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Abstract. Classification by binary decomposition is a well-known method to
solve multiclass classification tasks since a large number of algorithms were de-
signed for binary classification. Once the polychotomy has been decomposed into
several dichotomies, the decisions of binary learners on a test sample are aggre-
gated by a reconstruction rule to set the final multiclass label. In this context,
this paper presents a reconstruction rule based on softmax regression which con-
siders the reconstruction task as a new classification problem. To this aim, as
second-order features we use both the crisp labels and the reliabilities of binary
decisions. Six heterogeneous datasets and three different classification architec-
tures have been used to test our method, whose performance favorably compare
with those provided by other three reconstruction rules both in terms of global
accuracy and geometric mean of accuracies.

1 Introduction

Classification tasks in general consist in assigning input patterns to a finite set of classes
and they should be divided into dichotomies and polychotomies. The former are clas-
sification problems with two classes, and are also referred to as binary learning, that
is, positive/negative classification. The latter are also known as multiclass learning and
they are recognition tasks with more than two classes.

Although several applications deal with binary classification, there are many others
belonging to fields with more than two classes. In this latter case, different classification
approaches can be applied. Indeed, we may appeal to typical multiclass techniques, e.g.
neural networks and decision tree. Nevertheless, it is well-known that discriminating be-
tween two classes is much easier than simultaneously distinguishing among many [17].
This observation has motivated research on decomposition methods, which reduce clas-
sification complexity through the decomposition of the polychotomy in less complex
binary subtasks. A binary classifier, also referred to as dichotomizer in the following, is
then trained on a single binary decomposition of the original polychotomy. To provide
the final classification, dichotomizers’ crisp or soft labels are combined according to a
reconstruction rule.

Existing reconstruction rules should appeal to the majority voting [14], minimize the
distance from class codewords [6], look at the largest output [6], or minimize the loss
on the induced binary problems [1]. Differently, we consider here the reconstruction
task as a new classification problem where the second-order features are the crisp la-
bels and the reliabilities of dichotomizers’ classifications. Using the latter quantity in
the reconstruction rule introduces useful information on the many issues influencing
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the achievement of a correct classification, providing a deep insight in the classifica-
tion process. Then, crisps labels and reliabilities are given to the softmax regression to
estimate the posterior distribution of classification acts.

The performance of our proposal have been estimated trough a series of experiments
on six public and heterogeneous datasets, where the polychotomies were decomposed
by the Error-Correcting Output Codes. The proposed reconstruction rule favorably com-
pares with other three reconstruction rules, and we also observe that its performance are
promising also to recognize the most under-represented classes.

The rest of the paper is organized as follows: next section briefly revises existing
decomposition methods and reconstruction rules, whereas section 3 presents our pro-
posed reconstruction rule. Section 4 introduces the experiments, and section 5 reports
and discusses the results. Finally, section 6 provides concluding remarks.

2 Background

Decomposition schemes reduces polycothomies on K classes (with K > 2) in binary
subtasks that are easier to solve than the original problem. This reduction is usually
performed according one of the following three methods [1,6,8,11,22]: One-per-Class
(OpC), Pairwise Coupling (PC), and distributed output code.

OpC decomposition method, which is also known as One-against-All, addresses the
polycotomy with K binary learning functions, each one separating a single class from
all the others.

The second approach, PC decomposition, reduces the polychotomy into K ∗ (K −
1)/2 dichotomies, each one addressed by a dichotomizers specialized in discriminating
between pair of classes. This decomposition method is also cited as n2 classifier, One-
against-One [9] or even Round Robin [8] classification.

Distributed output code decomposition assigns a unique codeword, i.e. a binary
string, to each class. If we assume that the string has L bits, this approach sets a recog-
nition system composed by L binary classification functions. The most known method
within this framework is known as Error-Correcting Output Codes (ECOC), where the
use of error correcting codes as distributed output representation yielded a recognition
system less sensitive to noise [6].

