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Abstract. High-throughput techniques are producing large-scale highdimensional (e.g., 4D with genes vs timepoints vs conditions vs tissues)
genome-wide gene expression data. This induces increasing demands
for eﬀective methods for partitioning the data into biologically relevant
groups. Current clustering and co-clustering approaches have limitations,
which may be very time consuming and work for only low-dimensional
expression datasets. In this work, we introduce a new notion of “coidentiﬁcation”, which allows systematical identiﬁcation of genes participating diﬀerent functional groups under diﬀerent conditions or diﬀerent
development stages. The key contribution of our work is to build a uniﬁed computational framework of co-identiﬁcation that enables clustering
to be high-dimensional and adaptive. Our framework is based upon a
generic optimization model and a general optimization method termed
Maximum Block Improvement. Testing results on yeast and Arabidopsis expression data are presented to demonstrate high eﬃciency of our
approach and its eﬀectiveness.

1

Introduction

While genome data is relatively static, gene expression, which reﬂects gene activity, is highly dynamic. Gene expression of the cell could be used to infer
the cell type, state, stage, and cell environment and may indicate a homeostasis response or a pathological condition and thus relate to development of new
medicines, drug metabolism, and diagnosis of diseases [33,27,8]. High-throughput
gene expression techniques, such as microarray and next-generation sequencing,
are generating huge amounts of high-dimensional genome-wide expression data
(e.g., data in 2D matrices: genes vs conditions, or in 3D, 4D, or 5D: genes
vs time points vs conditions vs tissues vs development stages vs stimulations).
While the availability of these data presents unprecedented opportunities, it also
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presents major challenges for extractions of biologically meaningful information
from the large data sets. In particular, it calls for eﬀective computational models, equipped with eﬃcient solution methods, to categorize gene expression data
into biologically relevant groups in order to facilitate further functional assessment of important biological and biomedical processes. Classical clustering and
co-clustering analysis is a worthy approach in this endeavor.
Clustering is usually applied to partition expression data into groups. A lot
of research has been conducted in clustering. Cf. [12] for classical clustering,
where the author discussed two classes of clustering: hierarchical clustering and
partitioning, and three popular clustering methods: hierarchical clustering [15],
k-means clustering [35] and the self organizing map (SOM) method [34]. The
classical clustering methods cluster genes into groups based on their similar expression on all the considered conditions. The concept of co-clustering was introduced to 2D expression data analysis by Cheng and Church [7]. The co-clustering
method can cluster genes and conditions simultaneously. Subsequently, many
co-clustering algorithms were developed, such as the plaid model approach [23],
xMotif[28], BiMax [29], OPSM [3], Bicluster [9], BCC[2], and ROCC [11]. Diﬀerent techniques improving co-clustering approaches were also developed [1,38,39].
Readers may refer to [26,17,9,11] for the ideas of diﬀerent co-clustering algorithms and techniques and [29] for a comprehensive comparison of the popular
co-clustering approaches. Recently there are approaches developed for 3D expression data clustering analysis [31,25,41,21]. However, for current clustering
and co-clustering approaches, there are important issues to address:
How to develop a systematic method to be able to associate one item to multiple co-groups under diﬀerent conditions or diﬀerent development stages of highdimensional gene expression data? Most classical clustering and co-clustering
methods assign one element to one speciﬁc cluster or co-clusters. For gene expression analysis, it is important to associate genes/conditions with multiple
clusters or co-clusters, inducing the concept of “soft” clustering which allows
elements to be members of multiple groups. In [30], soft clustering is represented
by a probabilistic distribution. There are methods considering co-cluster overlapping such as the ROCC approach in [11], which, however, only tries to merge
some related co-clusters as a post-processing step, and the approach in [7], which
allows overlaps but has introduced the masking problem (where the elements in
a previously-discovered co-cluster are replaced by random numbers). Refer to
[26] for diﬀerent additive and multiple overlapping models for co-clustering.
In this work, our co-identiﬁcation approach is diﬀerent from the previous
overlapping bicluster approaches: Our approach does not aim to overlap the
biclusters as a post-processing step. Our approach will systematically identify the
genes involved in diﬀerent functional groups at diﬀerent time points or conditions
while the biclusters are being built all at the same time. Note that Lazzeroni and
Owen [23] attempted to discover one co-cluster at a time in an iterative process
where a plaid model is obtained [26].
How to naturally determine the number of clusters and co-clusters? Classical
clustering and co-clustering methods usually rely on the predetermined numbers
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as the numbers of clusters and co-clusters. There are methods for estimating the
number of clusters or co-clusters in a data set, such as the SVD method [9], the
gap statistic or similarity matrix [4,37,14,24], which are, however, not related to
the clustering process. In this work we develop an adaptive method to determine
the number of co-clusters while the co-clusters are being formed.

