
6 Quality Assessments of Visualizations 

Dimensionality reduction techniques reduce the dimensions of the input space to facilitate the 
exploration of structures in high-dimensional data. Two general dimensionality reduction ap-
proaches exist: manifold learning and projection. Manifold learning methods attempt to find 
sub-spaces in which the high-dimensional distances are preserved. Usually, these sub-spaces 
have more than two dimensions. 
It was argued in [Venna et al., 2010] that manifold learning methods are not very useful for 
information visualization because they are designed simply to find a manifold, and L. J. van der 
Maaten et al. demonstrated that they do not outperform classical principal component analysis 
(PCA) for real-world tasks [L. J. van der Maaten et al., 2009]. 
This work focuses on two-dimensional visualizations of high-dimensional data, with the inten-
tion of making the visualizations easily understandable, because it is difficult for humans to get 
a spatial sense of more than three dimensions. A valid visualization is possible if a projection 
method creates an image of the structure of high-dimensional data. The two-dimensional scatter 
plot remains a state-of-the-art form of visualization used in cluster analysis (e.g., [Everitt et al., 
2001, pp. 31-32; Hennig et al., 2015, pp. 119-120, 683-684; Mirkin, 2005, p. 25; G. Ritter, 
2014, p. 223]). Consequently, the aim here is to evaluate two-dimensional visualizations of 
high-dimensional data in which the structures are defined by discontinuities. In short, projection 
methods should preserve the structures defined by natural clusters. 
However, as a consequence of limiting the output space to two dimensions, the low-dimensional 
similarities cannot completely represent the high-dimensional distances, which can result in a 
misleading interpretation of the underlying structures; these structures can be evaluated using 
quality measures (QMs), and the first step in the process of assessing the performance of pro-
jection methods is to assess these measures themselves. Here, the QMs are assessed based on 
the proposed concept of structure preservation, namely, the preservation of high-dimensional 
discontinuities related to compact or connected structures (see chapter 3, section 3.2.1, for de-
tails). Overall, 19 QMs will be categorized into semantic groups in this chapter, and their ad-
vantages and disadvantages will be discussed. 
To date, QMs have mostly been applied to data sets such as a Swiss roll shape [L. Van der 
Maaten et al., 2009] [Mokbel et al., 2013], an s-shape [Yin, 2007] or a sphere [Venna et al., 
2010], for which the problem lies only in the visual representation of an object that is continuous 
in more than two dimensions. Recently, [Gracia et al.] conducted a study on a number of QMs 
based on 12 real-world data sets. The research team’s analysis of the QMs concentrated on the 
correlations between them [Gracia et al., 2014]. This study illustrates the other common evalu-
ation approach: the use of various natural high-dimensional data sets for which prior classifica-
tions are available. However, with the exception of the classification error (CE) (see section 2), 
this information is not used in the evaluation of projection methods, e.g., [Bunte et al., 2012]. 
Moreover, it is not stated whether the classification is defined based on discontinuities or the 
prior knowledge of a domain expert. Whether these data sets possess discontinuities is not dis-
cussed. 
Serving as an illustration of this problem, Figure 6.1 presents projections of a high-dimensional 
data set called the leukemia data set. In addition, above each plot in Figure 6.1, the CE for 7 
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nearest neighbors is provided. The leukemia data set was introduced in chapter 3, where it was 
shown that common clustering algorithms are unable to reproduce its prior classification. 
The question arises of whether the existing QMs are able to distinguish among different 
projections with regard to their preservation of the discontinuities in this data set (see chapter 
3.3, Figure 3.6 and 3.7). As an example, Figure 6.2 shows the often used trustworthiness and 
discontinuity (T&D) measures [Venna/Kaski, 2001] and precision and recall measures [Venna 
et al., 2010] for this data set. The distinction among the six projections in terms of quality, based 
on these measures, is debatable. 

 

Figure 6.1:  Projections of the leukemia data set generated using common methods and the corresponding 
classification errors (CEs, see 6.1.1 for def.) for 7 nearest neighbors CE(k=7). The colors represent 
the predefined illness cluster labels. The clusters are separated by discontinuities in the high-
dimensional space (see chapter 3). Emergent self-organizing map (ESOM) is the projection method 
that best preserves the discontinuities in this data set. The Neighborhood Retrieval Visualizer 
(NeRV) algorithm splits the smallest cluster into two roughly equal parts. 
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Figure 6.2:  Trustworthiness and discontinuity (T&D) measures (def. see 6.1.13 on p. 65) and precision and 
recall measures (def. see 6.1.8 on p. 68) for the six projections shown in Figure 6.1 of the leukemia 
data set. The discontinuity is highest for Sammon mapping and NeRV (top left), as is the 
trustworthiness (top right). However, in the case of the trustworthiness, the outcome depends on the 
number of nearest neighbors considered, k; for a low value, ESOM is superior to Sammon mapping, 
and for a high value, principal component analysis (PCA) overtakes NeRV. In terms of the smoothed 
precision and recall [Venna et al., 2010], NeRV and PCA achieve the best values. Without the scatter 
plots in Figure 6.1, interpretation of the results of this figure is difficult.
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This example illustrates that the evaluation of projections of real-world, high-dimensional data 
sets, and consequently the evaluation of QMs, is a challenging task. To simplify the problem, 
two elementary artificial three-dimensional data set32 will be used to aid in assessing QMs (re-
sults in supplement A). Both data sets are clearly defined based on the discontinuities, which 
some projection methods fail to project into two dimensions (see supplement A). In the second 
section of this chapter, the definitions of neighborhoods from the perspective of graph theory 
(chapter 2) will enable a deeper understanding of the various types of QMs. 
In the last section, a new QM called the Delaunay classification error (DCE) will be introduced, 
which requires a prior classification of the data set of interest and is inspired by recent SOM 
research [Lötsch/Ultsch, 2014] on the structures of the U-matrix. In the previous chapter, a 
method that allows the U-matrix to be computed for any projection method was proposed. 

