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Abstract. A salient feature is a part of the scene that stands out relative to neighboring items. By that we mean that a human observer
would experience a salient feature as being more prominent. It is, however, important to quantify saliency in terms of a mathematical quantity
that lends itself to measurements. Diﬀerent metrics have been shown to
correlate with human ﬁxations data. These include contrast, brightness
and orienting gradients calculated at diﬀerent image scales.
In this paper, we show that these metrics can be grouped under transformations pertaining to the dihedral group D4 , which is the symmetry
group of the square image grid. Our results show that salient features
can be deﬁned as the image features that are most asymmetric in their
surrounds.
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1

Introduction

We are frequently surprised by the diﬀerence between what we observe in our
visual world and the observations of others around us. Commonly, we think of
these diﬀerences as a product of our varying personalities or interests, i.e., we
notice what we think of or like. The fact that we observe diﬀerent visual realities can, however, be explained in a diﬀerent manner—we are selective because
our brains are limited. In other words, we are selective because our brains do
not process all the visual information that surrounds us. In this view, which is
supported by psychophysical experiments [1–4], visual selection, or attention, is
an information reduction method.
Mathematically, information reduction methods start with a process of identifying the most important aspects of the data, i.e., the parts of the data that
cannot be disregarded. As an example both factor analysis and principal component analysis are based on the idea that multi-dimensional data can be represented with a set of limited bases that account for them with limited information
loss [5, 6]. Based on this mathematical analogy we might wonder how the reduction of visual information is achieved.
In the literature, two main methods have been proposed: Top-down, also
know as attention, and bottom-up or pre-attention visual information reduction
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[1, 7–13]. As an example of top-down we might consider the problem of locating
an item such as the red book on the bookshelf. Here our visual system would be
trying to quickly browse the scene, disregarding any other color. As such, topdown visual reduction is task-driven and voluntary, where we would be looking
for an aspect in the scene that matches a mental representation. Bottom-up
methods on the other hand are involuntary, faster than top-down and not taskdriven. Instead they are driven by the identiﬁcation of a new, unknown, visual
experience. The question that arises in bottom-up approaches is: How do we
reduce the visual data of an arbitrary scene?
Most of the bottom-up, pre-attention models share the same basic elements.
The basic assumption is that the diﬀerent regions of the visual information ﬁeld
diﬀer in their visual content. Based on that, an area of the scene that is clearly
diﬀerent from its surround, salient, is thought to represent an anchor point for
data reduction. In other words, the visual reduction task is similar to statistical
methods such as principal component analysis, where the most salient features
of the scene represent the set of bases around which the rest of the scene is
arranged. To measure the diﬀerence between a center and its surround, a number
of stimulus characteristics have been proposed. These include color diﬀerence,
contrast and orientation. For a given scene, these diﬀerences are measured and
the results stored in so-called feature maps which are then combined in a socalled saliency map.
While salient feature detection algorithms are progressively more eﬃcient at
predicting where a person might look under free viewing conditions, the actual
deﬁnition of a salient feature and thereby the mechanism of selecting such regions
is still debatable. Generally, a salient feature is deﬁned as a region in the scene
that is diﬀerent from its surround. The nature of this diﬀerence is, however,
loosely deﬁned. As previously mentioned, the diﬀerence is measured in terms of a
number of metrics pertaining to contrast and gradients or orientation at diﬀerent
spatial scales commonly implemented by means of image pyramid decomposition.
The question addressed in this paper is mathematical, namely, we ask if the
diﬀerences used in estimating the level of saliency at a given scene location can
be grouped in a uniﬁed mathematical deﬁnition. By examining the metrics used
to construct the feature maps, we observe that all can be accounted for by transformations described by the dihedral group D4 . This is the symmetry group of
the square image grid and includes two types of symmetries, i.e., rotation and
reﬂection. The transformations deﬁned by D4 have exhibited immense power in
image processing operations including image compression, denoising, and indexing [14–18].
To test the usefulness of the dihedral group in describing salient image features, we constructed a saliency map based on seven elements of D4 , namely,
rotation by 90, 180 and 270 degrees and reﬂection about the horizontal, vertical
and two diagonal axes. These transformations were performed on the blocks obtained by decomposing the image into square regions. The results at the higher
and lower scales of image were calculated and stored in separate feature maps
(details in the theory section). Finally, the feature maps were grouped into a
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saliency map in linear manner, i.e., without the use of center surround operations. Having done that, we evaluated the correspondence between the proposed
saliency map and human ﬁxations data. Our results show that a saliency map
derived based on the transformations of the dihedral group D4 matches well
with human ﬁxation data, and has very high correspondence with the existing
saliency map.
Based on these results and the knowledge that the D4 transformations represent a mathematical measure of symmetry, we conclude with the hypothesis
that a salient image feature is a part of the scene that is highly asymmetric
compared to its surround and the more asymmetric a feature is the more salient
it is. This hypothesis is strengthened by the knowledge that the transformations
of D4 are extremely fast. This latter aspect of the operations is in agreement
with the knowledge that bottom-up operations are fast, in the order of 25 to 50
ms [10].
The rest of this article is organized as follows: In Section 2, we discuss the
theory behind the dihedral group D4 and the implementation of the proposed
algorithm, in detail. In section, we examine the results obtained from the evaluation of saliency algorithms.