It is worth noting that further to these popular approaches, there exist other proposals
that do not perfectly fit this categorization, e.g. the hierarchical dichotomies generation
[13], but this does not introduce any limitations in the rest of the paper.

When feed with the test sample x ∈ �n, these decompositions produce the vector
M(x) = {M1(x),M2(x), . . . ,ML(x)}, whose length L depends upon the decomposi-
tion approach used. In this notation, Mj(x) is a function classifying x in two separate
superclasses, represented by the label set Ωj = {−1; 1}. Decomposition schemes can
be unified in a common framework representing the outputs of the dichotomizers by a
binary code matrix, named as decomposition matrix D ∈ �L x �K . Its elements dji
are defined as:

dji =

⎧
⎨

⎩

1 if class i is in the subgroup associated to label 1 of Mj

−1 if class i is in the subgroup associated to label -1 of Mj

0 if class i is in neither groups associated to label -1 or 1 of Mj

(1)
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Hence, the dichotomizer Mj is trained to associate patterns belonging to class ωi with
values dji.

Once a decomposition method has been applied, binary outputsMj(x) must be com-
bined to predict the final label: therefore, we need a transformation, i.e. the reconstruc-
tion rule, associating M(x) to a label in the finite set Ω = {ω1, ω2, . . . , ωK}.

In the case of OpC, the simplest reconstruction rule looks at the function that returns
the highest activation [6], whereas PC dichotomies are aggregated to a final decision
by a voting criterion. For example, in [11,22] the Authors proposed a voting scheme
adjusted by the credibilities of the base classifiers, which were calculated during the
learning phase of the classification.

In the case of ECOC, the input sample is usually assigned to the class with the closest
codeword. This approach has derived two popular reconstruction rules. The former is
named as Hamming decoding (HMD): it uses the crisp labels of dichotomizers, and sets
the index s of the final class ωs ∈ Ω as:

s = argminidH(D(ωi),M(x)) (2)

where M(x) collects the crisp dichotomizers’ outputs and

dH(D(ωi),M(x)) =

K∑

j=1

(
1 − sign(D(ωi, j)Mj(x))

2
). (3)

It is worth noting that such a reconstruction rule can be used whatever the type of the
classifier, i.e. abstract, rank or measurement1, since it requires the crisp labels, only.

When the classifier outputs a soft label, i.e. a real number representing the degree
of support given by classifier to the hypothesis that the test sample comes from the
output class, we can exploit this quantity by applying the reconstruction rule introduced
in [6], where the assignment of a new input to a certain class is performed looking
at the function that returns the highest activation. Allwein et al. [1] extended this rule
paying attention for binary learners based on the margin of a training example, e.g.
support vector machine and adaboost, proposing a reconstruction rule named as loss-
based decoding (LBD). The margin of a training example is a number that is positive if
and only if the example is correctly classified by a given classifier and whose magnitude
is a measure of confidence in the prediction. In this case, the index s of the final class
ωs ∈ Ω is given again by equation 2 where, however, dH is replaced by dL that is
computed as follows:

dL(D(ωi),M(x)) =
1

mK

m∑

i=1

(
K∑

j=1

(Γ (D(ωi, j)fj(x))) (4)

where Γ is a loss function and fj(x) represents the soft label of the j-th classifier.

1 The various classification algorithms can be divided into three categories [23]: type I (abstract),
that supplies only the label of the presumed class, type II( rank) that ranks all classes in a queue
where the class at the top is the first choice, type III (measurement) that attributes each class a
value that measures the degree that the input sample belongs to that class.
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Further to these well-known reconstruction rules, others have been recently proposed
[4,5,15,18]. While a review of all such approaches is out of the scope of the paper, we
observe that Shiraishi et al. in [20] presented a reconstruction rule for OpC and PC
decompositions adopting support vector machines and combining their outputs using a
logistic regression model, L2 and Group of Lasso penalty.

