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Abstract. Learning based on kernel machines is widely known as a
powerful tool for various fields of information science such as pattern
recognition and regression estimation. An appropriate model selection
is required in order to obtain desirable learning results. In our previous
work, we discussed a class of kernels forming a nested class of reproducing
kernel Hilbert spaces with an invariant metric and proved that the kernel
corresponding to the smallest reproducing kernel Hilbert space, including
an unknown true function, gives the best model. In this paper, we relax
the invariant metric condition and show that a similar result is obtained
when a subspace with an invariant metric exists.

Keywords: kernel regressor, reproducing kernel Hilbert space, orthog-
onal projection, invariant metric.

1 Introduction

Learning based on kernel machines [1], represented by the support vector ma-
chine (SVM) [2] and the kernel ridge regression [3,4], is widely known as a pow-
erful tool for various fields of information science such as pattern recognition,
regression estimation, and density estimation. In general, an appropriate model
selection is required in order to obtain a desirable learning result by kernel ma-
chines. Although the model selection in a fixed model space such as selection of
a regularization parameter is sufficiently investigated in terms of theoretical and
practical senses (See [5,6] for instance), the selection of a model space itself is
not sufficiently investigated in terms of a theoretical sense, while practical algo-
rithms for selection of a kernel (or its parameters) such as the cross-validation
are revealed. The difficulty of the theoretical analyses for selection of a kernel
(or its parameters) lies on the fact that the metrics of two reproducing kernel
Hilbert spaces (RKHS)[7,8] corresponding to two different kernels may differ
in general, which means that we do not have a unified framework to evaluate
learning results obtained by different kernels. In order to avoid this difficulty,
we considered a class of kernels whose corresponding RKHS’s have an invariant
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metric and proved that the kernel corresponding to the smallest reproducing
kernel Hilbert space, including an unknown true function, gives the best model
in [9].

In this paper, we relax the invariant metric condition for the whole space and
prove that a similar result is obtained when a subspace with an invariant metric
exists in the smallest reproducing kernel Hilbert space.

2 Mathematical Preliminaries for the Theory of
Reproducing Kernel Hilbert Spaces

In this section, we prepare some mathematical tools concerned with the theory
of reproducing kernel Hilbert spaces [7,8].

Definition 1. [7] Let Rn be an n-dimensional real vector space and let H be
a class of functions defined on D ⊂ Rn, forming a Hilbert space of real-valued
functions. The function K(x, x̃), (x, x̃ ∈ D) is called a reproducing kernel of
H, if

1. For every x̃ ∈ D, K(·, x̃) is a function belonging to H.

2. For every x̃ ∈ D and every f ∈ H,

f(x̃) = 〈f(·),K(·, x̃)〉H, (1)

where 〈·, ·〉H denotes the inner product of the Hilbert space H.

The Hilbert space H that has a reproducing kernel is called a reproducing kernel
Hilbert space (RKHS). The reproducing property Eq.(1) enables us to treat a
value of a function at a point in D. Note that reproducing kernels are positive
definite [7]:

N∑

i,j=1

cicjK(xi,xj) ≥ 0, (2)

for any N , c1, . . . , cN ∈ R, and x1, . . . ,xN ∈ D. In addition, K(x, x̃) = K(x̃,x)
holds for any x, x̃ ∈ D [7]. If a reproducing kernel K(x, x̃) exists, it is unique
[7]. Conversely, every positive definite function K(x, x̃) has the unique corre-
sponding RKHS [7]. Hereafter, the RKHS corresponding to a reproducing kernel
K(x, x̃) is denoted by HK .

Next, we introduce the Schatten product [10] that is a convenient tool to
reveal the reproducing property of kernels.

Definition 2. [10] Let H1 and H2 be Hilbert spaces. The Schatten product of
g ∈ H2 and h ∈ H1 is defined by

(g ⊗ h)f = 〈f, h〉H1g, f ∈ H1. (3)
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Note that (g ⊗ h) is a linear operator from H1 onto H2. It is easy to show that
the following relations hold for h, v ∈ H1, g, u ∈ H2.

(h⊗ g)∗ = (g ⊗ h), (h⊗ g)(u⊗ v) = 〈u, g〉H2(h⊗ v), (4)

where the superscript ∗ denotes the adjoint operator.
We give some theorems concerned with sum and difference of reproducing

kernels used in the following contents.

Theorem 1. [7] If Ki is the reproducing kernel of the class Fi with the norm
|| · ||i, then K = K1+K2 is the reproducing kernel of the class F of all functions
f = f1 + f2 with fi ∈ Fi, and with the norm defined by

||f ||2 = min
[||f1||21 + ||f2||22

]
, (5)

the minimum taken for all the decompositions f = f1 + f2 with fi ∈ Fi.

Theorem 2. [7] If K is the reproducing kernel of the class F with the norm
|| · ||, and if the linear class F1 ⊂ F forms a Hilbert space with the norm || · ||1,
such that ||f ||1 ≥ ||f || for any f ∈ F1, then the class F1 possesses a reproducing
kernel K1 such that Kc = K −K1 is also a reproducing kernel.