6.1 Common Quality Measures (QMs) 

In this section, the well-known measures for assessing the quality of projections are introduced 
in alphabetical order. Some QMs use the ranks of distances ,  instead of the actual dis-
tances ,  between points. In this case, the following shorthand notation will be used. 
Let ,  be an entry in the matrix  of the distances between all N points in a metric 

space M, where , ∈ ; then, the rank , ∈ 1, … ,  denotes the  position in 
the consecutive sequence of all entries of this matrix arranged in value from smallest to greatest. 
In short, the ranks of the distances are the relative positions of the distances, where R denotes 
the ranks of the distances in the input space and r denotes the ranks of the distances in the output 
space. Occasionally, ranks are represented by a vector in which the entries are the ranks of the 
distances between one specific point and all other points. Typically, the matrix or vector of 
ranks is normalized such that the values of its entries lie between zero and one. 

6.1.1 Classification Error (CE) 

This type of error is often used to compare projection methods when a prior classification is 
given [Bunte et al., 2012; Gracia et al., 2014; L. J. van der Maaten et al., 2009; Venna et al., 
2010]. 
Each point ∈  in the output space is classified by a majority vote among its k nearest neigh-
bors in the visualization [Venna et al., 2010], although sometimes simply the cluster of the 
nearest neighbor is chosen. This classification is compared with the prior classification as fol-
lows: Let ∈  denote the classification of the points ∈  in the input space, where  
denotes a cluster of the classification in I. Let ∈  denote the projected points in the output 
space that map to I. Let knn, ,  be the neighborhood of  in a KNN graph in the output 

space. Then, the clusters are sorted and the clusters with the largest number of points is chosen:  

If ∈ knn, , 	∀	 , … , , 	 . . . , then 

}. The label  is then compared with . This yields the error 

1
	 6.1 	

                                                      
32  One with compact structures, one with connected structures. 



Common Quality Measures (QMs) 59 
 

6.1.2 C Measure 

The C measure is a product of the input and output spaces in terms of similarity functions 
[Goodhill et al., 1995]. For ease of comparison, in (6.4), the similarity function is redefined as 
the distance between two points. Consequently, the C measure is defined based on a Euclidean 
graph. 
In the equation below, C is replaced with the capital letter F. 

, ∙ , 6.2 	

A high value of the C measure indicates good neighborhood preservation. It is evident from Eq. 
6.2 that F is at a maximum when the ranks of the distances in the spaces I and O are equivalent. 
No normalization of the F value is given. 

6.1.3 Two Variants of the C Measure: Minimal Path Length and Minimal Wiring 

Eq. 6.3 presents the definition of the minimal path length [Durbin/Mitchison, 1990], and Eq. 
6.4 gives the definition of the minimal wiring [Mitchison, 1995]: 

, ∙ , 6.3
,

	

, ∙ , 6.4
,

 

Where Eq. (I) with ,  defines the k nearest neighbors. Thus, it is analogous to a KNN 
graph: 

,
1, 	 	 ∈ 1,
0,

	

where in (Eq. 6.3), M=I to define the set of the nearest spatial neighbors in the input space I, 
and in (Eq 6.4),  to serve the same purpose for the output space. A smaller value of the 
error F indicates a better projection. 

6.1.4 Force Approach Error 

According to the force approach concept presented in [Tejada et al., 2003], the relation between 
the distances , 	and	d j, l  should be constant for each pair of adjacent data points. The 
force approach attempts to separate data points that are projected too close to one another and 
to bring together those that are too scattered. In [Tejada et al., 2003], it was suggested that it is 
possible to improve any projection method by the following means. 
First, for each pair of projected points , , the vector  is calculated if  is a 

direct neighbor of ; then, a perturbation in the direction of  is applied. Consequently,  is 

moved in the direction of  by the fraction defined in (5a). When all points  have thus been 

improved, a new iteration begins. 

∆
,

d′ j, l 6.5′ 	



60 Quality Assessments of Visualizations 
 

Note that all distances ,  are normalized only once. For performance reasons, the projected 
points are normalized in every iteration instead of the d j, l . The error on the projected points 
is defined as 

1
|∆ | 6.5 	

Thus, as shown in Eq. 6.5´, the force approach error is defined with respect to a Euclidean 
graph, and an F value of zero suggests optimal neighborhood preservation, as seen from Eq. 
6.5. A similar approach, referred to as point compression and point stretching, was proposed in 
[Aupetit, 2007], where it was used for the visualization of errors with the aid of Voronoi cells. 

