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Abstract. This paper introduces a novel method for inferring spatially
varying regularisation in non-rigid registration. This is achieved through
full Bayesian inference on a probabilistic registration model, where the
prior on transformations is parametrised as a weighted mixture of spatially localised components. Such an approach has the advantage of allowing the registration to be more ﬂexibly driven by the data than a
more traditional global regularisation scheme, such as bending energy.
The proposed method adaptively determines the inﬂuence of the prior
in a local region. The importance of the prior may be reduced in areas
where the data better supports deformations, or can enforce a stronger
constraint in less informative areas. Consequently, the use of such a spatially adaptive prior may reduce the unwanted impact of regularisation
on the inferred deformation ﬁeld. This is especially important for applications such as tensor based morphometry, where the features of interest
are directly derived from the deformation ﬁeld. The proposed approach
is demonstrated with application to tensor based morphometry analysis
of subjects with Alzheimer’s disease and healthy controls. The results
show that using the proposed spatially adaptive prior leads to deformation ﬁelds that have a substantially lower average complexity, but which
also provide more accurate localisation of statistical group diﬀerences.

1

Introduction

Non-rigid image registration is an important tool for analysing morphometric
diﬀerences in subjects with pathology, such as Alzheimer’s disease (AD), from
healthy controls using structural magnetic resonance (MR) images of the brain.
However, non-rigid registration is an ill-posed problem. The ambiguity in intensity matching makes it infeasible for the data alone to provide a unique voxelwise
mapping. Instead, a reasonable mapping between images is sought after, which
maximises the similarity of appearance whilst maintaining a plausible deformation. This is achieved through the use of regularisation, which constrains the
magnitude and smoothness of the deformation.
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Tensor based morphometry (TBM) uses non-rigid registration to describe
morphological diﬀerences [1]. TBM involves analysing the Jacobian tensor of
deformation ﬁelds, which are derived through the registration of a population of
images to an atlas. TBM oﬀers a whole brain approach to statistical analysis, and
has the potential to extract rich features that accurately summarise anatomical
diﬀerences. A limitation of TBM is that the inferred morphological features
suﬀer from a dependence on the registration algorithm, and its parametrisation.
In particular, the choice of the form and scale of regularisation has a strong
impact on the deformation ﬁeld. This paper proposes a novel spatially adaptive
regularisation model and inference scheme that helps to alleviate this issue.
Regularisation can be thought of as a prior on the set of expected deformations. Commonly, these priors have a physical interpretation e.g. bending energy,
ﬂuid or linear elasticity. However, these models are most commonly described
as having the same level of eﬀect across the image. This assumption may be
unreasonable, as diﬀerent regions of the image contain diﬀerent amount of information. Uninformative, or noisy image areas should be strongly inﬂuenced by
the priors, whereas feature rich regions should be given more freedom. Furthermore, the level of anatomical mis-correspondence is also likely to vary across
space, and some regions may require more complex deformations than others.
Previous work on the use of spatially varying regularisation includes approaches that vary across diﬀerent segmented regions [2][3][4]. More data driven
approaches include the anisotropic smoothing of image similarity gradients,
according to image information [5]. These approaches are somewhat ad-hoc,
as the overall scale of the regularisation and data ﬁdelity needs to be deﬁned
a-priori. Risholm et al. [6] present a Bayesian inference scheme that allows the
linear elastic parameters to be inferred spatially. However, the vast computational complexity of the inference scheme limits its general application.
This paper proposes a model and tractable Bayesian inference strategy that
allows spatially varying regularisation. Registration is described as a probabilistic model, with a transformation prior that is parametrised by a set of hyperparameters. Each hyper-parameter inﬂuences a spatially localised region of the
prior. Through the use of full Bayesian inference, the hyper-parameter weights
can be inferred alongside the transformation. This allows the eﬀects of the prior
to be spatially adaptively determined depending on the images being registered.
The novelty of this work lies in the inference of spatially varying regularisation for non-rigid registration. This model is demonstrated for TBM using
subjects with AD and healthy controls. The proposed method out-performs either an adaptive, or ﬁxed strength global regularisation model in terms of feature
localisation, and provides deformation ﬁelds with more reasonable complexity.

