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Abstract. Attribute reduction is an important issue in classification problems. 
This paper proposes a novel method for categorizing attributes in a decision ta-
ble based on transforming the binary discernibility matrix into a simpler one 
called basic binary discernibility matrix. The effectiveness of the method is 
theoretically demonstrated. Experiments show application results of the pro-
posed method.  
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1 Introduction 

Attribute reduction is an important issue in classification problems. The accuracy of 
many classification algorithms depends on the quality of selected attributes. Rough 
set [1] approach for attribute reduction is based on reducts, which are in fact minimal 
sets of attributes that preserve some necessary amount of information.  

This paper investigates the problem of categorizing attributes, identifying the set of 
attributes that are present in all reducts (core); such attributes are called indispensable 
attributes. Those attributes that belong to at least one reduct are called relevant and 
the remaining attributes are called superfluous or redundant. For a given decision 
table, the problem of searching for all relevant (also called reductive [2] or semi-core 
[3]) attributes becomes the problem of determining the union of all reducts of a given 
decision table, or determining the set of all redundant attributes of a decision table. 

Several papers face the problem of attribute reduction by finding redundant 
attributes, in [4] an updated review about research on attribute reduction is presented, 
however there is no reference about the use of the binary representation of the discer-
nibility matrix. 

In this paper, we present a new approach for categorizing  attributes by using a bi-
nary representation of the discernibility matrix. This approach could be useful to re-
duce the search space for computing all reducts. The binary discernibility matrix,  
introduced by Felix and Ushio [5] plays an important role in the solution of the  
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problem of categorizing attributes. First, we describe the binary discernibility matrix 
and some of its properties, then based on some properties of a special type of binary 
discernibility matrix we present a characterization of both indispensable and super-
fluous attributes. The remaining relevant attributes are determined by exclusion.  

The structure of this paper is as follows. Section 2 presents some basic concepts in 
rough set theory. Section 3 presents the theoretical study of the properties that allow 
establishing the categorization of the attributes from the basic binary discernibility 
matrix. In section 4, we introduce a new method for categorizing attributes, as well as 
a demonstration of its effectiveness. In section 5 we present some experiments. Final-
ly conclusions are presented in section 6. 

2 Basic Concepts 

In this section, we review some basic concepts of the Rough Set Theory [6]. In many 
data analysis applications, information and knowledge are stored and represented as a 
decision table because this table provides a convenient way to describe a finite set of 
objects, within a universe, through a finite set of attributes. 

Definition 1 (decision table): A decision table is a tuple   ;      ,  |  ,  |  , where  is a set of descriptive attributes and d is a 
decision attribute indicating the decision class for each object in the universe. U is a 
finite non-empty set of objects, Va is a non-empty set of values for each 
attribute  , and Ia : U→Va is an information function that maps an object in U to 
exactly one value in Va. 

The decision attribute allows us to partition the universe into blocks determined by 
possible decisions. Usually, these blocks are called classes. 

Definition 2 (decision class): For k ∈ Vd, a decision class is defined as   . 
Let us denote the cardinality of  by ; so | |  . We will also denote {d} 

as D. 

Definition 3 (indiscernibility relation): Given a subset of attributes   , the 
indiscernibility relation |  is defined by:  | ,  | , . 

The indiscernibility relation consists of all object pairs that cannot be distinguished 
(indiscernible) based on the set A of conditional attributes   or share the same 
decision class. Based on the relative indiscernibility relation, Pawlak defined a reduct 
as a minimal set of attributes that keeps the indiscernibility relation IND( ) un-
changed [6]. 

Definition 4 (reduct for a decision table): Given a decision table S, an attribute set   is called a reduct, if R satisfies the following two conditions:  

(i)  |     | ; if R satisfies (i) it is a super reduct. 
(ii)     ,    |     | . 

The set of all reducts of an information table S is denoted by RED(S). 
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3 The Discernibility Matrix and the Discernibility Function  

Two objects are discernible if their values are different in at least one attribute. Sko-
wron and Rauszer suggested a matrix representation for storing the sets of attributes 
that discern pairs of objects, called discernibility matrix [7]. 

Definition 5 (discernibility matrix): Given a decision table S, its discernibility matrix 
M = (M[x,y])|U|×|U| is defined as ,   |    .  

