capabilities is
the Error Correcting Output Coding(ECOC) [5]. ECOC is commonly used for
many applications in the field of Pattern Recognition and Data Mining such as
text classification [10] or face recognition and verification [20,13]. A bit string
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of length L (referred to as codeword) is associated with each class so as to have
every class represented by a different codeword. The set of codewords is arranged
in an n×L coding matrix C where the columns define L binary problems, each
requiring a specific dichotomizer. The classification task is performed by feeding
an unknown sample to the L dichotomizers and collecting their outputs in a
vector that is then compared with the n codewords of C with a proper decoding
procedure usually based on the Hamming distance.

In the literature, many studies focused their attention on different aspects of
the ECOC technique to improve both the coding and the decoding phase. Sev-
eral approaches have been proposed to design efficient codes through an analysis
of data distribution [7,17,2] or a change of the learning algorithms of the di-
chotomizers [4,18]. Other techniques tries to minimize the number of employed
dichotomizers [3] or to define new decoding rules not based on the Hamming
distance [1,6].

In this paper we exploit an ECOC classification system based on well-known
codes widely used in the field of Coding Theory, the Low Density Parity Check
(LDPC) codes [9], to provide a strong theoretical framework both in coding and
decoding phase. The aim is to adapt the ECOC framework to the strong algebraic
topology of the Coding Theory that is also the original goal of the seminal paper
of [5] where the ECOC system is described as a typical communications problem
where each sample is transmitted over a communication channel.

We made a preliminary analysis of LDPC codes in the ECOC framework
in [15] where a novel decoding rule was proposed to deal with a reject option
employed on the dichotomizers. In this paper, instead, we focus on the analysis of
the parity-check matrix used to define the codewords of the LDPC code so as to
determine how the code parameters influence the performance of the proposed
approach. Moreover, besides the design of the coding matrix, we propose an
iterative decoding algorithm that exploits the redundancy of the code to increase
the performance of the classification system.

The rest of the paper is organized as follows: the next section gives an overview
of the Coding Theory. Sect. 3 describes how to design of the coding matrix
for LDPC codes and the decoding procedure employed. Some experiments are
reported in Sect. 4 while Sect. 5 draws some conclusions and possible future
developments.

2 ECOC and Coding Theory

In the usual ECOC approach a multiclass problem is commonly faced by creating
a certain number L of two-class subproblems that aggregate in different ways
the original M classes into two classes. Each class label ωi, ∀i = 1, . . . ,M is
represented by a bit string of length L (referred to as codeword) only ensuring
that every class is represented by a different codeword. Usually, an M×L coding
matrix C = {cij}i=1,..,M ;j=1,..,L, with cij ∈ {0,+1}, is created where each row
defines a codeword and each column defines the two-class problem on which a
dichotomizer has to be trained.
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When an unknown sample x has to be classified by the L dichotomizers the
outputs are collected in an output word o = {o1(x), o2(x), . . . , oL(x)} that is
compared with the codewords of C with a proper decoding procedure. Differ-
ent decoding strategies are commonly adopted [18] but we will only refer to the
Hard Decoding (HD) where crisp decisions are taken on the outputs of the di-
chotomizers, i.e., when oj(x) ∈ {0, 1}, ∀j = 1, . . . , L. Generally speaking, with
the HD rule the decision is taken according to the Hamming distance1 DH be-
tween the output word and the codewords in C and the chosen class is typically
the “closest” codeword to the output word.

Focusing on the Coding Theory, the main idea of Error Correcting Coding is
to introduce redundancy by augmenting the length of the codewords so that it
is still possible to recover the original information from the output of a noise-
contaminated channel through sets of suitably distinct codewords. In this case,
to correctly design the coding matrix C we have to refer to the algebraic prop-
erties of the Galois field GF (2), i.e., a set of two elements, e.g. {0, 1}, where
the mod 2 operations of sum and product are defined. Let us indicate with
GFL(2) the vector space of all L-tuples over GF (2). An (L,K, d) code C is a
K-dimensional vector subspace of GFL(2) where each vector is a codeword of
C and d is the minimum Hamming distance d = mini,j DH(ci, cj) between any
pair of codewords. d is related to the redundancy (i.e., L−K) since d ≤ L−K+1
and thus, it is a measure of the quality of the code since it is possible to decide
for the correct codeword if the output word contains no more than �(d− 1)/2�
erroneous bits.