In this last paragraph of background section, let us to introduce the notion of clas-
sification reliability, since it is used in the rest of the paper. This quantity is derived
from classifier soft label f(x) and permits to properly estimate the reliability of each
classification act [2,12]. The reliability takes into account the many issues influencing
the achievement of a correct classification, e.g. the noise affecting the samples domain
or the difference between the objects to be recognized and those used to train the classi-
fier. Hence, it would provide useful information to derive a reconstruction rule. Without
loss of generality, we can assume that the reliability of a sample x varies in [0, 1]. In
the following, we will denote the reliability as ψ(f(x)) or, simply, ψ(x). A low value
of ψ(x) suggests that the decision on sample x is not safe since, for example, it can be
a borderline instance or it can be affected by noise in the feature space. A large value
of ψ(x) suggests that the recognition system is more likely to provide a correct classi-
fication [2,12]. Note that, in general, the use of classification reliability does not limit
the choice of classifier architecture since it is always possible to obtain a measurement
f(x) for each classification act of any kind of classifier [10].

3 Reliability-Based Softmax Reconstruction Rule

In this section we will describe the proposed reconstruction method, which we refer as
Reliability-based Softmax reconstruction rule (RBS) in the following.

RBS reconstruction rule considers dichotomizers’ outputs as a new feature vector
which have to be classified. We assume that the polychotomy is addressed by L bi-
nary classifiers providing the binary decision M(x) and the reliability vector ψ(x) =
{ψ1(x), ψ2(x), . . . , ψL(x)}.

On these positions, we introduce the quantity χj(x) that summarizes both the
information provided by classifiers. Indeed χj(x) integrates the crisp label and the clas-
sification reliability that the j-th binary classifier provides for each sample x by multi-
plying them. Hence, for the whole decomposition we have:χ(x) = ψ(x)T �M(x) =
{χ1(x), χ2(x), . . . , χL(x)}.

Considering now χ(x) as second-order features, we have to face with the classifica-
tion problem {χ(x), ω(x)}, where each sample χ(x) is a vectors described by L fea-
tures with label ω(x). The classification task consists in predicting the label y(x) ∈ Υ ,
where Υ = {y1(x), y2(x), . . . , yK(x)}, so that ω(x) = y(x) for each sample. For the
sake of clarity we omit in the following the dependence of all symbols from sample x.

We solve this classification task by using the softmax regression to estimate the pos-
terior distribution of classification acts. Softmax regression is a natural choice since
multiclass problems show multinomial distribution for the output. Defining a set of
K−1 vector of parameters,Θ = {θ1, θ2, . . . , θK−1}, to parameterize the multinomial
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distribution over K different outputs, the conditional distribution of y given χ is given
by:

p(ω = yi|χ;Θ) = eθ
T
i χ

∑K
j=1 e

θT
j χ

i = 1, 2, . . . ,K − 1. (5)

It is straightforward observing that p(ω = yK |χ;Θ) = 1 − ∑K−1
i=1 p(ω = yi;Θ).

The final label is set by:

y = argmaxi(p(ω = yi|χ;Θ)). (6)

In order to perform this reconstruction technique we have to estimate Θ. To this aim,
consider a training set tr composed ofmtr samples. Denoted by χtr the values of χ of
samples belonging to tr, Θ can be estimated maximizing the log-likelihood l:

l(θ) =

mtr∑

i=1

log

K∏

l=1

(
eθ

T
l χtr

i

∑k
j=1 e

θT
j χtr

i

)1{yi=l} (7)

where 1{−} denotes the index function, which is one if the statement inside the bracket
is true, zero otherwise.