The meaning of M[x,y] is that objects x and y can be distinguished by any attribute 
in M[x,y]. The pair (x,y) can be discerned if M[x,y] ≠ Ø. A discernibility matrix M is 
symmetric, i.e., M[x,y] = M[y,x], and M[x,x] = Ø. Therefore, it is sufficient to consid-
er only the lower triangle or the upper triangle of the matrix.  
 

Example 1. Table 1 shows an example of a decision table, its discernibility matrix M 
(only lower triangle) is shown in (1).  

Table 1. A decision table 

U x1 x2 x3 x4 x5 d 
u1 2 1 1 1 1 0 
u2 1 1 1 2 1 0 
u3 1 2 1 1 1 1 
u4 0 1 4 1 1 1 
u5 2 2 3 3 3 1 

 

(1)

Let S be a decision table ;      ,  |  ,  |  , and 
let us define for each attribute a in  a dissimilarity function   as follows: 

 :    0,1     : ,  0  1     

Applying these dissimilarity functions to all possible pairs of objects belonging to 
different classes in S, a binary discernibility matrix, denoted by M01 can be built. This 
concept was previously introduced by Felix and Ushio[5]. 

Definition 6 (binary discernibility matrix): Given a decision table S, its binary dis-
cernibility matrix M01 is a m×n matrix, in which each row is defined by , , , , … , , , being u, v∈U belonging to 

different decision classes. n=| | and    ∑ ∑ .| || |
 .  

After defining the binary discernibility matrix, the authors in [5] highlighted the 
following properties: 

1. If a row only contains 0’s, it means that the corresponding pair of objects are 
indiscernible even when using the whole set , in this case the decision table is 
inconsistent. 

{x1,x2} {x2,x4} 

M= {x1,x3} {x1,x3,x4} 

{x2,x3,x4,x5} {x1,x2,x3,x4,x5} 
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2. If a column only contains 1’s, then the corresponding attribute is capable of 
distinguishing all objects pairs belonging to different classes. In such a case, a re-
duct was found, and since it has only one attribute, we can say that it is a minimal 
reduct. 
3. If a column has only 0’s, then the attribute is completely irrelevant because it 
is unable to distinguish any pair of objects by itself. 
4. If a row in the matrix has only one 1, then the corresponding attribute is the 
only one able to distinguish that pair of objects and so it is indispensable. 

The definition of binary discernibility matrix and the properties above outlined are 
the starting point for the method proposed in this work. 

Obviously, taking into account property 1, rows containing only 0’s are not consi-
dered. So, actually m is an upper bound of the number of rows. 
 

Example 2. As an example, we can build the binary discernibility matrix for the deci-
sion table shown in Table 1. 

 

(2)

This matrix has 6 rows, the same amount of non-empty attribute sets that are in the 
discernibility matrix in (1). First row is equivalent to {x1,x2}, second row is equivalent 
to {x1,x3} and so on, until the last row which is equivalent to {x1,x2,x3,x4,x5}. There-
fore both matrices contain the same information. 

From now on, we interpret some concepts and properties from this matrix. Since 
the discernibility matrix is just focused on the ability of attribute subsets to distinguish 
objects belonging to different classes, we conclude that usually this matrix contains 
redundant information. 

In this paper, we describe a simple way to eliminate redundant information in M in 
terms of its ability to discern. 
 

Definition 7 (basic row): Let , , … ,  and , , … ,  two rows in 
M01, we say that  is a sub row of  if for each column j=1,2,…,n:    and for at 
least one index the inequality is strict. We say that a row f in M01 is a basic row if no 
row of the matrix is a sub row of f. 
 

Definition 8 (basic binary discernibility matrix): Let M01 be a binary discernibility 
matrix, the basic binary discernibility matrix (bbdm) M(01) is defined as the sub-matrix 
of M01 formed only by the basic rows (without repetitions). 

Example 3. For the binary discernibility matrix M01 (2), we have the following bbdm 

 

(3)
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From a discernibility matrix, Skowron and Rauszer [7] define the discernibility 
function. 
 
Definition 9 (discernibility function): The discernibility function of a discernibility 
matrix is defined as   , | ,   , ,   . 

Starting from the binary discernibility matrix, it is very easy to obtain the discerni-
bility function . If instead of it, we consider the bbdm, then we obtain an equiva-
lent simplified discernibility function. 