6.1.5 König’s Measure 

König’s measure is a rank-based measure introduced in [König et al., 1994]: 

1
3 ∗

, 6.6 	

with as in Eq. I 

,

3,
2,
1,
0,

																																								 	 , , 	 		 ∈ , ∩ ,
	 ∈ , ∩ ,

													
	 ∈ , ∩ , , 	

	

König’s measure is controlled by the following parameters: a constant parameter c and a vari-
able parameter representing the neighborhood size, ∈ 1, . . , | , which must 
be smaller than c. 
In the first case, the ranks place l in the same knn neighborhood with respect to j in both the 
input and output spaces. In the second case, the sequence in the neighborhood may be different, 
but ∈  is still within the first knn ranks relative to j in the current neighborhood defined by 
the value of knn. In the third case, the point l lies in a larger, constant neighborhood of , . 

The range of F is between zero and one, where a value of one indicates perfect structure preser-
vation and a value of zero indicates poor structure preservation [König, 2000]. The parameters 

 and c were investigated by [Karbauskaitė/Dzemyda, 2009]. The results indicated that c 
does not have a strong influence on the value of F; F changes only for large knn values. More-
over, [Karbauskaitė/Dzemyda, 2009] showed that the parameter  influences only the magni-
tude of the F value, whereas the form of F(knn) remains approximately the same. 

6.1.6 Local Continuity Meta-Criterion (LCMC) 

The local continuity meta-criterion (LCMC) was introduced in [Chen/Buja, 2006]; note that a 
similar idea was independently adopted by [Akkucuk/Carroll, 2006]. Because the correlation 
between these two measures is very high [Gracia et al., 2014]), only the LCMC is introduced 
here. The LCMC is defined as the average size of the overlap between neighborhoods consisting 
of k nearest neighbors in I and O [Chen/Buja, 2009]. For each ∈  and w ∈ , there exist 

corresponding sets of points in the neighborhoods ,  and , , which are calcu-
lated using a given knn in a KNN graph. The overlap is measured in a pointwise manner: 
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, 	∩ , ,
1

6.7′ 	

In Eq. 6.7´, a global measure is obtained by averaging all N cases [Chen/Buja, 2009]. The mean 
 is normalized with respect to knn because this value is the upper bound on . Eq. 6.7 

is also adjusted by means of a baseline term representing a random neighborhood overlap, 
which is obtained by modeling a hypergeometric distribution with knn defectives out of N-1 
items, from which knn items are drawn: 

1
1

6.7 	

In contrast to the T&D measures and the mean relative rank error (MRRE; see the next section), 
the LCMC is calculated based on desired behavior [Lee/Verleysen, 2009]. The cited authors 
also showed that the LCMC can be expressed as a special case of the co-ranking matrix. 

6.1.7 Mean Relative Rank Error (MRRE) and the Co-ranking Matrix 

The MRRE was introduced in [Lee/Verleysen, 2007, p. 214] and is defined as follows: 

1
∗

| , j, l |

,
,

6.8 	

1
∗

| , j, l |

,
,

6.8 	

The normalization is given by ∑ | |
, which represents the worst case. 

There are notable similarities between the MRRE and the T&D measures: both types of 
measures use the ranks of the distances and KNN graphs to calculate overlaps, but, in addition 
to the different weightings, the MRRE also measures changes in the order of positions in a 
neighborhood H(knn, I) or H(knn, O). Both position changes and intruding/extruding points are 
considered, but position changes are weighted more heavily than intrusion/extrusion. The 
MRRE (and T&D and LCMC, as well) can be abstracted using the co-ranking matrix frame-
work as follows. 
As introduced in [Lee/Verleysen, 2008], , ,  is a matrix in which each element is 

equal to the number of pairs of points that lie in neighborhoods defined by the same or different 

values of knn. For example, , , 	∩ , ,  represents the upper left 

block of the co-ranking matrix for a specific knn. Formally, Q is a sum of N permutation ma-

trices; hence, ∑ ∑ . It was shown in [Lee/Verleysen, 2009] that the MRRE 
can be rewritten as two alternative quantities characterizing a projection 

 1 , which the authors call the quality of the projection, and 

 , called the behavior (for details, see [Lee/Verleysen, 2009]). 

6.1.8 Precision and Recall 

[Venna et al., 2010] reintroduced the idea of misses used by [Ultsch/Herrmann, 2005], where 
misses are similar data points , )	∈  that are mapped to far-separated points l , j ∈  
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[Ultsch/Herrmann, 2005]. Conversely, if a pair of closely neighboring positions l , j  repre-
sents a pair of distant data points, then this pair is called a false positive. From the information 
retrieval perspective, this approach allows one to define the precision and recall for the case in 
which the neighborhoods are merely binary. However, [Venna et al., 2010] goes a step further 
by replacing such binary neighborhoods with probabilistic ones, which are loosely inspired by 
stochastic neighbor embedding [Hinton/Roweis, 2002]. The neighborhood of the point l is de-
fined with respect to the relevance of the points ∈  around l: 

,

∑ , 	
		

where  is set to the value for which the entropy of  is equal to log(knn) and knn is a rough 
upper limit on the number of relevant neighbors and is set by the user [Venna et al., 2010]. The 
authors propose a default value of 20 effective nearest neighbors. Similarly, the corresponding 
neighborhood in the output space is defined as 

exp
,

∑ exp	 , 	
	

These neighborhoods are compared based on the Kullback-Leibler divergence (KLD). Apply-
ing (I) and (II) KLD is used to define the precision  and recall : 

1
log	 6.9 	

1
log	 6.9 	

The precision and recall are plotted using a receiver operating characteristic (ROC)-like ap-
proach, in which the negative definition of the values results in the best projection method being 
displayed in the top right corner. The authors call this measure smoothed because it is not nor-
malized, and theyalso propose a normalized version, with values lying between zero and one, 
based on ranks instead of distances. Note that the KLD and the symmetric KLD do not follow 
the triangle inequality for metric spaces. 