Theorem 3. [7] If K and K1 are the reproducing kernels of the classes of F
and F1 with the norms || · ||, || · ||1, and if K −K1 is a reproducing kernel, then
F1 ⊂ F and ||f1||1 ≥ ||f1|| for every f1 ∈ F1.

3 Formulation of Regression Problems

Let {(yi,xi)|i = 1, . . . , �} be a given training data set with yi ∈ R, xi ∈ Rn,
satisfying

yi = f(xi) + ni, (6)

where f denotes the unknown true function and ni denotes a zero-mean additive
noise. The aim of regression problems is to estimate the unknown function f by
using the given training data set and statistical properties of the noise.

In this paper, we assume that the unknown function f belongs to the RKHS
HK corresponding to a certain kernel function K. If f ∈ HK , then Eq.(6) is
rewritten as

yi = 〈f(·),K(·,xi)〉HK + ni, (7)

on the basis of the reproducing property of kernels. Let y = [y1, . . . , y�]
′ and

n = [n1, . . . , n�]
′ with the superscript ′ denoting the transposition operator,

then applying the Schatten product to Eq.(7) yields

y =

(
�∑

k=1

[e
(�)
k ⊗K(·,xk)]

)
f(·) + n, (8)
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where e
(�)
k denotes the k-th vector of the canonical basis ofR�. For a convenience

of description, we write

AK,X =

(
�∑

k=1

[e
(�)
k ⊗K(·,xk)]

)
, (9)

where X = {x1, . . . ,x�}. Note that AK,X is a linear operator that maps an
element in HK onto R� and Eq.(8) can be written by

y = AK,Xf(·) + n, (10)

which represents the relation between the unknown true function f and an out-
put vector y. Therefore, a regression problem can be interpreted as an inversion
problem of the linear equation Eq.(10) [11]. In general, an estimated function

f̂(x) is represented as

f̂(·) = Ly, (11)

where L denotes a learning operator such as the support vector machine and the
kernel ridge regressor.

4 Kernel Specific Generalization Ability and Some
Known Results

In general, a learning result by kernel machines is represented by a linear com-
bination of K(x,xi), which means that the learning result is an element in
R(A∗

K,X) (the range space of the linear operator A∗
K,X) since

f̂(·) = A∗
K,Xα =

(
�∑

k=1

[K(·,xk)⊗ e
(�)
k ]

)
α =

�∑

k=1

αkK(·,xk) (12)

holds, where α = [α1, . . . , α�]
′ denotes an arbitrary vector in R�. The point at

issue of this paper is to discuss goodness of a model space, that is, the generaliza-
tion ability of R(A∗

K,X) which is independent from criteria of learning machines.
Therefore, we define the generalization ability of kernel machines specified by a
kernel K and a set of input vectors X as the distance between the unknown true
function f and R(A∗

K,X) written as

J(f ;K,X) = ||f − PK,Xf ||2HK
, (13)

where PK,X denotes the orthogonal projector onto R(A∗
K,X) and || · ||HK denotes

the induced norm of HK . Note that the orthogonality of PK,X is also defined by
the metric of HK . Selection of an element in R(A∗

K,X) as a learning result is out
of the scope of this paper since the selection depends on learning criteria. We
also ignore the observation noise in the following contents since the noise does
not affect Eq.(13).

Here, we give some propositions as preparations to evaluate Eq.(13).
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Lemma 1. [9]

PK,X =
�∑

i=1

�∑

j=1

(G+
K,X)i,j [K(·,xi)⊗K(·,xj)] , (14)

where GK,X denotes the Gramian matrix of K with X and the superscript +

denotes the Moore-Penrose generalized inverse[12].

Lemma 2. [9] For any f ∈ HK and X,

||PK,Xf ||2HK
= f ′G+

K,Xf (15)

holds, where f = [f(x1), . . . , f(x�)]
′.

Since PK,X = A+
K,XAK,X , the learning result

f̂(·) = A+
K,Xy (16)

gives the minimum norm least-squares solution of f and it gives the orthogonal
projection of f onto R(A∗

K,X) in noise free cases.
In [9], we discussed a class of nested RKHS’s with an invariant metric. We

review important results given in [9].
Let K1 and K2 be reproducing kernels satisfying

HK1 ⊂ HK2 (17)

and
||f ||2HK1

= ||f ||2HK2
for any f in HK1 . (18)

Then we have the following theorem.

Theorem 4. [9] Let K1 and K2 be kernels. If Eqs.(17) and (18) hold, then for
any f ∈ HK1 and X,

||f − PK1,Xf ||2HK2
≤ ||f − PK2,Xf ||2HK2

(19)

holds.

This theorem claims that the kernel corresponding to the smallest RKHS in
the class of RKHS’s with an invariant metric gives the best model space if an
unknown function f belongs to the smallest one. Note that Theorem 4 does
not hold in general without the invariant metric condition. In fact, we gave an
example that Theorem 4 does not hold without the invariant metric condition
in [13].