2
2.1

Theory
Mathematical Background

Mathematically, the symmetries of geometric objects can be deﬁned by group
theory, and in particular the symmetries of the square are encoded in the dihedral
group D4 . In this section we brieﬂy deﬁne and describe this group and then show
how it can be applied to detect asymmetry in an image.
The Group D4 . A group is a set G together with a binary operation ∗ on its
elements. This operation ∗ must behave in a very speciﬁc way:
i) G must be closed under ∗, that is, for every pair of elements g1 , g2 in G we
must have that g1 ∗ g2 is again an element in G.
ii) The operation ∗ must be associative, that is, for all elements g1 , g2 , g3 in G
we must have that
g1 ∗ (g2 ∗ g3 ) = (g1 ∗ g2 ) ∗ g3 .
iii) There is an element e in G, called the identity element, such that for all
g ∈ G we have that
e ∗ g = g = g ∗ e.
iv) For every element g in G there is an element g −1 in G, called the inverse of
g, such that
g ∗ g −1 = e = g −1 ∗ g.
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Groups appear in many places in mathematics. For instance, the integers form
a group with the operation +, and the real numbers become a group under
multiplication. We see that a group has just enough structure that every equation
of the form g1 ∗ x = g2 , where g1 and g2 are elements of G, has a unique solution
x = g2 ∗ g1−1 in G. For a good introduction to group theory, see [19].
In this paper we are interested in D4 , the symmetry group of the square.
This group has eight elements, four rotational symmetries and four reﬂection
symmetries. The rotations are 0◦ , 90◦ , 180◦ and 270◦, and the reﬂections are
deﬁned along the four axes shown in Figure 1. We refer to these elements as
σ0 , σ1 , . . . , σ7 . Note that the identity element is rotation by 0◦ , and that for
each element there is another element that has the opposite eﬀect on the square,
as required in the deﬁnition of a group. The group operation is composition of
two such transformations. As an example of one of the group elements, consider
Figure 2, where we demonstrate rotation by 90◦ counterclockwise on a square
with labeled corners.

Fig. 1. The four axes of reﬂection symmetries of the square
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Fig. 2. Rotation of the square by 90◦ counterclockwise

The Average Asymmetry Matrix. The elements of D4 can be viewed as
transformations that act on a square. Such an action on a set which respects
the group operation is called a group action on the set. We will not deﬁne this
formally here, just note that this means that we can deﬁne the action of D4 on
the entries of a real square matrix in a natural way by letting the group elements
rotate or reﬂect the entries according to the corresponding group elements. We
will denote such an action by σi M , where σi is the element of D4 acting on a
square matrix M .
Let M be an n×n-matrix and σi some element of D4 . We deﬁne the asymmetry
of M by σi , denoted by Ai (M ), to be the matrix
Ai (M ) = |M − σi M |.

(1)
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We note that if M has a strong degree of the symmetry preserved by σi , the
entries of this matrix will be close to zero.
Now we are ready to deﬁne the average asymmetry of M , denoted by A(M ).
Let M be an n × n matrix. Then we deﬁne the average asymmetry matrix A of
M , denoted A(M ), as the matrix
1
Ai (M ).
8 i=0
7

A(M ) =

(2)

The more symmetries a matrix has, the smaller the entries of A(M) will be,
and in this way we can say that A(M ) provides a way to measure the degree of
asymmetry of M .
2.2

Proposed Group Based Asymmetry Algorithm

In this section, we outline the implementation of the proposed group based asymmetry algorithm. From the color image, we calculate three channels, i.e., luminance channel, red-green and blue-yellow color opponency channels as described
by Walther and Koch [20]. In order to calculate a feature map, we decompose
the channel into square blocks. In the general case when the image dimensions
are not perfectly divisible by the selected block size we padd the image borders
with neighboring pixels. For example, in our experiments we used a block size
of 20 by 20 pixels for an image of size 1024 by 768 pixels, thus after padding the
image size becomes 1040 by 780 pixels. For each block, we calculate the absolute
diﬀerence between the block itself and the result of the D4 group element acting
on the block. We take the mean of the absolute diﬀerence for each block, which is
taken as a measure of asymmetry for the block and has a scalar value in the range
[0,1]. The asymmetry values for all the blocks are then collected in an image matrix and scaled up to the size of original image using bilinear-interpolation. In
the resultant feature map the saliency of a location is represented by its scalar
value, where a greater value represents a higher saliency. From the the D4 group
elements i.e., rotations by 90, 180 and 270 degrees, and reﬂections along the
four axes of a square, we get seven feature maps. In order to capture both the
local and the global salient details in a channel, we use three scales: the original,
1/2 and 1/4. This gives three scales which combined with the seven D4 group
elements give 21 feature maps, i.e., from the three channels we get a total of 63
feature maps which are combined linearly to get a single saliency map.
2.3

Analysis Using ROC

Approach. In this section, we discuss the approach taken for evaluating the
performance of the visual saliency models. In keeping with published methods [21–23], we average all the ﬁxations from diﬀerent observers pertaining to a
given image into a single two dimensional map, which is then convolved with a
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two dimensional Gaussian ﬁlter. In the resultant ﬁxations map, the intensity at a
given location represents the density of ﬁxations [24], where the more ﬁxations a
region receives the more salient its said to be. For example, ﬁgure 3(b) shows the
ﬁxations map for an image. Similar to the previous experiment, we calculated
the ﬁxations maps from the ﬁxations data of 200 images and 15 observers.