6.1.9 Rescaled Average Agreement Rate (RAAR) 

The average agreement rate is defined in Eq. I as 

1 , 	∩ ,
6.10 	

in [Lee et al., 2014], analogously to the LCMC, using the unified co-ranking framework 
[Lee/Verleysen, 2008], in which the T&D, MRRE, and LCMC measures can all be summarized 
mathematically (for further details, see [Lee/Verleysen, 2009]). [Lee et al., 2014] argues that to 
enable fair comparisons or combinations of values of Q(knn) for different neighborhood sizes, 
the measure in Eq. 6.10 must be rescaled to 
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This quantity is called the rescaled average agreement rate (RAAR). The values of F lie in the 
interval between zero and one, with a logarithmic knn scale and a scalar value that can be ob-
tained by calculating the area under the curve (AUC).	

6.1.10 Stress and the Shepard Diagram 

The original multidimensional scaling (MDS) measure has various limitations, such as difficul-
ties with handling non-linearities (see [Shepard, 1980] for a review); moreover, the underlying 
metric must be Euclidean, and Sammon mapping is simply a normalized version of MDS. 
Therefore, only non-metric MDS is considered here. The calculated evaluation measure is 
known as the stress and was first introduced in [Kruskal, 1964a]. Here, the stress F is defined 
as shown in Eq. 6.11. The disparities ,  are the target values for each , , meaning that if 

the distances in the output space achieve these values, then the ordering of the distances is 
preserved between the input and output spaces [Goodhill et al., 1995, pp. 8-9]. 

∑ , ,

∑ ,
6.11 	

The input-space distances are used to define this measure based on a Euclidean graph. Several 
algorithms exist for calculating , . [Kruskal, 1964a] himself regarded F as a sort of residual 

sum of squares. A smaller value of F indicates a better fit. Therefore, perfect neighborhood 
preservation is achieved when F is equal to zero [Kruskal, 1964a]. The author describes F in 
terms of percentages, where values below 5% imply good neighborhood preservation. F can be 
described as the deviation from a perfect scatter plot of the distances in I versus the distances 
in O. This scatter plot is known as the Shepard diagram [Shepard, 1980 Fig 1C]. 
Here, the use of a density plot based on Pareto density estimation (PDE) [Ultsch, 2005b], in-
stead of a scatter plot, is proposed. The author also proposes calculating Kendall’s  for these 
density plots. 

6.1.11 Topographic Product 

The topographic product [Bauer/Pawelzik, 1992] and an improved version thereof [Revuelta et 
al., 2004] were originally defined for neural maps, but in contrast to the quantization error [Uri-
arte/Martín, 2005] and the topographic error [Kiviluoto, 1996], it is possible to generalize the 
idea of the topographic product to all projection methods. Let the points l ∈ H knn j ,M  
constitute the neighborhood of a point j in a metric space M defined based on a KNN graph and 
sorted in ascending order of knn; then, 

, 	
,
,

	

, 	
,
,

II 	

Q represents the distance between the point j ∈ 	and the k-th nearest neighbor 	 ∈  in the 
input space I divided by the distance between the point j ∈  and the point ∈  corresponding 
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to the k-th nearest neighbor in O. Now, the product of q and Q of (I) and (II) for all orders knn 
can be calculated in Eq. 6.12: 

, , ∗ , 6.12 	

The resulting QM is then defined as 

1
1

log , 6.12′ 	

F takes different values depending on whether the dimension of the output space is smaller than 
(F<0), similar to (F 0) or greater than (F>0) the dimension of the input space [Revuelta et al., 
2004]. Thus, in our case, F is always smaller than zero. [Revuelta et al., 2004] improved the 
topographic product by using the shortest-path distances in a Euclidean graph (geodesic dis-
tances) in Eq. (I´) and (II´) instead of the direct distances of Eq. (I) and (II): 

, 	
,
,

′ 	

, 	
,
,

II′ 	

6.1.12 Topographic Function (TF) 

The topographic function (TF) for SOMs was introduced in [Villmann et al., 1994]. This meas-
ure operates on Voronoi tessellations [Toussaint, 1980]. The TF quantifies the identity of the 
Delaunay graphs in I and O [Herrmann, 2011]. This work follows the general definitions found 
in [Villmann et al., 1997], where the TF is defined as given in Eq. 6.13 (denoted by F), with 

0 being the cardinality of 	or	 : 

1
, 0		 6.13

, ∈

	

, # ∀ ∈ : , , ∧ , , 1 , 0	 	 6.13a 	
, # ∀ ∈ : , , 1 ∧ , , | | , 0	 	 6.13b 	

The shortest path in the Delaunay graph of the input space between the data points l, j)	∈  is 
denoted by , , , and that between the projected points l, j)	∈  is denoted by , , . 
The Delaunay-graph distances G and g are equal to the number of Voronoi cells between the 
two points. If h is greater than zero, then l, j)	∈  are neighbors in the input space, and if h is 
smaller than zero, then l, j)	∈  are neighbors in the output space. 
In Eq. 6.13a, represents the number of neighbors surrounding a data point ∈  at a Delaunay 

distance greater than h, with the restriction that only the projected points ∈  that are located 
in adjacent Voronoi cells in O are considered. 
The converse situation is considered in Eq. 6.13b:  represents the number of neighbors sur-

rounding a projected point ∈  at a Delaunay distance greater than h, with the restriction that 
only the data points ∈  that are located in adjacent Voronoi cells in I are considered. 
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In summary, the shape of  enables a detailed discussion of the magnitude of distortions 
occurring in O [Bauer et al., 1999]: “Small values of h indicate that there are only local dimen-
sional conflicts, whereas large values indicate the global character of a dimensional conflict” 
[Villmann et al., 1997]. [Bauer et al., 1999] proposed the following simplified equation: 

0 1 1 	 	 6.13’ 	

Here, h is equal to zero if and only if two points are neighbors in both the input space and the 
output space; thus, the overlap of Voronoi neighbors in I and O is required. 