From Eq.(18) and Theorem 2, there exists the reproducing kernel Kc satisfy-
ing

K2 = K1 +Kc. (20)

In [14], we discussed the relationship between these kernels (or corresponding
RKHS’s) and the condition of the invariant metric; and obtained the following
theorem.
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Theorem 5. Let K1 and K2 = K1+Kc be kernels whose corresponding RKHS’s
satisfy HK1 ⊂ HK2 . The following three statements are equivalent each other.

1) For any f ∈ HK1 , ||f ||2HK1
= ||f ||2HK2

,

2) HK1 ∩HKc = {0},
3) For any f1 ∈ HK1 and f2 ∈ HKc , 〈f1, f2〉HK2

= 0.

5 Analyses under Relaxed Invariant Metric Condition

Let K1 and K2 = K1 + Kc be kernels where Kc is also a kernel, then corre-
sponding RKHS’s satisfy

HK1 ⊂ HK2 (21)

from Theorem 1; and we have

||f ||HK1
≥ ||f ||HK2

(22)

for any f ∈ HK1 from Theorem 3.
We assume that a linear class F ⊂ HK1 forms a Hilbert space with the norm

|| · ||F and assume that

||f ||F = ||f ||HKi
for any f ∈ F , (i ∈ {1, 2}). (23)

Then on the basis of Theorems 2, there exists a kernel KF such that

Kc
i = Ki −KF , (i ∈ {1, 2}) (24)

is also a kernel and
HKF ∩HKc

i
= {0} (25)

holds from Theorem 5. Note that it is trivial that Eq.(24) can be rewritten as

Ki = Kc
i +KF , (i ∈ {1, 2}). (26)

Since KF is guaranteed to be a kernel, we use HKF instead of F , hereafter. Note
that we can also represent K2 as

K2 = KF +Kc
1 +Kc. (27)

If we have an explicit form of KF , then R(A∗
KF ,X) gives a better model than

R(A∗
K1,X

) and R(A∗
K2,X

) for any f ∈ HKF according to Theorem 4. However in
general, we can not always obtain KF from K1 and K2 (or Kc). When HKc

1
∩

HKc = {0}, R(A∗
K1,X

) gives a better model than R(A∗
K2,X

) for any f ∈ HK1

according to Theorems 4 and 5. However, when HKc
1
∩ HKc 
= {0}, R(A∗

K2,X
)

may be a better model than R(A∗
K1,X

) for some f ∈ HK1 since the metrics of
HK1 and HK2 may differ.

The aim of this paper is to show that for any f ∈ HKF , R(A∗
K1,X

) gives a
better model than R(A∗

K2,X
) even if HKc

1
∩HKc 
= {0}.
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Lemma 3. [9] Let H1 and H2 be n.n.d. Hermitian matrices and let y ∈ R(H1),
then

J = y∗(H+
1 − (H1 +H2)

+)y ≥ 0 (28)

holds.

The following theorem is the main result of this paper.

Theorem 6. Let K1 and K2 = K1 +Kc be kernels where Kc is also a kernel.
If Eq.(23) holds, then for any f ∈ HKF and X,

‖f − PK1,Xf‖2HK2
≤ ‖f − PK2,Xf‖2HK2

(29)

holds.

Proof. From Eq.(22), we have

Z = ‖f − PK2,Xf‖2HK2,X
− ‖f − PK1,Xf‖2HK2,X

≥ ‖f − PK2,Xf‖2HK2,X
− ‖f − PK1,Xf‖2HK1,X

= Z1

and from Lemma 2, the Pythagorean theorem, the invariant metric condition,

Z1 = ||f ||2HK2
− f ′G+

K2,X
f − (||f ||2HK1

− f ′G+
K1,X

f)

= ||f ||2HK2
− f ′G+

K2,X
f − (||f ||2HK2

− f ′G+
K1,X

f)

= f ′G−1
K1,X

f − f ′G−1
K2,X

f

= f ′
(
G−1

K1,X
−G−1

K2,X

)
f = Z2

is obtained. Since

GK1,X = GKF ,X +GKc
1 ,X

(30)

and

GK2,X = GKF ,X +GKc
1 ,X

+GKc,X (31)

hold, the fact that

f ∈ R(AKF ,X) = R(AKF ,XA∗
KF ,X) = R(GKF ,X) ⊂ R(GKF ,X +GKc

1 ,X
)

and Lemma 3 yield Z2 ≥ 0 which concludes the proof. �

According to Theorem 6, it is concluded that if the smaller RKHS include a
subspace with an invariant metric, the kernel corresponding to the smaller RKHS
gives a better model than larger one for any function in the subspace, which is
an extension of the results obtained in [9].
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6 Conclusion

In this paper, we discussed a class of kernels forming a nested class of RKHS’s;
and proved that if the smallest RKHS in the class has a subspace with an invari-
ant metric, the kernel corresponding to the smallest RKHS gives the best model
for any function in the subspace, which is a direct extension of our previous
result obtained in [9]. Drastic relaxation of the invariant metric condition and
extending the obtained results to practical learning machines such as the SVM
and the kernel ridge regressor are ones of our future works.
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