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Abstract. This paper presents three different learning iterative strategies, in a 
multi-expert system. In first strategy entire new dataset is used. In second strat-
egy each single classifier selects new samples starting from those on which it 
performs a misclassification. Finally, the collective behavior of classifiers is 
studied to select the most profitable samples for knowledge base updating. The 
experimental results provide a comparison of three approaches under different 
operating conditions and feedback process. A classifier SVM and four different 
combination techniques were used by considering the CEDAR (handwritten di-
git) database. It is shown how results depend by the iterations on the feedback 
process, as well as by the specific combination decision schema and by data 
distribution. 

Keywords: Feedback-based strategies, Instance Selection, Multi Expert  
Systems. 

1 Introduction 

While in the on-line handwriting recognition temporal and spatial information about 
each stroke is available, in off-line handwriting recognition only the image of the 
written character is used to perform the classification task. Indeed, off-line handwrit-
ing recognition is still considered a difficult problem that is only partially solved. 

It has been observed, in the last few decades, that the accuracy of handwriting cha-
racter recognition can be also improved by multiple expert fusion. The idea is not to 
rely on a single decision making scheme but to use several designs (experts) for deci-
sion making [1, 2, 3]. In fact, the collective behavior of a set of classifiers can convey 
more information that those of each classifier of the set, and this information can be 
exploited for classification aims [4, 5].  

More specifically this paper proposes to select those samples, to be used for retrain-
ing specific experts of the set, misclassified by the multi-expert system [6, 7, 8, 9]. 
This approach is compared to situation in which the entire new dataset is used for 
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learning as well as the case in which specific samples are selected by the individual 
classifier.  

Furthermore at the three standard retraining rules is computed an iteration each on 
the feedback process. A significant decrease in the error rate is reported considering 
the approach feedback-based ME.  

Tests have been performed on the task of handwritten digit recognition, on the 
CEDAR database, by considering different types of features and a state of the art clas-
sifier (Support Vector Machine). Four different combination techniques (Majority Vote, 
Weighted Majority vote, Sum Rule and Product Rule) have been used between abstract 
and measurement level.  It is shown how results depend  by the feedback process, as 
well as by the specific combination decision schema and by data distribution. 

The paper is organized as follows: Section 2 presents an overview of retraining 
rules and the different strategies feedback-based. Experiments and results are in Sec-
tion 3 and 4, respectively. Section 5 reports a discussion and the conclusion of the 
work. 

2 Learning Strategies 

2.1 Related Work 

When new labeled data became available, the following fundamental question arises: 
“how to use new data?”. The simplest thing is probably to use the entire new set to 
update the knowledge base of each expert in the system, already trained and in its 
working phase.  On the other hand, many interesting algorithms can be adopted in 
order to select (or focus the attention on) specific samples. 

In particular, the algorithm AdaBoost [10, 11] is able to improve performance of a 
classifier on a given data set by focusing the learner attention on difficult instances. 
Even if this approach is very powerful, it works well in the case of weak classifiers, 
moreover not all the learning algorithms accept weights for the incoming samples. 
Another interesting approach is the bagging one: a number of weak classifiers trained 
on different subset (random instance) of the entire dataset are combined by means of 
the simple majority voting [1, 2]. Bagging and AdaBoost algorithms are adapted  
when considering a single classifier but applied to a ME system, them performance 
are boosted [12]. 

From these observations, specific strategies are depicted in the next paragraph tak-
ing into account of a multi-expert system that works in supervised learning. 

2.2 Selecting Instances 

Let be: 

• jC , for j=1,2,…,M, the set of pattern classes; 

• { }KkxP k ,...,2,1| == , a set of pattern to be feed to the Multi Expert (ME) 

system. P is considered to be partitioned into S subsets P1,P2,…,Ps,…,PS, being 
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Ps={xk∈P | k∈[Ns⋅(s-1)+1, Ns⋅s]} and Ns=K/S (Ns integer), that are fed one after 
the other to the multi-expert system. In particular, P1 is used for learning only, 
whereas P2, P3,…,Ps,…,PS are used both for classification and learning (when ne-
cessary); 

• Ω∈sy , the label for the sx  pattern, { }MCCC ,...,, 21=Ω ; 

• iA  the i-th classifier for N,1,2,i …= ; 

• (k))F, (k), F, (k), F(k),(F(k)F Ri,ri,i,2i,1i ……=  the feature vector used by Ai 

for representing the pattern Pxk ∈  (for the sake of simplicity it is here assumed 

that each classifier uses R real values as features); 

• ( )kKBi , the knowledge base of iA  after the processing of kP . In particular 

( ) ( ) ( ) ( )( )kKBkKBkKBkKB M
iiii ,...,, 21= ; 

• E  the multi expert system which combines iH
 
hypothesis in order to obtain the 

final one. 