Let us denote with u = [u0, u1, ..., uK−1] a K-bit source message associated
with a codeword c = [c0, c1, ..., cL−1] of C. Since C is a K-dimensional vector
subspace, it is possible to define a basis g0, . . . ,gK−1 for GFL(2). Considering

the matrix G =
(
g0 . . . gK−1

)T
the codeword c corresponding to the source

message u are determined using the linear combination of the basis vectors
through u, i.e.,

c = uG (1)

The matrix G is a K × L matrix referred to as generator matrix of C. Such a
matrix, and thus the codewords, can be evaluated from the parity-check matrix

H =
(
h0 . . . hL−K−1

)T
since the relation HGT = 0 holds. The parity-check

matrix collects the L−K vectors hi of the basis of the orthogonal complement
of C, so that each codeword of C has to satisfy the condition HcT = 0. In this
way, the matrix H is an (L − K) × L matrix that defines L − K parity-check
equations that are used to verify if the received word is actually a codeword of
C.

To apply this approach to the ECOC framework, we have to determine the
matrices G and H of the code C and thus, the values L and K from the original
multiclass problem. Our goal is to keep K as low as possible and thus, we can
choose K = �log2 M�. L, instead, is a variable parameter chosen by considering

1 The Hamming distance between two words is given by the number of position where
the bit patterns of the two words differ.
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that higher values correspond to a higher error correction capability. When G
is evaluated, codewords (and thus, the coding matrix C) are calculated through
eq. 1 and the learning phase can proceed by training a dichotomizer on each
column of C. In the decoding phase, when classifying an unknown sample x,
the output vector o is received. Generally speaking, o can be seen as the sum
between a codeword c and an error pattern e, i.e., o = c+ e and thus, we have:

s = HoT = HcT +HeT = HeT 	= 0 (2)

where s is a L−K-vector referred to as the syndrome of o. Eq. (2) represents a
parity-check condition and can be used to determine when a valid codeword is
found (i.e., when the syndrome is equal to zero). This does not necessarily means
that the ECOC system has correctly classified the sample x. In fact, the error
pattern e can be such that the vector c + e corresponds to another codeword,
different from the true one. This happens when at least d dichotomizers are
wrong. If the number of errors is less than d, we obtain s 	= 0 and the HD rule
can be applied as in the usual ECOC framework.

3 Designing LDPC Codes

Among the several families of code provided by the Coding Theory, we considered
the Low Density Parity Check (LDPC) codes presented by Gallager [9] in 1963.
LDPC codes are a class of linear block codes characterized by a sparse pseudo-
random parity-check matrix able to reach very high performance by strongly
increasing the redundancy. The term “low density” indicates that LDPC codes
are specified by a matrix H containing mostly 0’s and relatively few 1’s so that
each parity-check equation defined by H involves a small number of bits of the
output vector and each bit enters in a small number of parity-check equations.

The main difference between LDPC codes and classical block codes is the
way they are decoded. Classical codes employ the HD rule and are algebraically
designed to make this task less complex. LDPC codes, instead, are iteratively
decoded using the sparseness of the parity-check matrix and thus, are designed
with the properties of H as focal point. In this context, two different families of
LDPC codes are usually employed: regular and irregular codes. To this end, let
us define wc and wr as the number of 1’s, respectively, in each column and each
row of the parity-check matrix. A (wc, wr)-regular LDPC code is a binary linear

code where wc is constant for every column and wr = wc
L−K

L
is also constant

for every row. On the other hand, an LDPC code is irregular if the number of
ones per row or per column are not fixed.

To easily represent an LDPC code, a bipartite graph (referred to as Tanner
graph [19]) is commonly used to show how each component of the output vector
is involved in the parity check constraints. The nodes of the graph are separated
into L variable nodes, corresponding to every component of the output vector,
and L − K check nodes, corresponding to the parity check constraints, i.e., to
the rows of H. Edges only connect nodes of different types so that every check
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Fig. 1. The parity-check matrix H and its corresponding Tanner graph for a regular
LDPC codes with wc = 2, wr = 3 and L = 6

node i is connected to a variable node j if and only if hij = 1. Denoting with
degree of the node the number of connections deriving from a node, we can refer
to a (wc, wr)-regular LDPC code when its Tanner graph has every variable node
with degree wc and every check node with degree wr. An example of Tanner
graph for a regular LDPC code is shown in Fig. 1.