2
2.1

Method
Model

Image registration can be described probabilistically using a generative model,
where it is assumed that the target image, y, can be generated from a source
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image, x, when it is deformed according to some transformation model. Here,
t(x, w) is the transformed source image, where w parametrises the transformation. In this work the cubic B-spline is used as the transformation model and w
refers to the displacements of the B-spline control points.
This model includes a noise term, e, that describes the accuracy of model ﬁt.
Here, e is assumed to be independently and identically distributed across voxels,
and follows a Normal distribution, e ≈ N (0, Iφ−1 α). I is an identity matrix
the size of the number of voxels, Nv and φ corresponds to noise precision. The
intensities of the residual image are not truly independent, as they feature a level
of spatial covariance. This is compensated for by α, which is a virtual decimation
factor [7]. The full generative model is therefore given as: y = t(x, w) + e.
2.2

Priors

Prior information can be used to constrain the parameters of the model. The
noise in model ﬁt, φ, is well deﬁned by the data, so an uninformative Gamma
prior is used, φ = Ga(a0 , b0 ). However, the transformation parameters, w, require a more informative constraint, and ought to encourage smooth and small
deformations, unless adequately justiﬁed by the data.
A prior on w can be described using a multivariate Normal distribution,
P (w) = N (0, Σ). Here, the mean of the prior is 0, which represents the identity transformation. Σ describes the expected variance, and covariance of the
transformation parameters. This deﬁnition allows the speciﬁcation of complex
and ﬂexible priors. Commonly, bending, or linear elastic energy priors have been
encoded in such a form [8]. Conversely, weakly informative constraints could also
be encoded, such as the magnitude of the deformation parameters (L1 norm).
In this work, we adopt an approach similar to the multiple sparse priors (MSP)
of Friston et al. [9], which was demonstrated for the M/EEG inverse problem.
The MSP method was chosen as it allows a ﬂexible deﬁnition of prior components. In this approach, the prior covariance
n matrix is deﬁned as a weighted
mixture of covariance components: Σ = i λi Σi , where λi corresponds to the
weight and Σi is a spatially localised prior component.
The prior components are derived from sparsely sampled columns of a spatial
coherence prior, G. Here, G is a squared exponential Gaussian process prior, and
can equivalently be considered a Green’s function of a discrete diﬀusion process
deﬁned on a transformation parameter adjacency matrix, A. G is deﬁned as:
4 i
G(σ) = exp(σA) ≈ i σi! Ai , where Ai,j is 1 where the parameters are adjacent,
and 0 everywhere else. The parameter σ controls the local coherence between
nearby transformation parameters. This approximation to the Green’s function
only accounts for 4th order neighbouring transformation parameters, allowing
priors with compact spatial support.
A given prior component, i, is deﬁned as: Σi = qi qiT , where qi corresponds
to the sampled column from G(σ). In the present model, each prior component,
Σi , controls the variance of one control point displacement in a direction, and
the covariance with nearby control points. The scale of this variance/covariance
is dictated by its control parameter λi , which is inferred from the data. In the

A Bayesian Approach for Spatially Adaptive Regularisation

13

present model, there is a uniform prior on λi and {λ} = {λ1 , λ2 , ..., λNc }, where
Nc is the number of transformation parameters.
2.3

Inference

Numerical integration approaches are computationally prohibitive in problems
with many parameters. For this reason, variational Bayes [10] (VB) was chosen
as the inference strategy. VB allows tractable full Bayesian inference, and has
been demonstrated for use in high resolution non-rigid registration [7].
VB approximates the posterior distribution of model parameters as parametric distributions. In this work, mean-ﬁeld VB provides the inference, hence the
posterior distribution on the model parameters is approximated as:
P (w, φ, λ|y) ≈ q(w, φ, {λ}) ≈ q(w)q(φ)

n


q(λi )