The discernibility function can be used to state an important result regarding the set 
of reducts of a decision table, as it is shown by the following theorem. 
 
Theorem 1. [7] The reduct set problem is equivalent to the problem of transforming 
the discernibility function to a reduced disjunctive form (RDF). Each term of the RDF 
is called a prime implicant. Given the discernibility matrix M of a decision table S, an 
attribute set  , . . . ,  is a reduct iff the conjunction of all attributes in R, 
denoted as  … , is a prime implicant of . 

In order to derive the RDF, the discernibility function  is transformed by us-
ing the absorption and distribution laws.  

Based on Theorem 1, Skowron and Rauszer [7] also suggested an alternative charac-
terization of a reduct in terms of the discernibility matrix which provides a convenient 
way to test if a subset of attributes is a reduct. However, they neither offer a method to 
compute a reduct nor a way to determine whether an attribute is reductive or not. 

Using definitions and notations introduced here, we can state the following equiva-
lent theorem: 
 
Theorem 2. Given the bbdm M(01) of a decision table, an attribute set B is a reduct iff  

(i)   ∑ . 0.  

(ii)  1, … ,  1  : 1  ∑ . 1  
being  the characteristic vector of B, defined as follows: , , … ,     1      0            1,2, … , . 

Condition (i) means that B is a super reduct; (ii) means that each attribute is neces-
sary.  

Proof is rather immediate and omitted for space reasons.  

4 Attribute Categorization  

In this section, we introduce the categorization of attributes and establish a method to 
categorize them from the bbdm in an easy way. 

Definition 10: Let   ;      ,  |  ,  |   be a decision 
table, let a   

(i) the attribute a is a core (or an indispensable) attribute iff it belongs to all re-
ducts of S. The set of all core attributes is denoted by Core(S). 
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(ii) the attribute a is superfluous (or redundant) iff it does not belong to any reduct 
of S. We denote the set of all superfluous attributes by Spf(S). 
(iii) the attribute a is relevant iff it belongs to at least one reduct. 

Obviously, all indispensable attributes are relevant. The set of all relevant 
attributes is denoted by Rlv(S). 

We have that Core(S)  R  Rlv(S) for any reduct  . Let Rem(S) = 
Rlv(S) - Core(S), then  is partitioned into  = Core(S)  Rem(S) Spf(S). 

Below, we enunciate and prove some theorems that allow us to carry out this parti-
tion. 
 
Theorem 3. Let   ;      ,  |  ,  |   be a decision 
table and let M(01) be its bbdm. An attribute  is indispensable iff M(01) contains a row 

f such that 
1       0         . 

Proof: ( ) Let f be a row in M(01) such that fj=1 and all remaining co-ordinates are 
0´s, and suppose that B is a reduct such that , i.e. 0, then ∑ .0 and from theorem 2 (i) B is not a super reduct which contradicts the supposition. 
Then we conclude that if such row exists aj is indispensable. 

( ) Let aj be an indispensable attribute, then    (i.e. 1) 
and B' = B-{aj} is not a reduct. From theorem 2 (i) we have that   ∑ . 0 but B' does not fulfill this condition. It means that 
there exists a row f in M(01) such that ∑ . 0 and ∑ . 0. Since B 

and B' only differ in aj, these sums only differ in the j-th terms which are .  and .  respectively. By hypothesis 1 then we can conclude that 1 and 0 for all i≠j. The proof is complete. 
 
Theorem 4. Let   ;      ,  |  ,  |   be a decision 
table and let M(01) its bbdm. An attribute  is superfluous iff the corresponding col-
umn in M(01) has only 0’s. 
Proof: ( ) Suppose that B is a reduct containing aj and let B' = B-{aj}. From theorem 
2 (i) we have that   ∑ . 0. 

Let j be the index of the column corresponding to aj in M(01). By hypothesis   0, then B' fulfills condition (i) of theorem 2 and it means that B' is a 
super reduct which contradicts the supposition. We conclude that aj is redundant. 