2

Methods

We build the computational approach for co-identiﬁcation based on block optimization, and develop new algorithms from a general scheme which we termed as
Maximum Block Improvement (MBI), for naturally growing the size of co-groups
and encouraging the degree of co-identiﬁcation.
The Co-clustering Problem. To illustrate the ideas, consider the conventional co-clustering formulation [40]. Suppose that A ∈ n1 ×n2 ×···×nd is an ddimensional tensor. Let Ij = {1, 2, · · · , nj } be the set of indices on the j-th
dimension, j = 1, 2, ..., d. We wish to ﬁnd a pj -partition of the index set Ij ,
say Ij = I1j ∪ I2j ∪ · · · ∪ Ipjj , where j = 1, 2, ..., d, in such a way that each
of the sub-tensor AIi1 ×Ii2 ×···×Iid is as tightly packed up as possible, where
1
2
d
1 ≤ ij ≤ nj and j = 1, 2, ..., d. The notion that plays an important role in
our model is the so-called mode product between a tensor X and a matrix P .
Suppose that X ∈ p1 ×p2 ×···×pd and P ∈ pi ×m . Then, X ×i P is a tensor in
p1 ×p2 ×···×pi−1 ×m×pi+1 ×···×pd , whose (j1 , j2 , · · · , ji−1 , ji , ji+1 , · · · , jd )-th component is deﬁned by
pi
(X ×i P )j1 ,j2 ,··· ,ji−1 ,ji ,ji+1 ,··· ,jd = =1
Xj1 ,j2 ,··· ,ji−1 ,,ji+1 ,··· ,jd P,ji .
Let Xj1 ,··· ,ji−1 ,ji ,ji+1 ,··· ,jd be the value of the co-cluster (j1 , · · · , ji−1 , ji , ji+1 , · · · ,
jd ) with 1 ≤ ji ≤ pi , i = 1, 2, ..., d. Let an assignment matrix Y j ∈ nj ×pj for
the indices for j-th array of tensor A be:

1, if i is assigned to the k-th partition Ikj ;
Yikj =
0, otherwise.
Then, we introduce a proximity measure f (s) :  → + , with the property
that f (s) ≥ 0 for all s ∈  and f (s) = 0 if and only if s = 0. The co-clustering
problem can be formulated as
n
n n
(CC) min j11=1 j22=1 · · · jdd=1

f Aj1 ,··· ,jd − (X ×1 Y 1 ×2 · · · ×d Y d )j1 ,··· ,jd
s.t. X ∈ p1 ×p2 ×···×pd , Y j ∈ nj ×pj
is a row assignment matrix, j = 1, 2, ..., d
We may consider a variety of proximity measures. For instance, if f (s) = |s|2
then (CC) can be written as


(CC1 ) min A − X ×1 Y 1 ×2 Y 2 ×3 · · · ×d Y d F
s.t. X ∈ p1 ×p2 ×···×pd , Y j ∈ nj ×pj
is a row assignment matrix, j = 1, 2, ..., d,
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A well-known approach to the above problem is the block descent method [5],
which, though simple to implement, fails to converge to a stationary point (local
optimum). Recently this issue of convergence was resolved in [6] and the authors
proposed an enhanced search algorithm termed the maximum block improvement
(MBI) method. This method is highly eﬀective and easy to implement, according
to our experience in the co-clustering analysis for gene expression data, alongside
its excellent theoretical convergence properties [40,6].
An Adaptive Co-identification Model. The power of the MBI method is now
extended to solve a much more complex model - the co-identiﬁcation model, where
even the size of a block becomes a variable. This degree of ﬂexibility is exactly
needed in the analysis of the gene expression data, since any presumed knowledge,
such as the total number of co-clusters and the number of times a gene is allowed
to assign to co-clusters, would risk the blockage of key information from being revealed. By introducing the needed ﬂexibility one has to deal with the newly introduced complications: optimization will naturally select only one assignment in a
group, and will like to have as many as possible groups, notwithstanding the ﬂexibility. To circumvent the diﬃculty, an enhanced model can be as follows:



(CI) min nj11=1 nj22=1 · · · njdd=1

1
f Aj1 ,··· ,jd − (X ×1 Y
×2 · · · ×d 
Y d )j1 ,··· ,jd
+λ(p1 , p2 , ..., pd ) − μ( i,k Yik1 , ..., i,k Yikd )
s.t. X ∈ p1 ×p2 ×···×pd ,