In first stage (s=1), the classifier Ai is trained using the patterns xk∈P*i=P1. 
Therefore, the knowledge base KBi(s) of Ai is initially defined as:  

KBi(s)=(KB1
i(s),KB2

i(s),…,KBj
i(s),…,KBM

i(s))                       (1a) 

where, for j=1,2,…,M: 

KBj
i(s)=(Fj

i,1 (s),Fj
i,2 (s),…, Fj

i,r (s),…, Fj
i,R (s))                     (1b) 

being Fj
i,r (s) the set of the r-th feature of the i-th classifier for the patterns of the class 

Cj that belongs to P*
i. 

Successively, the subsets P2,P3,…,Ps,…,PS-1 are provided one after the other to the 
multi-classifier system both for classification and for learning. PS is just considered to 
be the testing set in order to avoid biased or too optimistic results. When considering 
new labeled data (samples of P2,P3,…,Ps,…,PS-1), a naïve and two not naïve strategies 
can be used. 

The naïve strategy uses all the available new patterns to update the knowledge base 
of each individual classifier: 

•  ist KBupdatePx _:∈∀  (2) 

Of course, in order to select patterns from Ps to train iA , in the first strategy (not 

naïve) iA  is updated by considering all misclassified samples: 

• ( ) ittist KBupdateyxAPx _:' ≠∋∈∀                (3) 
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The second approach (not naïve) is derived from AdaBoost and bagging. iA  is up-

dated by considering all its misclassified samples if and only if these produce (or 
contribute to) a misclassification of the ME: 

• ( ) ( )( ) ittttist KBupdateyxEyxAPx _:' ≠∧≠∋∈∀             (4) 

In order to inspect and take advantage of the common behavior of the ensemble of 
classifiers, the following simple strategy is evaluated and compared to the previous 
two. 

3 Experiments 

3.1 CEDAR Database 

In the experimental session, a multi-expert system for handwritten digit recognition 
has been considered [6, 8] and the CEDAR Database of handwritten digits has been 
used  [13]. In this case P={xk | k=1,2,…,20351} (classes from “0” to “9”).  

The DB has been initially partitioned into 6 subsets: 

• P1={x1,x2,x3,…, x12750}, 
• P2={x12751,…, x14119},  
• P3={x14120,…, x15488},  
• P4={x15489,…, x16857},  
• P5={x16858,…, x18223},  
• P6={x18224,…, x20351}. 

In particular, P1∪P2∪P3∪P4∪P5 represent the set usually adopted for training when 
considering the CEDAR DB. P6 is the testing dataset. Each digit is zoned into 16 uni-
form (regular) regions [14, 15], successively, for each region, the following set of 
features have been considered [16, 17, 18, 19]: 

F1: features set 1 (geometric features): hole, up cavity, down cavity, left cavity, 
right cavity, up end point, down end point, left end point, right end point, crossing 
points, up extrema points, down extrema points, left extrema points, right extrema 
points; 

F2: features set 2 (contour profiles): max/min peaks, max/min profiles, max/min 
width, max/min height; 

F3: features set 3 (intersection with lines): 5 horizontal lines, 5 vertical lines, 5 slant 
-45° lines and 5 slant +45° lines.  

3.2 Setup 

The classifier used for the experimentation is a SVMs (Support Vector Machines). 
This is a classifier that separates a given set of binary labeled training data with a 
hyper-plane that is maximally distant from them. For no linear separation, SVM can 
work in combination with the technique of “kernels”, that automatically realizes a 
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non-linear mapping to a feature space. Here, for multi-class recognition, more binary 
SVM are performed and the kernel function adopted is the rbf gamma [3]. 