( ) Now suppose that aj is redundant, it means that aj does not belong to any re-
duct. If aj is not able to discern any pair of objects belonging to different classes, its 
corresponding column in M01 has only 0’s and of course also in M(01). More interest-
ing is the case when aj discerns at least a pair of objects but it does not belong to any 
reduct. In this case, it turns out that all disjunctions containing  aj in the discernibility 
function are absorbed and therefore ultimately aj does not appear in any prime impli-
cant. As the construction of the bbdm is based precisely on the law of absorption, if aj 
is not in any reduct, the corresponding column in M(01) will contain only 0’s. 
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It is important to emphasize that this property is not held in M. If the corresponding 
column in M is fully of 0’s, the attribute is superfluous, but the reciprocal is not true. 
This is one of the most important contributions of using the bbdm instead of the original 
binary discernibility matrix, since eliminating redundant attributes reduces the space 
dimension which may facilitate several tasks, for example computing all reducts. 
 
Corollary. Let   ;      ,  |  ,  |   be a decision 
table and let M(01) its bbdm. An attribute  is relevant iff the corresponding column in 
M(01) contains at least one 1. 

Based on the above theorems the proposed method for categorizing the attributes is 
as follows: given a decision table, first compute the binary discernibility matrix, and 
then compute the bbdm. Columns containing only 0´s correspond to redundant 
attributes, all other attributes are relevant. Each row in bbdm containing only one 1 
determines that the attribute corresponding to that 1 is indispensable. Thus we have 
the attributes categorized as indispensable, relevant, and superfluous. 
 
Example 4. Let S be the decision table in Table 1. RED(S) = {{x1,x2},{x1,x4},{x2,x3}}, 
Core(S)=Ø, Rem(S)={x1,x2,x3,x4} and Spf(S)={x5}.  

The main contribution of the proposed method is that without calculating all the 
reducts, it allows, by analyzing easy properties over the bbdm, obtaining the same 
categorization that we would get after computing all the reducts (see M(01) (3)). Notice 
that the column corresponding to x5 in M(01) (3) has only 0’s but in M01 (2) this column 
has  0’s and 1’s. 

5 Experiments 

In order to show the application of the proposed method, ten datasets from the UCI 
machine learning repository [8] were used. Table 2 shows information about these 
datasets: name, number of attributes, objects and classes respectively. Last column 
shows the size of the bbdm. 

Table 2. Datasets information 

N. Dataset Attributes Objects Classes M(01) size 
1 iris 4 150 3 6 4 
2 krkopt 6 28056 18 6 6 
3 mushroom 22 8124 2 39 22 
4 nursery 8 12960 5 8 8 
5 yeast 8 1484 10 9 8 
6 zoo 17 101 7 14 17 
7 adult 14 30162 2 8 14 
8 australian 14 690 2 23 14 
9 krvskp 36 3196 2 29 36 
10 shuttle 9 43500 7 8 9 

 
Table 3 shows the results of categorization for these ten datasets. Columns contain 

indexes of attributes belonging to Core, Spf and Rem sets respectively. 
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Table 3. Attribute categorization for the ten datasets  

N. Core(S) Spf(S) Rem(S) 
1 Ø Ø {1,2,3,4} 
2 {1,2,3,4,5,6} Ø Ø 
3 Ø {1,16} {2,3,4,5,6,7,8,9,10,11,12,13,14,

15,17,18,19,20,21,22} 
4 {1,2,3,4,5,6,7,8} Ø Ø 
5 {7} {5,6} {1,2,3,4,8} 
6 {1,7,14} {3,6,16} {2,4,5,8,9,10,11,12,13,15,17} 
7 {1,2,3,7,8,11,13} {6,9,10,

12,14} 
{4,5} 

8 {2} Ø {1,3,4,5,6,7,8,9,10,11,12,13,14} 
9 {1,3,4,5,6,7,10,12,13,15,16,17,18,20,21,23,2

4,25,26,27,28,30,31,33,34,35,36} 
{2,8,14,
19,29} 

{9,11,22,32} 

10 {2} {6} {1,3,4,5,7,8,9} 

6 Conclusions  

In this paper, we present an easy method to categorize  attributes in a decision table. 
This method is based on the concept of basic binary discernibility matrix (bbdm), 
which is a simplification of the classical binary discernibility matrix. Once the bbdm 
is obtained, attributes are immediately categorized. Experiments show that our pro-
posed method is very simple and effective. Moreover, the effectiveness of the method 
has been theoretically demonstrated. 
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