(1)

i

The functional forms of the approximate posterior distributions are constrained
to be conjugate to the priors, and are given as: q(w) = N (w; μ, Υ) and
q(φ) = Ga(φ, a, b). Where a single global λ is used, this can also be described as
a Gamma distribution. In this work, only point estimates are obtained for {λ}.
Subject to these approximations, the Bayesian cost function is the negative
variational free energy, F . F is a sum of the marginal log-likelihood, with respect to the approximate posterior parameter distributions, and the KullbackLeibler divergence between the prior and posterior distributions. Maximising F
minimises the distance between the approximate and the true posterior distributions. Through the calculus of variations, analytic updates can be found for
the parameters of the approximate posterior distributions q(w) and q(φ):


(4)
μnew = Υ αφ̄JT (Jμold + k)
Υ = (αφ̄JT J + Σ−1 )−1 (2)
Nv α
1
1
1
(3)
b = b0 +
+ α(kT k + Trace(ΥJT J)) (5)
=
2
a
a0
2
where J is the matrix of ﬁrst order partial derivatives of the transformation
parameters with respect to the transformed image t(x, μold ). μold and μnew describe the previous and new estimates of the mean transformation parameters.
k is the vector representing the residual image y − t(x, w). Υ is the estimated
posterior covariance matrix of w. φ̄ is the expectation of the estimated noise
precision.
Inferring the Spatial Prior. Point estimates of {λ} are optimised with respect
to F . The terms of F that relate to Σ are given below:
F=


1
− log |Σ| − Trace(ΥΣ−1 ) − μΣ−1 μ + const{Σ}
2

(6)
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As λ only directly inﬂuences Σ, the derivative of F with respect to each local
regularisation control parameter, λi , can therefore be expressed as:

∂Σ−1
1
∂F
∂Σ−1
∂Σ−1
=
μ
(7)
+ Trace Σ
− μT
−Trace Υ
∂λi
2
∂λi
∂λi
∂λi
−1

−1
where ∂Σ
λi Σi Σ−1 . The Bayesian cost function optimises λ to bal∂λi = −Σ
ance three components: The ﬁrst trace term prefers the prior to be similar to the
posterior covariance, Υ. The second trace term reduces the variance of the prior.
The ﬁnal term reduces the penalisation of the distance of μ from the identitiy
transformation. The step size along λFi is chosen such that the mean change in
Σ is equivalent to the change given by optimising a global λ using VB [7]. The
parameters q(w), q(φ) and {λ} are alternately optimised to ﬁt the model. {λ}
is initialised to give a prior transformation variance of 5mm.

3

Materials

170 structural MR images acquired on a 3T scanner were taken from the ADNI21
database. 85 of these subjects suﬀered from AD, the other 85 are healthy controls (HC). These subjects were chosen based on the 85 currently available AD
subjects in ADNI2, and the ﬁrst 85 HC ranked numerically based on subject ID.

4

Experiments

4.1

Groupwise Atlas Construction

All subjects were initially rigidly registered to the MNI 152 atlas, and averaged.
This was used as a starting point for an iterative groupwise average [11]. The
atlas creation process consisted of 5 iterations of aﬃne registrations, and 5 iterations of non-rigid registrations. All the non-rigid registrations were run in a
hierarchical scheme, and the ﬁnal B-spline knot spacing was 10mm.
The groupwise image was created using a ﬁxed level of bending energy regularisation at each multi-resolution level, and the same groupwise atlas was used
in all experiments to enable direct comparison between methods.
4.2

TBM Registrations

Each image was aﬃnely registered with nine degrees of freedom (rigid + scale
in each direction) to account for global brain size. The TBM feature data was
created by non-rigidly registering each subject to the atlas space. Three methods
are compared: One with a ﬁxed regularisation registration strategy, using the
same parametrisation as that used to create the groupwise atlas. An approach
with a globally adaptive level of bending energy, and the proposed spatially
adaptive prior. All the registrations were run to a 10mm knot spacing.
1
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Fig. 1. An example registration from a target subject, who suﬀers from AD, to the
groupwise atlas. The log Jacobian maps show red for regions with expansion greater
than 0.5, and blue for contraction. The right hand image shows the magnitude (summed
over directions) of the prior variance at each control point overlayed on the atlas.