Also many approaches have been considered so far for classifiers combination. 
These approaches differ in terms of type of output they combine, system topology and 
degree of a-priori knowledge they use [1,2,3]. The combination technique plays a 
crucial role in the selection of new patterns to be feed to the classifier in the proposed 
approach. In this work the following decision combination techniques have been con-
sidered and compared: Majority Vote (MV), Weighted Majority Vote (WMV), Sum 
Rule (SR) and Product Rule (PR). MV just considers labels provided by the individu-
al classifiers, it is generally adopted if no knowledge is available about performance 
of classifiers so that they are equal-considered. The second approach can be adopted 
by considering weights related to the performance of individual classifiers on a spe-
cific dataset. Given the case depicted in this work, it seems to be more realistic, in fact 
the behavior of classifiers can be evaluated, for instance, on the new available dataset. 

In particular, let iε  be the error rate of the i-th classifier evaluated on the last availa-

ble training set, the weight assigned to 

 is, )/1log( iiw β=  being )1/( iii εεβ −=   (5) 

Sum Rule (SR) and Product Rule (PR) take into account the confidence of each indi-
vidual classifier given the input pattern and the different classes [1]. Before the com-
bination, confidence values provided by different classifiers were normalized by 
means of Z-score [20, 21]. 

4 Experimental Results 

This section presents the results in terms of both error rate percentage (ER) and num-
ber of selected samples (SS), for each different learning strategies, obtained using 
binary images on CEDAR database. We combined, adopting a multi-expert system, 
the three set of features (F1, F2 and F3) and a classifier SVM. Values of the similarity 
index (SI) [22, 23] are reported in the last row of each table. 

 The label “X-feed” refers to the use of the X modality for the feedback training 
process: “All” is the feedback of the entire set, “C” is feedback at classifier level. 
“MV”, “WMV”, "SR", "PR" are feedback at ME level adopting, respectively, the 
majority vote, the weighted majority vote, the sum rule and the product rule schema.  

Tables 1, 2 and 3 show results related to the use of SVM classifier. The three set of 
features F1, F2 and F3 are represented here as: SVM1, SVM2 and SVM3. P1 is used for 
training and P6 for testing. P2∪P3∪P4∪P5 is used for feedback learning. The first col-
umn (No-feed) reports results related to the use of P1 for training and of P6 for testing, 
without applying any feedback (0 Selected Samples), while the approach All-feed 
uses all samples belonging to the new set in order to update the knowledge base of 
each single classifier (All Selected Samples). Depending by the combination tech-
nique, a specific strategy can outperform the others. More specifically, applying two 
iterations in the feedback process, WMV-feed, SR-feed and PR-feed, respectively, an 
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improvement of 0,05%, 0.09% and 0,05% compared to the use of the entire new data-
set (All-feed), while for WMV-feed and SR-feed, respectively, an improvement of 
0,10% and 0,09% compared to the use of the feedback at single expert level. While, 
iterating the feedback process in three steps, MV-feed, WMV-feed and SR-feed, re-
spectively, improvement of 0.14%, 0.05% and 0.09% compared to All-feed and only 
SR-feed improvement of 0.04% compared to C-feed.  

Finally using the feedback-based strategies at ME level, it is of interest the fact that 
a very restricted subset of samples are selected for retraining. 

Table 1. SVM, Feedback - P2∪P3∪P4∪P5, One Iteration 

 No-feed C-feed MV-feed WMV-feed SR-feed PR-feed All-feed 
 ER ER SS ER SS ER SS 

93 
117 
124 

ER SS
76 
91 
69

ER SS
64 
72 
52

ER SS 
SVM1 2.94 2.82 335 3.01 143 3.01 2.96 2.96 2.92 5466 
SVM2 8.37 8.13 572 8.36 167 8.55 8.22 8.22 7.79 5466 
SVM3 4.09 4.35 225 4.46 124 4.46 4.18 4.18 4.23 5466 
MV 2.54 2.49 2.35 X X X 2.58 