6.1.13 Trustworthiness and Discontinuity (T&D) 

[Venna/Kaski, 2001] introduced the T&D measures, namely, trustworthiness and discontinuity. 
For each point j, let the points ∈ H knn, O\I  be in the neighborhood consisting of the k 

nearest neighbors of the point j in the output space O, but not in the input space. Then, the T&D 
are defined as 

1
1

∗ ,
∈ , \,

6.14 	

1
1

∗ ,
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6.14 	

where  is a normalization factor that scales the values to the interval between zero and 
one [Kaski et al., 2003].  is the trustworthiness (T), and  is the discontinuity (D). By count-
ing the number of intruders, the T&D measures quantify the difference in the overlap of rank-
based neighborhoods in I and O:  represents the number of points that are incorrectly included 
in the input-space neighborhood, and  represents the number of points that are incorrectly 
ejected from the input-space neighborhood. 
[Venna/Kaski] claim that the trustworthiness ( ) quantifies from “how far from the original 
neighborhood [in the input space] the new points [ ∈ ] entering the [output-space] neighbor-
hood [H(knn, O/I)] come” [Venna/Kaski, 2001, p. 487]. For the calculation of the T&D 
measures, KNN graphs must be generated for various knn values. Then, the trend of the curve 
can be interpreted. It is unclear how many knn values must be considered. Hence, knn values 
up to 25% of the total number of points are plotted. [Lee/Verleysen] showed that the T&D 
measures can be expressed as a special case of the co-ranking matrix [Lee/Verleysen, 2009]. 

6.1.14 U-ranking 

In [Ultsch/Herrmann, 2005], a QM based on a lattice was proposed. To generalize the idea to 
any projection method, one would use a graph. Let Γ be a graph, and let g(l, j,	Γ) be the shortest 
path between the projected points , ∈ ; then, the U-distance can be generalized as 

, g l, j, Γ 6.15 	

Let , 1 	, . . . , ,  be the ascending sequence of all U-distances, as defined in Eq. 6.15, 

with respect to an arbitrary projected point j. The rank , ∈ 1, … ,  represents the 

 position in the consecutive sequence of all U-distances ,  with respect to a projected 
point ∈ . Now, the minimal U-ranking measure can be defined as follows: 
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Considering [Lötsch/Ultsch, 2014], a good choice for  is the Delaunay graph . 

6.1.15 Overall Correlations: Topological Index (TI) and  
Topological Correlation (TC) 

Various applications of the two correlation measures introduced below can be found in the 
literature. 
The first type of correlation was introduced in [Siegel/Castellan, 1988] as Spearman’s  and, 
in the context of metric topology preservation, was renamed as the topological index (TI) in 
[Bezdek/Pal, 1993]; see [Bezdek/R Pal, 1995] for further details. In Eq. 6.16, we follow the 
definition of the TI given in [Bezdek/R Pal, 1995], with 1 /2, where n is the number 
of distances: 

1
6

, j, l
,

6.16 	

The values of the TI are between zero and one, but [Goodhill et al., 1995] argued that the values 
of Spearman’s  depend on the dimensions of the input and output spaces. Moreover, research 
has indicated that the elementary Spearman’s  does not yield proper results for topology 
preservation [Karbauskaitė/Dzemyda, 2009]. 
[Handl et al., 2006] used the Pearson correlation, which is also called the topological correlation 
(TC) [Doherty et al., 2006]. The latter is notable because Delaunay-graph distances are used 
instead of Euclidean distances, as illustrated in the following equation: 

1
g l, j, g ∗ ∗ G l, j, G ∗ 6.17 	

where g  and G  are the means of the entries in the lower half of the distance matrices and 
1 /2, with n being the number of distances. The TC is preferable to the TI as a 

means of characterizing topology preservation because in the case of the TI, the matching of 
extreme distances is sufficient to yield reasonably high overall correlation values [Handl et al., 
2006]. 

6.1.16 Zrehen’s Measure 

Zrehen’s measure operates on the empty ball condition of Gabriel graphs [Gabriel/ 
Sokal, 1969]. The neighborhood of each pair of projected points (l, j) in the output space is 
depicted using locally organized cells: 

“A pair of neighbor cells A and B is locally organized if the straight line joining their weight vectors W(A) and 
W(B) contains points which are closer to W(A) or W(B) than they are to any other” [Zrehen, 1993, p. 664]. 