Once the registrations have been performed, the logarithm of the voxelwise
determinant of the Jacobian map is calculated. This provides a measure of local
expansion or contraction. These images were input to a general linear model,
using age as a regressor, and t-tests were used to evaluate statistical diﬀerence
between subject groups. The Jacobian maps were not smoothed prior to analysis.
All the analysis was performed using tools from the FSL library2 .

5

Results

An example registration using the proposed spatially adaptive prior is shown
in Figure 1. As can be seen, using a ﬁxed level of bending energy imposes unnecessary spatial smoothness in the deformation ﬁeld, and contraction of the
thalami is not visible. unlike with the proposed method. Furthermore, the proposed prior provides a lower average deformation magnitude, 2.02mm as opposed
to 3.01mm. The map of the prior variance magnitude shows larger deformations
are permitted in the region surrounding the ventricles, and the posterior cortical
regions.
Figure 2 shows test statistics from the GLM analysis. The use of spatially
varying regularisation provides features that are better localised, and therefore
more interpretable. Conversely, the use of a global prior enforces a smoothness
scale on the obtained deformation features, rather than adapting to the local
scale of morphological diﬀerence that are indicated by the data.
The proposed regularisation model leads to substantially smaller deformations, as illustrated in Figure 3. As Figure 1 and 2 show that the pathological
regions are being deformed, this indicates a reduction in unrelated deformations.
Global regularisation models encourage deformations with global smoothness.
The local adaptivity of the proposed method can be illustrated by the standard
deviation of the harmonic energy (squared Frobenius norm of the deformation
2
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Fig. 2. T-test statistics from the GLM analysis. Red corresponds to expansion in the
AD population vs. HC, and blue contraction. The use of bending energy to regularise
the registration led to over-smoothed statistics, where the actual region of change is
hard to identify. The use of a spatially varing prior better localises the eﬀects. In
particular: the expansion of CSF surrounding the hippocampus, and contraction of the
thalami and putamen.

Fig. 3. Boxplot of the average deformation magnitude and the standard deviation of
the harmonic energy of the inferred deformation ﬁelds across the registrations. The use
of a spatially adaptive prior infers much smaller average deformations. The increased
standard deviaition of the harmonic energy when using a spatially adaptive prior indicates that the smoothing inﬂuence of the regularisation is adaptively varied across the
image. The reduction in the strength of the prior in regions with strong information
enables the capture of deformations at a data-driven scale.

A Bayesian Approach for Spatially Adaptive Regularisation

17

Jacobian). This metric describes the irregularity of a deformation. In Figure 3
the spatially adaptive prior is demonstrated to allow the smoothness of the
deformation greater variability across the image.

6

Discussion and Conclusions

Spatially adaptive regularisation has been demonstrated to provide better localisation of features in tensor based morphometry. The use of a more ﬂexible prior
results in deformation ﬁelds that have smaller deformations, than those obtained
using a global regularisation scheme.
The current implementation requires the numerical inverse of the matrices
Σ and Υ−1 , which is the computational bottleneck of the approach. This is
improved by separating the matrices in terms of deformation directions, which
means only an inverse of a symmetric matrix of size N3c is required. These inverses
could be improved through the use of a Cholesky decomposition, where the
inverse could be updated rather than recalculated.
Alternative forms of prior components could be experimented with. This
would require no changes to the inference stratergy, and the optimal form of
prior components could potentially be evaluated using Bayesian model comparison.
This paper has proposed a model and inference scheme for spatially varying
regularisation in registration. This has been shown to improve the localisation
of features in TBM, and provides deformation ﬁelds where the complexity is
adaptively driven by the data. Future work includes extending this model to
allow spatially varying noise estimates. The eﬀects of the spatially adaptive
prior on registration uncertainty will also be subject to further investigation.
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