(a) Image from database [26].

(b) Fixations map.

(c) Binary map.
Fig. 3. From the ﬁxations map and the image, we can see that the region containing
the road sign received a signiﬁcant number of ﬁxations. Figure 3(c) shows the binary
map obtained by thresholding the ﬁxations map by 20 percent.
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In order to evaluate, how well the visual saliency models predict the ﬁxations maps for diﬀerent images, we use a receiver operating characteristic(ROC)
curve [25] which requires that a ﬁxations map is thresholded to yield a binary
map with two classes – the positive class consisting of ﬁxated regions, and the
negative class consisting of non-ﬁxated regions. As an example, ﬁgure 3 shows
the binary map obtained by thresholding the ﬁxations map by 20 percent. This
procedure is in keeping with the study by Judd et al. [26]. The ROC curve
evaluates how well the visual saliency algorithm predicts the two classes [25].
For plotting the ROC curve we randomly select 500 pixels from the positive
class and an equal number of pixels from the negative class. The area under
the ROC curve (AUC) is used as a measure of the performance of a classiﬁer.
AUC gives a scalar value in the interval [0,1] where larger the area, better is the
performance [25].
Results. We plot the ROC curves for the visual saliency algorithm proposed
by Itti et al. [3], and the proposed group based asymmetry algorithm(GBA).
Results in ﬁgure 4 show that the GBA algorithm results in an AUC value of
0.81 which is better than that achieved with the visual saliency algorithm by
Itti et al. [3] which gives AUC of 0. 77.
In order to measure the similarity between the proposed group based asymmetry algorithm and the visual saliency algorithm by Itti et al. [3] we calculated
another ROC curve. In this case, we use the saliency maps from the visual
saliency algorithm [3] as the ground truth maps. By following the procedure described in section 2.3, we evaluated how well the maps obtained from the GBA
algorithm predict the maps obtained from the visual saliency algorithm [3]. Figure 5 shows the ROC curve for the proposed GBA algorithm which gives an
AUC of 0.88 indicating that the prediction of the saliency values obtained by
the proposed algorithm is indeed close to that of the visual saliency model.

Fig. 4. Figure shows the ROC curves for the visual saliency(VS) model by Itti
et al. [3](AUC = 0.77), and the proposed group based asymmetry (GBA) model (AUC
= 0.81). The x-axis shows the false positive rate(FPR) and the y-axis shows the true
positive rate(TPR).
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Fig. 5. Figure shows the ROC curves for the proposed group based asymmetry (GBA)
model, AUC = 0.88. The x-axis shows the false positive rate(FPR) and the y-axis
shows the true positive rate(TPR). Here we use the maps from the visual saliency
algorithm [3] as the ground truth.

(a) Image from database [26]

(c) Saliency Map [3]

(b) Fixations Map

(d) Group
Map(GBA)

based

Asymmetry

Fig. 6. Comparison of visual saliency algorithms, both algorithms return the region
containing the boat at the center as salient, which is also in agreement with the ﬁxations
map obtained from the eye ﬁxations data
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To oﬀer a visual comparison between the two methods we show the ﬁxations
map, and the saliency maps obtained from the GBA algorithm and the visual
saliency algorithm [3] for an example image. In ﬁgure 6, we can see that the
maps from both the algorithms are quite similar. In fact both of them return
the region containing the boat at the center as salient, which is also in agreement
with the ﬁxations map.

3

Discussion

In this study, we set about unifying the mathematical description of saliency in a
single metric. Backed by the knowledge gained from research in image processing
where it has been shown that the dihedral group D4 can be used to encode edges
and contrast which are the main current descriptions of saliency we chose to
devise an algorithm that represents the level of saliency in an image region by
virtue of the transformations of D4 . D4 is the symmetry group of the square
image grid and includes two types of symmetries, i.e., rotation and reﬂection.
In our implementation, we chose to describe the symmetry of an image region
at three diﬀerent scale, however, we didn’t perform any center surround operations by taking the diﬀerences between the scales. In this view, what we have
presented in this study is a new uniﬁed metric together with a new description of
saliency where we deﬁne saliency as the combined level of asymmetry at diﬀerent
image scales.
In our experiment, we a used a receiver operating characteristic(ROC) curve
to compare the performance of the proposed method with that of Itti et al. [3] .
Here we used 200 images and ﬁfteen observers and found that the new method
results in a predication of ﬁxations that is better than that achieved with the
saliency algorithm. We thus concluded that the transformations of the dihedral
group D4 are a good metric to estimate salient image regions which if backed by
further studies can represent a mathematically sound method to deﬁne a salient
image region.
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