In this work, the strong connection between the TF value 1  and Zrehen’s measure [Bauer 
et al., 1999] is remarked, but in contrast to [Zrehen, 1993], who assumed a neural net in two 
dimensions with precisely defined neighborhoods, here the output-space neighborhood is gen-
eralized to a Gabriel graph representation. Furthermore, for each pair of nearest neighbors, the 
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TF considers the neighborhood order h for that pair, whereas [Zrehen, 1993] counts the number 
of intruding points in neighborhoods of all orders h (for details, see the section on the TF above). 
In summary, if the condition , ∈ 1, ,  is met, then all points ∈  that lie 
between the corresponding points , ∈ ,  are deemed intruders and are counted. 
The sum of the number of intruders for all pairs of neighbors is normalized using a factor that 
depends only on the size and topology [Zrehen, 1993]: 

, # ∀ ∈ \ , : , ∈ , ∧ 

																																										 , ,  1 ∧ 
																																																								 , , 	 6.18  

1
∗ ,

,

6.18′ 	

where N is the number of data points. The range of F starts at zero and extends to positive 
infinity, with a value of zero indicating the best possible projection. 

6.2 Types of Quality Measures for Assessing Structure Preservation 

In general, three types of QMs and some special cases can be identified, as shown in Figure 
6.3. The first type of measure is called compact33 because a measure of this type compares the 
arrangement of all given points in the metric space as expressed in terms of distance. In the 
literature, the term topographic is often used for such measures, e.g., [Goodhill et al., 1995]. 
These measures depend on some kind of comparison between inter- and intracluster distances. 
Measures in the second group are based on a neighborhood definition and, analogously to the 
terminology used in chapter 3, are called connected. These QMs rely on a type of predefined 
neighborhood H based on graph theory with a varying neighborhood extent k; thus, these neigh-
borhoods are denoted by , ,  (see chapter 2 for the corresponding definition). The ex-

pression topology preservation is often used in reference to this type of measure, e.g., 
[Bezdek/R Pal, 1995]. The special cases are grouped together under the term SOM-based 
measures. These measures, namely, the quantization error [Uriarte/Martín, 2005] and the topo-
graphic error [Kiviluoto, 1996], are not considered any further here because they require calcu-
lations of the distances between the data points in the input space and the weights of the neurons 
(prototypes) in the output space in an SOM. Instead of prototypes, general projection methods 
consider projected points, which can also refer to the positions of neurons on a lattice. Distances 
between spaces of unequal dimensions are not mathematically defined. A number of high-qual-
ity reviews are available on the subject of measuring SOM quality [Bauer et al., 1999; Beaton 
et al., 2010; Pölzlbauer, 2004]. 
The neighborhood-based QMs are divided into two groups, called unidirectional measures and 
direction-based measures. The reason for this is explained in chapter 2, section 2.2.1: two points 
(j, k) that lie in the same direct neighborhood of point l in 1, , ) may not lie in the same 
neighborhood 2, , ) in the KNN graph if the distance D(l, k) is greater than the 
distance D(l, m) for a point m behind point j (see Figure 2.4 in chapter 2.2.1). 

                                                      
33  Analogously to the usage of this term in chapter 3, where a compact structure is defined by inter- versus intra-

cluster distances. 
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Figure 6.3:  Groups of quality measures (QMs). The “Compact” group is only able to evaluate projections of 
compact structures (shaded with the first pattern), whereas the group of “Connected” QMs should 
be able to evaluate projections of connected structures (shaded with the second pattern) if the 
neighborhood definition is properly chosen. SOM-based measures are QMs that require weights of 
neurons (prototypes) and therefore are not generalizable to every projection method.  

 Supervised methods are not considered here (see chapter 3 for details).  
Abbreviations: trustworthiness and discontinuity (T&D), mean relative rank error (MRRE), local 
continuity meta-criterion (LCMC) and rescaled average agreement rate (RAAR). 

6.2.1 Theoretical Assessment of Quality Measures 

A good QM should reflect the quality of structure preservation and have the following proper-
ties: 
I. The result should be easily interpretable and should enable a comparison of different pro-

jection methods. 
II. The result should be deterministic, with no or only simple parameters. 
III. The result should be statistically stable and calculable for high-dimensional data in . 
IV. The result should measure the preservation of high-dimensional discontinuities and should 

distinguish between backward projection errors (BPEs) or forward projection errors (FPEs) 
and gaps based on high-dimensional discontinuities. 

QMs for evaluating the preservation of compact structures are easily interpretable; this is be-
cause they measure the quality of the preservation of distances. In most cases, the outcome is a 
single value in a specified range. However, no projection is able to completely preserve all 
distances or even the ranks of the distances [Drygas, 1978; Kirsch, 1978; Schmid, 1980]; here, 
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it is argued that only the preservation of discontinuities in the distances is important. Therefore, 
any attempt to measure the quality of a projection by considering all distances is greatly disad-
vantageous. For example, the major disadvantage of the stress and the C measure is that the 
largest distances, which are likely associated with outliers in the data, exert the strongest influ-
ences on the F value. Moreover, the C measure does not consider gaps. Correlation measures 
capture only linear correlations; however, in most cases, a non-linear projection method is re-
quired for structure preservation [Verleysen et al., 2003]. Additionally, outliers resulting in ex-
treme distances are over-weighted in all correlation approaches. 
QMs of the second type, connected measures, compare only local neighborhoods H. For unidi-
rectional connected QMs, it is necessary to choose the correct number of k nearest neighbors, 
which is a complicated problem in itself. Even worse, for the comparison of different projection 
methods, it may be necessary to choose different knn values for the output space if there is a 
need to measure structure preservation. For this reason, unidirectional QMs that result in a sin-
gle value, such as König’s measure [König, 2000], do not satisfy quality conditions I and II. In 
other approaches, e.g., MRRE and T&D, two F values are obtained for every knn, and it is 
necessary to plot both functions, / . In this case, no distinction is possible between 

gaps and FPEs. Any further comparison of functional profiles for different projection methods 
is abstract and, consequently, not easily interpretable. Notably, the co-ranking matrix frame-
work defined in [Lee/Verleysen, 2009, 2010] allows for the comparison, from a theoretical 
perspective, of several measures (the MRRE, T&D, and LCMC measures) based on 