Y j ∈ {0, 1}nj ×pj with i,k Yikj ≥ 1, j = 1, ..., d,
where λ(p1 , p2 , ..., pd ) is a penalty function,
intended to
punish the possible abuse
of more groups for identiﬁcation, and μ( i,k Yik1 , ..., i,k Yikd )) is an incentive
function, intended to encourage the identiﬁcation of similar data in a group,
without restricting to only one data per row. Some immediate choices of a
penalty
function include λ(p1 , p2 , ..., pd ) = c1 p1 · · · pd or λ(p1 , p2 , ..., pd ) = c1 di=1 pi ,
where c1 is a positive
d constant. Similarly, choices of incentive function include:
μ(y1 , ..., yd ) = c2 i=1 yi , where c2 > 0 is another parameter. The purpose
of introducing such penalty and incentive functions is to: (a) encourage the
adaptiveness in the choices of the groups; and (b) avoid the introduction of too
many unnecessary groups. Notice that in the new model, even the dimensions
(p1 , ..., pd ) become a part of the decision. Such optimization models have rarely
been studied in the optimization literature; however, they perfectly ﬁt in the
realm where the power of the MBI method would extend, and they are very
relevant for the gene expression data analysis. The features of the new model
are summarized in the following.
– By replacing co-clusters, we work with the new notion of co-groups, which
will lead to the new co-identiﬁcation model, allowing assigning one element
to multiple co-groups under diﬀerent conditions.
The new model will characterize and model the information of diﬀerent
groups of genes being regulated by diﬀerent transcription factors at diﬀerent
conditions, or the same group of genes at diﬀerent conditions being regulated
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by a diﬀerent group of transcription factors, or the same group of genes
involving in diﬀerent networks and pathways.
– We develop an adaptive scheme to naturally grow the size of co-groups.
Our model will naturally systematically search for the number of coclusters for every speciﬁc gene expression datasets. One idea is to apply the
MBI approach [6,40] to conduct local search for the values of the parameters p1 , ..., pd to control the number of co-groups. Methods like higher-order
principal components analysis [36] and higher-order singular value decomposition (HOSVD) [22] can be applied to set the initial values of the parameters
p1 , ..., pd as the start point of the local search.
– We develop a general optimization scheme for the co-identiﬁcation model.
Please refer to Figure 1 for our generic algorithm for the co-identiﬁcation
model based on the MBI method. The general optimization scheme of MBI
is suitable for not only 2D but also multiple- and high- dimensional (3D, 4D,
5D) gene expression data.
Our co-identiﬁcation model could accommodate diﬀerent evaluation and objective functions. Therefore, diﬀerent co-clustering approaches previously developed
in the literature could be considered as special cases of our approach. Besides L1 ,
L2 , L∞ [40], our model could use the Bergman divergence functions [2], where
the authors chose the appropriate Bregman divergence based on the underlying data generation process or noise model. For classical clustering, Euclidean
distance and Pearson correlation are both reasonable distance measures, with
Euclidean distance being more appropriate for log ratio data, and Pearson correlation working better for absolute-valued data [16,10,12].

3

Results and Discussion

To simplify the testing, in the following experiments, we separate the determination of the number of co-groups from the co-identiﬁcation analysis. Our approach is implemented using C++. The ﬁgures are generated using MATLAB.
The testing is mainly performed on a regular PC (3GB Mem, 64bit Windows7).
The running-time testing is conducted on a server (PowerEdge 2950III, 32GB
Mem). We use both synthetic and real datasets to validate and evaluate the coidentiﬁcation model and the generic MBI algorithm. We give a brief description
of the real datasets we use to test our algorithm in this section. The 2D dataset
is the yeast gene expression dataset with 2884 genes and 17 conditions. The detailed information about this dataset can be found in [7,35]. The 3D dataset is
the Arabidopsis thaliana abiotic stress gene expression from [18,32]. We extract
a ﬁle which has 2395 genes, 5 conditions (cold, salt, drought, wound, and heat),
with each condition containing 6 time points. Due to space limit, some detailed
testing results on synthetic datasets and some identiﬁed co-groups from other
real datasets are not shown here.
Testing Results for Determining the Number of Co-groups. We test
the MBI approach for determining the number of co-groups: We ﬁrst randomly
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Generic co-identification algorithm
Input: A ∈ n1 ×n2 ×···×nd is an d-dimensional tensor, which holds the
d-dimensional gene expression data set. Parameters p1 , p2 , ..., pd , are all
positive integers, 0 < pi ≤ ni , 1 ≤ i ≤ d.
Output: p1 × p2 × · · · × pd co-groups of A.
Main Variables: A non-negative integer k as the loop counter;
A p1 × p2 × · · · × pd -tensor X with each entry a real number as the artiﬁcial
central point of each of the co-groups;
A ni × pi -matrix Yi as the assignment matrix with {0, 1} as the value of each
entry, 1 ≤ i ≤ d.
Begin
[A. ] Start with some initial values for p1 , p2 , ..., pd in order to control the
number of co-groups, conduct local search on each pi , 1 ≤ i ≤ d.
[A.0 ] (Initialization). Y 0 = X; Choose a feasible solution (Y00 , Y01 , Y02 , · · · , Y0d )
and compute the initial objective value v0 := f (Y00 , Y01 , Y02 , · · · , Y0d ) +
c(p1 , p2 , ..., pd ; Y01 , Y02 , · · · , Y0d ). Set the loop counter k := 0.
[A.1 ] (Block Improvement). For each i = 0, 1, 2, . . . , d, solve
(Gi ) max f (Yk0 , Yk1 , · · · , Yki−1 , Y i , Yki+1 , · · · , Ykd )+
c(p1 , ..., pd ; Yk1 , · · · , Yki−1 , Y i , Yki+1 , ..., Ykd )
s.t. Y i ∈ nj ×pj is an assignment matrix,
and let
i
:= arg max f (Yk0 , Yk1 , ..., Yki−1 , Y i , Yki+1 , ..., Ykd )
yk+1