To reduce the correlation between classifier outputs when we perform the maximiza-
tion of eq. 3 we use L2 penalty, as suggested in [20]. Note that χtr is computed per-
forming a stacking procedure, which avoids problem of reusing training samples during
parameter estimation. Indeed, we first divide tr into p folds, and then use p − 1 folds
for training and one to estimate χtr

h , where h ∈ [1; p]. When all folds were considered
as test fold, we compute χtr = {χtr

h }ph=1.
Finally, we discuss now the differences between our proposal and the contribution

presented in [20], which can be summarized into two main points: (i) in [20] the Authors
use raw outputs of the binary classifiers: this choice does not permit to use classifiers
which provide crisp labels only, e.g. the k-Nearest Neighbour. Conversely, our contri-
bution uses the quantity χ, which combines the crisps labels with the reliability, i.e. a
measure providing us a deep insight in the classification process. Note that this choice
permits us to employ any kind of classifiers; (ii) Shiraishi et al. [20] consider OpC and
PC decomposition, whereas we focus on the ECOC framework. Hence, our contribution
extends the work of Shiraishi et al. [20] since it uses the ECOC decomposition and it
permits to apply the softmax reconstruction rule in case of rank and abstract classifiers.
Furthermore, the novel use of the reliability in the regression not only extends the work
of [20], but provides larger classification performance as will be reported in section 5.

4 Test Configurations

In this section we first describe datasets used in our tests, then we discuss performance
metrics and finally we present the experimental protocol.

Datasets. We use six public datasets which provide an heterogeneous set of classifica-
tion tasks in terms of number of samples, features and classes. Their characteristics are
summarized in Table 1.
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Datasets shows also different skewness among classes permitting to assess how the
classification system performs when a class is under-represented in comparison to oth-
ers. We deem that such an evaluation is of great extent for several researchers and par-
titioners in machine learning and pattern recognition since this phenomenon very often
occurs in real world classification tasks.

Table 1. Summary of the used datasets

Dataset Number Number Majority Minority Number
of samples of classes class class of features

BRTISS 106 6 20.8% 13.2% 9
DERM 366 6 30.6% 5.5% 33
ECOLI 327 5 43.7% 6.1% 7

FER 876 6 28.1% 7.5% 50
GLASS 205 5 37.0% 6.3% 9

IIFI 600 3 36.0% 31.5% 14

Performance Metrics. To evaluate the performance of a classification systems the most
used performance metrics are the accuracy (acc) and its counterpart, the error rate (1-
acc). The recognition accuracy is defined as:

acc =

∑K
j=1 njj

m
(8)

where njj is the number of elements of class j correctly labeled and m is the total
number of samples in the training set.

Although the accuracy summarizes global information on classifiers performance,
it does not provide any data on the accuracy per class. Such an information is very
useful to assess classification performance when one or more classes are largely under-
represented in comparison to others. This happens in several real world datasets where
samples of classes of interest rarely occurs. As an example, consider a dataset with
five classes where the prior class probabilities are 56%, 24%, 10%, 7% and 3%. In this
case, we should derive a classifier missing all minority class samples, but still achieving
an accuracy equal to 97%. Such a failure can be described by the accuracy per class,
defined as accj =

njj

mj
where mj is the number of samples in class j. Data on accj can

be synthetically reported by the geometric mean of accuracies (g), which is given by:

g =

⎛

⎝
K∏

j=1

accj

⎞

⎠

1
K

(9)

g is a non-linear measure where a change in one of its arguments has a different effect
depending on its magnitude; for instance, if a classifier misses the labels of all samples
in the jth class, it results in accj = 0, and g = 0.
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Experimental Protocol. We test RBS method to solve multiclass tasks in ECOC frame-
work. We apply ECOC using the method proposed by Dietterich et al. [6] for code
generation. In particular, if 3 ≤ K ≤ 7 we use exhaustive codes; if 8 ≤ K ≤ 11
we generate exhaustive codes and then select a good subset of decomposition matrix
columns given by the GSAT algorithm [19].

We test three different types of classifiers, belonging to different classification para-
digms. Therefore, the binary learners are: Adaboost (ADA) as an ensemble of classifiers,
Multilayer Perceptron (MLP) as a neural network and Support Vector Machine (SVM)
as as a kernel machine.