, , ). However, no transformation of the co-ranking matrix into a single meaningful 
value exists [Mokbel et al., 2013], and the practical application of co-ranking matrices is con-
troversial [Lueks et al., 2011]. With regard to the LCMC, [Chen/Buja, 2009] showed that it is 
statistically unstable and not smooth. Consequently, conditions I and II are not met, but the 
KNN graph is always calculable (IV). 
The direction-based approach has the advantage that a distinction between FPEs and gaps is 

possible. However, an obvious disadvantage is the very high cost of calculation:  for a 

Delaunay graph and  for a Gabriel graph [Aupetit, 2003]. [Villmann et al., 1997] at-
tempted to solve this problem by proposing an approximation of the intrinsic dimension of 
[Grassberger/Procaccia, 1983]. In theory, the TF seems to be the best choice, but in the context 
considered here, a projection is defined as a mapping into a lower-dimensional space. In this 
case, the quality measure F(h) is equal to zero for h<0. It follows that F(h=0)=F(h=1)+F(h=-
1)=F(h=1). Consequently, half of the definition proves to be useless for the purpose considered 
here. The second problem is that the TF does not consider the input distances, apart from cal-
culating the Delaunay graph in the input space. Thus, there is no difference between FPE and 
BPE, as long as no other points lie in between. Further disadvantages include numerical insta-
bility, because the Delaunay graph is sensitive to rounding errors in higher dimensions, and the 
fact that the Delaunay graph does not always correctly preserve neighborhoods if the intrinsic 
dimensionality of the data does not match the dimensionality of the output space O [Bauer et 
al., 1999]. 
Based on the classification of the QMs into semantic groups, here, one is able to identify several 
approaches that have not yet been considered. For example, one could develop a QM based on 
unit disk graphs. 
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6.2.2 Practical Assessment of Quality Measures 

Various QMs were used to evaluate the structure preservation of projections of the Hepta and 
Chainlink data sets. In supplement A, it is shown that every approach used to measure the qual-
ity of projection methods is based on the preservation of discontinuities only when the discon-
tinuities serve as a representation of compact or connected structures (directed or unidirec-
tional). Consequently, the assessment of projections using QMs requires prior assumptions 
about the underlying structure of the data. If these assumptions are wrong, the QM will fail to 
correctly measure the projection quality. Figure 6.4 and 6.5 show the compact QM results ob-
tained using the Shepard density plot method, introduced earlier in the chapter, for the Hepta 
and Chainlink data sets. It is possible to evaluate the preservation of compact structures in the 
Hepta data set (Figure 6.4), whereas the evaluation of the preservation of connected structures 
fails (Figure 6.5). 
None of the QMs is fully credible. This is because none of them is able to measure structure 
preservation in all possible cases of the existence of discontinuities in the input space. To date, 
QMs have mostly been applied to data sets, such as a Swiss roll [Mokbel et al., 2013] or a 
sphere [Venna et al., 2010], for which the problem lies only in the visual representation of a 
continuous high-dimensional object. Therefore, the aim has been to measure the BPE and FPE. 
However, these examples show that structure preservation is more important, and if the goal is 
to visualize structures that can be used in clustering algorithms, higher FPEs and BPEs are 
sometimes necessary. 
In supplement A, the simple Hepta example shows that every connected QM has difficulty 
capturing the quality of structure preservation. This is because such measures depend on com-
pact structures defined by intra- versus intercluster distances (in a Euclidean graph). The Chain-
link example illustrates that compact QMs are unsuccessful because each ring is closer to some 
points in the other cluster than it is to points in its own cluster, and therefore, the relevant struc-
tures are of the connected type. The density plots obtained using the Shepard diagram and Ken-
dall’s  approaches are only able to capture discontinuities that can be unambiguously identified 
based on the intra- versus intercluster distances. This is not the case for the Chainlink data set, 
and consequently, these compact QMs fail for this data set. Moreover, because some connected 
QMs are not direction-based, even they encounter difficulties in evaluating structure preserva-
tion. 
It seems that in the case of discontinuities in data and data sets that contain natural clusters, the 
user must make certain assumptions regarding which structures are most relevant and should 
be preserved. Based on this decision, the user can choose the most appropriate QM. Further-
more, the problem of trial-dependent projections, which is mostly ignored in the literature, is 
demonstrated in the example of the CCA projection of the Chainlink data set. 
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Figure 6.4:  Density plots of the Shepard diagrams [Shepard, 1980] of the four projections of the Hepta data set 
shown in chapter 5, Figure 5.2. It is clearly apparent that PCA best preserves the structure of the 
data. 
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Figure 6.5:  Density plots of the Shepard diagrams (density plots) for three projections of the Chainlink data set.  
PCA appears to produce the best projection of the data set, but in reality, it results in the worst 
structure preservation (see the supplement A). No clear difference between the CCA projections can 
be distinguished. 
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6.3 Introducing the Delaunay Classification Error (DCE) 