1.74 
1.41 
1.17 

91.55 

WMV 1.69 1.83 X 1.79 X X 
SR 1.46 1.41 X X 1.36 X 
PR 1.22 1.17 X X X 1.22 
SI 91.29 91.30 90.98 90.91 91.32 91.24 

Table 2. SVM, Feedback - P2∪P3∪P4∪P5, Two Iterations 

 No-feed C-feed MV-feed WMV-feed SR-feed PR-feed All-feed 
 ER ER SS ER SS ER SS 

327 
283 
295 

ER SS 
197
221
181

ER SS 
159
171
174

ER SS 
SVM1 2.94 2.82 642 3.05 327 2.87 3.01 3.01 2.68 10932 
SVM2 8.37 8.32 988 8.46 418 8.36 8.41 8.60 7.47 10932 
SVM3 4.09 4.23 1127 4.37 430 4.37 4.51 4.37 4.14 10932 
MV 2.54 2.54 2.63 X X X 2.54 

1.69 
1.50 
1.27 

92.04 

WMV 1.69 1.74 X 1.64 X X 
SR 1.46 1.50 X X 1.41 X 
PR 1.22 1.22 X X X 1.22 
SI 91.29 91.29 91.02 91.12 90.99 90.85 

Table 3. SVM, Feedback - P2∪P3∪P4∪P5, Three Iterations 

 No-feed C-feed MV-feed WMV-feed SR-feed PR-feed All-feed 
 ER ER SS ER SS ER SS 

425 
366 
391 

ER SS 
254
287
299

ER SS 
204
217
228

ER SS 
SVM1 2.94 2.96 879 3.10 427 2.96 2.96 3.05 2.87 16398 
SVM2 8.37 8.04 1296 8.55 552 8.60 8.79 8.88 7.85 16398 
SVM3 4.09 4.23 1616 4.51 574 4.32 4.61 4.51 4.37 16398 
MV 2.54 2.54 2.63 X X X 2.77 

1.79 
1.55 
1.17 

91.57 

WMV 1.69 1.74 X 1.74 X X 
SR 1.46 1.50 X X 1.46 X 
PR 1.22 1.22 X X X 1.27 
SI 91.29 91.35 90.85 91.02 90.68 90.66 
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Figures 1, 2 and 3 represent the performances of the tables: Table 1,  Table 2 and 
Table 3, respectively, show that in any case a combination technique exists that defi-
nitively outperforms the other two approaches, adopting an iteration on the feedback 
process. 

In particular, the strategy WMV-feed, after two iterations on the feedback process, 
reduces the error rate both compared to one iteration and three iterations, respectively, 
of 0.15% and 0.10% and respect to other two feedback-based strategies C-feed and 
All-feed.  

 

Fig. 1. SVM, Feedback - P2∪P3∪P4∪P5,  One Iteration 

 

Fig. 2. SVM, Feedback - P2∪P3∪P4∪P5,  Two Iterations 
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Fig. 3. SVM, Feedback - P2∪P3∪P4∪P5,  Three Iterations 

5 Discussion and Conclusion 

This paper provides a comparison of three iterative learning strategies for multi-expert 
systems, when new labeled data become available. More precisely, the feedback-
based strategies are used to the optimal way in which new selected samples must be 
used to update the knowledge base of the individual classifiers. For the purpose, four 
different combination techniques between abstract and measurement level strategies 
have been investigated under different operating conditions. 

The experimental results have shown that performance of feedback-based training 
strictly depend by the iteration on the feedback process, by the combination strategy 
of the ME, but also by the data distribution and the similarity between samples in the 
feedback set and samples of the testing set. In particular, the not naïve strategy pro-
posed in this paper (see eq. (4)) is able to select not only samples to be used for the 
updating process, but also the classifiers (see eq. (5)) to which those samples must be 
feed. Of course, considering initially trained classifiers, the multi-expert will return 
few instances for the retraining process if the classification performances on new data 
available are high. This can happen depending by performances of classifiers, by 
iterations on the feedback process as well as by the ratio new/old data. Especially, 
given a specific classifier, the difference between the confidence value in the case of 
misclassification and in the case of correct one could be imputed to the fact that the 
specific classifier (features, matching technique, etc.) is unable to represent it, and no 
improvements would be obtained by introducing the new sample in the knowledge 
base. This is particularly true under the assumption that strong (not weak) classifiers 
are used. Finally, the result shown that also when the cardinality of the new selected 
training set is negligible if compared to that of the initial training set, the feedback 
strategy is able to produce improvements. 
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Future work will inspect deeply the possibility of evaluate the approaches on the 
task of semi-supervised learning as well as in unsupervised learning [24, 25, 26]. 
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