We use as the “Adaboost M1” algorithm proposed in [7], where weak learners are
decision stumps. The number of iteration is equal to 100. The reliabilities of ADA clas-
sifications are estimated using an extension of method [3], where we compute the dif-
ference between the outputs related to winning and losing class.

In the case of MLP, we use a number of hidden layers equal to half of the sum of
features number plus class number. The number of neurons in the input layer is given
by the number of the features. The number of neurons in the output layer is always
two when the MLP is employed as dichotomizer. To evaluate the reliability of MLP
decisions for multiclass classification problems we adopted a method that estimates the
test patterns credibility on the basis of their quality in the feature space [3].

In case of SVM, we use a Gaussian radial basis kernel. Values of regularization pa-
rameter C and scaling factor σ are selected within [1, 104] and [10−4, 10], adopting a
log scale to sample the two intervals. The value of each parameter is selected according
to average performance estimated by five fold cross-validation on a validation set. The
reliability of a SVM classification is estimated as proposed in [16], where the decision
value of the SVM is transformed in a posterior probability.

We compare the proposed reconstruction rule with HMD, LBD, and with the method
proposed in [20], which is referred to as SHI in the following. In this latter case, the
softmax regression defines χ(x) as ψ(x)T � f(x), where f(x) = {fj(x)}Lj=1 collects
the soft labels of the binary classifiers (section 2). Moreover, we use an exponential
loss-function for LBD reconstruction, as suggested in [1].

Furthermore, all experiments reported in the following are performed according to a
five folds cross validation.

5 Results

This section presents the results achieved by the three classifiers on the tested datasets
varying the reconstruction rule used, as reported in section 4.

Tables 2, 3 and 4 report results obtained by ADA, MLP and SVM classifiers. For each
table, the left and right side reports performance measured in term of accuracy and
geometric mean of accuracies, respectively.

Turning our attention to results achieved using the ADA classifier (Table 2), we ob-
serve that RBS globally has larger performance than other methods. Indeed, consider-
ing both the accuracy and the geometric mean of accuracies, RBS shows the largest
values in five out of six datasets. As an example showing the advantage of using RBS,
compare its performance on BRTISS dataset with those achieved by the second best
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Table 2. Values of accuracy (%) and geometric mean (%) for AdaBoost classifier, using HMD,
LBD, SHI and RBS reconstruction rules

Accuracy G mean
Rule Datasets Rule Datasets

BRTISS DERM ECOLI FER GLASS IIFI BRTISS DERM ECOLI FER GLASS WINE

HMD 68.91 97.54 85.94 53.87 68.77 60.02 HMD 27.95 95.30 74.05 0.52 0.00 54.90
LBD 69.72 98.09 74.05 57.64 71.18 66.34 LBD 44.97 97.08 78.90 11.43 0.00 64.69
SHI 87.22 94.79 82.82 60.59 69.36 56.66 SHI 77.75 94.06 59.78 51.50 37.93 54.25
RBS 94.45 98.08 88.12 64.70 74.68 66.50 RBS 92.14 97.47 80.02 53.65 12.76 65.14

method. The differences with SHI in terms of acc and g are 7.23% and 14.39% respec-
tively. Furthermore, it is worth observing g data on the GLASS dataset: only using a
reconstruction rule based on logistic regression will permit to attain a value of g larger
than zero. This means that both HMD and LBD misclassifies all samples of one class,
at least. On the other side, this does not occur for SHI and RBS methods. We also note
that on GLASS dataset SHI recognizes more samples belonging to the minority classes,
while RBS correctly classifies more samples belonging to the majority ones, as shown
by the pairs of acc and g values (i.e. larger acc for RBS and larger g for SHI).