On the one hand, QMs have difficulty measuring structure preservation when discontinuities 
exist in data sets (supplement A). On the other hand, in the case of natural clusters, discontinu-
ities are important for cluster analysis, and projections of high-dimensional data sets should be 
able to visualize cluster structures accordingly. Consequently, identifying the most suitable 
method of evaluating projections of high-dimensional data for every case of high-dimensional 
discontinuities, with no available prior classification, remains an unsolved problem. However, 
if a prior classification of the data is known and if it represents patterns characterized by dis-
continuity, then these structures can be used for projection evaluation. 
In chapter 5, it was shown that for every projection produced by any projection method, the 
generation of a U-matrix is possible. Consequently, the approach proposed herein assumes that 
an abstract U-matrix is available for every projection, as proven in [Lötsch/Ultsch, 2014] in the 
case of SOMs. Therefore, a Delaunay graph can be computed in the output space, and the edges 
are weighted using the high-dimensional distances in the input space. 
Let ∈  be the classification of the points ∈  in the input space, where  is a cluster of C 
and N=|I|. Let ∈  be the projected points in the output space that are mapped to I, and let 

1, ,  be the direct neighborhood of j in the Delaunay graph in the output space. Then, 

the neighboring points of j are sorted using the Euclidean input-space distances between j and 
these neighboring points	 ∈ 1, , : 

1, , , ∈ 1, , 	∀	 , … , , , ⋯ 

																																																																																																		 , 6.19a 	

where the number of nearest neighbors considered is 

∈ , |H 1, , | 6.19b 	

Then, the incorrectly classified points in the neighborhood 1, knn, ,  can be counted 

as follows: 

| ̅ | ∈ , ∈ |	∀ , ∈ | 1, , , ∧ 

																																														 ∉ 	 ̅ | 6.19c 	

Finally, the DCE measure is defined as 

1 	| ̅ |

| 1, , , , | 1
6.19 	

A low DCE value indicates a structure-preserving projection. Following the discussion in 
[Ultsch, 2016a], the DCE can be simplified to 

∗
,

6.19 	

where 1,1 , … ,1 . . .  is the vector of the decay function and  is an 

NxN matrix with the following definition. Let ∗  be the distance matrix 

multiplied by the Delaunay adjacency matrix, where every element of this adjacency matrix is 
defined as 
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1, 	 	 	 	 	
∞, 	 	 	 	 	 	 6.19 	

Let  be the matrix  with the columns sorted in ascending order; then, every element 

of the matrix  is defined as 

0, 	 	 	 	 	 	 	 	
1,

6.19 	

With the help of [Ultsch, 2016a], the harmonic decay function is approximately 
	0.5772156649 	1/ 2 ∗ . It assigns the heaviest weights to the er-

rors that are nearest to a given point. The range of the DCE, which is approximately 

0, ∗ ∑ 	 	0.5772156649 	1/ 2 ∗ , can be restricted to 2,2  by calculating 
a baseline. An example of a baseline is a NeRV projection ([Venna et al., 2010]) with 0.5, 
which means that the precision and recall are equally weighted. The relative difference can be 
calculated as 

0.5 ∗
6.19 	

Then, the normalized DCE is defined as 

, 6.19 	

When the relative difference is used in this way, the range of values is fixed to 2,2 . A posi-
tive value indicates a lower error compared with the baseline projection, whereas a negative 
value indicates a higher error compared with the baseline. In addition, the use of the relative 
difference enables the comparison of different projection methods in a direct and statistical 
manner. 

6.3.1 Summary 

Overall, 19 QMs were reviewed in this chapter, and the most common measures used to assess 
the quality of projections were compared. The QMs were grouped into semantic classes with 
the aid of graph theory. The QMs presented in the literature require prior assumptions regarding 
the underlying high-dimensional structures in a data set of interest (examples, see supplement 
A). Here, it is argued that for structure preservation, one must assume the presence of disconti-
nuities in the high-dimensional data, which should correspond to gaps in their two-dimensional 
projection. In the case of such structures, the QMs reviewed here seemingly do not capture the 
important and unavoidable errors that occur in the projections because they assume certain def-
initions regarding which types of neighborhoods should be preserved (see supplement A). 
Otherwise, an objective function could be defined using the best QM, and it would always be 
possible to obtain a structure-preserving two-dimensional visualization or clustering by opti-
mizing this objective function. 
Hence, a new QM is required to measure the quality of structure preservation. It must utilize 
information provided by a prior classification. The DCE is formulated based on the idea that an 
abstract U-matrix is available for every projection method, as demonstrated in [Lötsch/Ultsch, 
2014] for the case of SOMs. A generalized U-matrix visualization called topographic map 
method for any arbitrary projection method was presented in the previous chapter. The DCE 



Introducing the Delaunay Classification Error (DCE) 75 
 

allows projections to be ranked and normalized compared with a baseline and also enables sta-
tistical testing. 
This work will present an alternative approach using swarm intelligence, self-organization, and 
the Nash equilibrium concept [Nash, 1950] from game theory, with the goal of eliminating the 
need for an objective function. The expectation is that novel and coherent properties that can 
be used for visualization and clustering will emerge from such a system. Chapter 7 will explain 
the relevant concepts, and chapter 8 will introduce the Pswarm projection method, which serves 
as part of the Databionic swarm clustering algorithm. 
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