Several different algorithms exists to construct suitable LDPC codes. The
original LDPC codes presented by [9] are regular and consists of forming a sparse
parity-check matrix by randomly determining the positions of 1’s. Beyond the
constant number of 1’s in the H matrix, another important condition to be
satisfied is that the overlapping of 1’s per column and per row should be at most
equal to one. The goal here is to avoid the presence of cycles of length 4 (referred
to as 4-cycles) in the corresponding bipartite graph [16]. A cycle in a Tanner
graph is a sequence of connected vertices which start and end at the same vertex
in the graph, and which contain other vertices only once. The length of a cycle
is the number of edges it contains. Designing efficient LDPC codes without 4-
cycles is however quite unavoidable. To this end, [14] proposed another common
construction for LDPC codes useful to also define irregular codes and easily
adapted to avoid 4-cycles by checking each pair of columns in H to see if they
overlap in two places.

The main advantage of an LDPC code are very effective in the decoding pro-
cedure. In particular, LDPC codes can be usefully exploited to possibly correct



Designing LDPC Codes for ECOC Classification Systems 459

Table 1. Data sets and code parameters used in the experiments

Data Sets Classes Features Samples K Dichotom.

SatImage 6 36 6435 3 7
Dermatology 6 33 366 3 7
Glass 7 9 214 3 7
Segmentation 7 18 2310 3 7
Ecoli 8 7 341 4 7
Optdigits 10 62 5620 4 14
Pendigits 10 16 10992 4 14
Yeast 10 8 1484 4 14
Vowel 11 10 435 4 15

the errors obtained after the Hard Decoding procedure. To this end, a very ef-
fective iterative message-passing decoding algorithm has been proposed in [9].
Such method is based on the principle that a bit of an output word involved in
a large number of incorrect check equations is likely to be incorrect itself. The
parity-check equations unlikely contain the same set of codeword bits because
the sparseness of H helps to disperse variable bits into check nodes. To explain
how the iterative decoding works, let us consider an initial hard decision for each
received bit, i.e., oi ∈ {0, 1} and let us focus on the Tanner graph representation.
The decoding algorithm is based on message passing between the nodes of the
Tanner graph: a variable node sends its bit value to each of the check nodes
to which it is connected and each check node answers determining if its parity-
check equation is satisfied or not. If the majority of the check values received by
a variable node are different from zero the variable node flips its current value.

A last remark to be done on LDPC codes is that depending on the structure
of H, the matrix C can contain equal columns as well as all-zeros or all-ones
columns. Unlike the usual ECOC, when using the LDPC codes such columns
are not eliminated otherwise the algebraic properties of the code would not be
guaranteed. Actually, the all-zeros/all-ones columns are not considered during
the training of the dichotomizers and the bits corresponding to them are then
recovered within the output word before the decoding phase starts. As for the
equal columns, they are assigned the same dichotomizer; in this way the number
of dichotomizers is reasonable even though the number of total columns is high
(100 or more). This is an important issue since the sparseness of the parity-
check matrix guarantees a minimum Hamming distance linearly increasing with
the code length while the decoding complexity linearly increases only with the
number of employed classifiers.

4 Experiments

The goal of the experiments is to verify how the structure of the parity-check
matrix affects the performance of the proposed approach. For this purpose, we
have considered some data sets publicly available at the UCI Machine Learning
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Repository [8]. All the employed data sets have numerical input features and a
variable number of classes. For each data set, to avoid any bias in the compari-
son, 10 runs of a multiple hold-out procedure have been performed. In each run,
we considered three subsets: a training, a tuning and a test set containing respec-
tively the 50%, the 30% and the 20% of the samples of each class. The training
set has been used to train the base classifiers while the test set to evaluate the
performance of the multiclass classification system. The tuning set, instead, is
used to optimize the parameters of the base dichotomizers that are SVM with
RBF kernel [12]. The optimization of the parameters (γ of the kernel and C)
has been done by following a grid approach.

Some parameters of the LDPC coding architecture have been varied and the
matrix H obtained has been used with all the data sets to evaluate the coding
matrix and to apply the iterative decoding rule. Accordingly, both regular and
irregular codes were considered. For each data set a coding matrix has been
determined according to Sect. 2 withK depending on the number of classes and L
equal to 50 and 100 (the details on data sets, code parameters and dichotomizers
are resumed in Table 1). Moreover, the coding matrix parameters wc and wr were
varied: for regular codes, between the 10% and the 50% of, respectively, L and
L−K while for irregular codes wc between the 10% and the 50% of L while wr

has been randomly chosen with the procedure in [14] trying to avoid the 4-cycles.
For the sake of comparison we have also considered the results obtained with
a decomposition One-vs-All (OVA) and One-vs-One (OVO) both with a Hard
Decoding rule.