Table 3. Values of accuracy (%) and geometric mean (%) for Multilayer Perceptron, using HMD,
LBD, SHI and RBS reconstruction rules

Accuracy G mean
Rule Datasets Rule Datasets

BRTISS DERM ECOLI FER GLASS IIFI BRTISS DERM ECOLI FER GLASS IIFI

HMD 68.09 98.36 88.06 94.52 71.25 68.84 HMD 13.86 98.40 80.77 92.86 14.94 65.57
LBD 67.17 98.36 88.03 95.32 73.08 70.14 LBD 27.73 98.40 82.02 93.57 14.88 68.67
SHI 92.72 64.19 70.06 45.54 62.27 43.51 SHI 80.00 40.79 53.66 35.15 22.84 35.00
RBS 90.00 99.17 86.88 98.62 76.95 69.31 RBS 80.00 99.10 78.78 98.11 55.68 67.27

Turning our attention to Table 3 reporting results achieved by MLP classifier, we ob-
serve that in terms of acc RBS achieves the best results in three out of six datasets. How-
ever, there is not another prevalent method, since best performance are attained by SHI and
LBD method in one and two datasets, respectively. With respect to g, RBS method shows:
(i) larger performance than other methods on three datasets out of six, (ii) best perfor-
mance on BRTISS dataset which are also equal to those provided by SHI method, (iii)
lower performance than LBD method in the other two cases. As an example, we consider
the GLASS dataset where RBS shows best performance: in case ofacc, the difference with
the second best method (LBD) is 3.77%, while in case of g the difference with respect to
SHIis 32.84%.

Let us now focus on the results obtained by the SVM classifier (Table 4). On the one
side, results measured in terms of accuracy show that RBS performs better than others
methods for all datasets. On the other side, results expressed in terms of g show that
RBS outperforms other methods for all datasets except of the ECOLI. As an example, we
consider the GLASS dataset where we have the largest performance differences between
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Table 4. Values of accuracy (%) and geometric mean (%) for Support Vector Machine, using
HMD, LBD, SHI and RBS reconstruction rules

Accuracy G mean
Rule Datasets Rule Datasets

BRTISS DERM ECOLI FER GLASS IIFI BRTISS DERM ECOLI FER GLASS IIFI

HMD 71.67 96.96 87.75 97.48 63.88 62.50 HMD 40.58 96.60 80.40 96.98 23.34 56.12
LBD 71.58 97.23 87.76 97.60 67.87 67.33 LBD 40.73 96.83 87.86 97.24 36.62 64.89
SHI 84.34 82.74 88.06 92.80 62.66 56.00 SHI 80.00 80.00 81.62 80.00 41.18 25.82
RBS 90.43 99.45 88.98 98.97 77.11 68.00 RBS 80.00 99.47 79.06 99.08 73.36 65.40

RBS and other methods. In this case, the second best method is SHI, but its value of g
is 32.18% lower than the one provided by RBS.

The results reported so far show that RBS method provides performance that are
higher that those provided by other methods in the large majority of tests, regardless
of the classifier architecture. Furthermore, if we do not consider RBS, we observe that
SHI is not the best performing method. These observations suggest us that the introduc-
tion of the reliability in the reconstruction rule has large advantage.

As final issue, we notice that the proposed reconstruction rule provides values of
acc and g that are, together, larger than the corresponding ones of other reconstruction
rules. We deem that this result is relevant since most of the algorithms coping with class
imbalance improve the geometric mean of accuracies harming the global accuracy [21].
Being able to provide larger values of both acc and g implies that RBS improves the
recognition ability on the minority class without, or with a small extend, affecting the
recognition accuracies on majority classes.

6 Conclusion

In this paper we have presented a reconstruction rule providing the final multiclass label
by considering the outputs of binary classifiers addressing the decomposition as a set
of second order features of a new classification problem. This task is solved using the
softmax regression, presented in [20] in case of One-per-Class and Pairwise coupling
decompositions, and here extended to ECOC framework. However, differently from
[20], we introduce the classification reliability in the decision making process and test
the reconstruction rule using also the Adaboost and Multilayer Perceptron classifiers.
Given six heterogeneous datasets, our proposal satisfactory compares with two popular
reconstruction rules as well as with the method proposed in [20].
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