In each experiment (i.e., for each of the coding matrices and for each dataset),
we have evaluated the mean classification error, calculated by averaging the error
rates obtained on the test set in the 10 runs of the multiple hold-out procedure.
However, since the results obtained on the different datasets are not commen-
surable, we have used a rank-based comparison. For each dataset separately, we
evaluated the reverse rank for each coding matrix: the best performing matrix
got the maximum rank (i.e., 22, since we considered 20 different LDPC coding
matrices plus OVA and OVO), while the worst got 1. In case of ties, average
ranks were assigned. In this way, if rhk was the rank obtained by the h-th coding
matrix on the k-th dataset, the average performance of the h-th coding ma-

trix on all the datasets was rh = 1
T

T∑

k=1

rhk , where T is the number of datasets

considered.
Table 2 reports the results obtained on all datasets. We can observe that the

best results are attained for relatively low values of the parameters wr and wc

(20%-30%), while the best choice is a regular LDPC code with L = 100. As for
the “classical” decompositions, OVO works worse than the most part of LDPC
code matrices considered, while OVA is definitely the worst solution.

In order to have some more insights we have also split the datasets in two
groups according the number of classes: the first group contains the datasets
with 6-8 classes, while the second one collects the more numerous datasets (10-
11 classes). The results on the two groups of datasets are separately shown in
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Table 2. Results on all the datasets in terms of mean rank among the various datasets.
The higher the value, the better performing the corresponding coding matrix.

L 10 20 30 40 50 OVA OVO

50 Regular 12.00 12.33 15.33 8.44 7.78
100 Regular 14.89 18.00 16.56 12.11 12.33 2.33 7.67
50 Irregular 14.67 14.33 11.33 11.33 12.89
100 Irregular 15.22 11.78 13.56 8.78 13.00

Table 3 and Table 4, adopting the same approach described before. What we
can observe is that, while the best results are still in correspondence of low
values of wr and wc, there is now some slight difference in performance when
varying these parameters. In fact, the first group has remarkably better results
for wc = 20%, while the second group works better when wc = 30%. Obviously
this is not sufficient to establish a sort of relation between the number of classes
and the value of wr: more experiments are needed on datasets with higher and
higher number of classes. Any way, a regular LDPC code with L = 100 is still
the best choice in both cases.

Table 3. Results on the datasets with 6-8 classes in terms of mean rank among the
various datasets. The higher the value, the better performing the corresponding coding
matrix.

L 10 20 30 40 50 OVA OVO

50 Regular 12.00 13.20 17.60 10.80 10.40
100 Regular 16.80 19.60 13.80 12.80 10.80 3.00 11.80
50 Irregular 16.00 13.20 11.80 12.60 14.00
100 Irregular 14.40 9.40 16.20 12.20 12.40

Table 4. Results on the datasets with 10-11 classes in terms of mean rank among the
various datasets. The higher the value, the better performing the corresponding coding
matrix.

L 10 20 30 40 50 OVA OVO

50 Regular 12.00 11.25 12.50 5.50 4.50
100 Regular 12.50 16.00 20.00 11.25 14.25 1.50 2.50
50 Irregular 13.00 15.75 10.75 9.75 11.50
100 Irregular 16.25 14.75 10.25 4.50 13.75

5 Conclusions and Future Works

In this paper an approach based on the Coding Theory and in particular on the
LPDC codes has been analyzed. Such approach provides several advantages over
traditional ECOC code solutions since codewords are generated in an algebraic
way without requiring any selection of rows and columns of the coding matrix.
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Moreover, the decoding phase can be improved by employing an iterative mech-
anism that, exploiting the algebraic properties of the code, is able to detect and
recover possible errors produced by the dichotomizers. Some preliminary experi-
ments have been focused on the analysis of the parity-check matrix used to define
the codewords of the LDPC code, so as to determine how the code parameters
influence the performance of the proposed approach. The results seem encour-
aging even though more trials are needed to verify if some general relation can
be drawn.

Some possible future developments will focus on a deeper analysis of the
employed coding matrix and on the use of other decoding rules. In particular,
the performance of the ECOC system in our experiments increases when the
codeword length L increases and thus, an analysis on longer codewords should
be conducted to better delineate this point. Another issue worth of considera-
tion is the use of decoding rules working with soft-output dichotomizers, i.e.,
dichotomizers providing real valued outputs instead of crisp decisions. In such
case, the confidence of the dichotomizer in making a classification can be used to
provide an additional information to the decoding phase and suitable decoding
techniques (e.g., a loss-based technique [18]) can be employed to improve the
recognition performance.
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