+c(p1 , ..., pd ; Yk1 , ..., Yki−1 , Y i , Yki+1 , ..., Ykd )

i
i
:= f (Yk0 , Yk1 , ..., Yki−1 , yk+1
, Yki+1 , ..., Ykd )
wk+1

+c(p1 , ..., pd ; Yk1 , ..., Yki−1 , Y i , Yki+1 , ..., Ykd ).

i
and i∗
[A.2 ] (Maximum Improvement). Let wk+1 := max1≤i≤d wk+1
i
arg max1≤i≤d wk+1 . Let

=

i
:= Yki , ∀ i ∈ {0, 1, 2, · · · , d}\{i∗ }
Yk+1
∗

∗

i
i
:= yk+1
Yk+1

vk+1 : := wk+1 .
[A.3 ] (Stopping Criterion). If |vk+1 − vk | > , set k := k + 1, and go to Step 1;
Otherwise, set Vpi = vk+1 .
1
2
d
, Yk+1
, · · · , Yk+1
corresponding to
[B. ] According to the assignment matrices Yk+1
the maximum Vpi , 1 ≤ i ≤ d, print the p1 × p2 × · · · × pd co-groups of A.
End

Fig. 1. Co-identiﬁcation Algorithm Based on Maximum Block Improvement
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generate some starting points, say the values of (p1 , ..., pd ), and then we conduct
a local improvement strategy, meaning that we try to increase or decrease each
pi value until no more improvement is possible locally. We refer the reader to
Table 1 for our testing on the eﬀectiveness of the proposed local search strategy.
Table 1. Testing of the Maximum Block Improvement strategy on the 2D yeast dataset
from [35]. The initial objective function value is -25900; the ﬁrst column: the initial p
values; the second column: the new p values after the local search; the third column: the
objective function values with the initial p values and with the new p values respectively;
and the last column: the running time for the local search.
Initial New p1 , p2
Obj-value
Run Time
p1,0 , p2,0
(Initial value -25900) (seconds)
20,10
25,16
-7192.42, -6810.89
646.91
5,8
13,9
-9291.28, -7498.96
341.67
97,10
96,11
-6706.33, -6220.54
364.64
68,8
69,11
-6763.02, -6337.49
441.18
32,9
35,15
-6967.74, -6591.19
624.38
20,11
25,16
-7202.46, -6810.89
609.70
19,4
28,6
-7480.57, -7041.12
487.72
51,3
50,5
-7157.43, -6808.80
224.95
65,9
64,11
-6736.08, -6413.91
349.50
43,1
42,5
-7888.83, -6832.58
271.23
6,3
11,5
-8918.90, -7677.44
202.40
2,4
11,5
-15973.50, -7677.44
280.21

Coherent Groups from 3D Arabidopsis Gene Expression Data. To
demonstrate the eﬀectiveness of our algorithm in search for coherent patterns
from gene expression datasets, Figure 2 provides several exemplary 3D co-groups
identiﬁed from the 3D Arabidopsis dataset. We present here the co-groups with
a small number of genes, which shows clear coherent expression pattern over
a series of time points and under diﬀerent conditions. These co-groups clearly
facilitate further functional analysis of the genes. The analysis of 3D Arabidopsis dataset in [32] has generated three biologically relevant co-cluster module
types: 1) modules with genes that are co-regulated under several conditions
are the most prevalent ones, 2) Coherent modules with similar responses under
all conditions occurred frequently, too, 3) A third module type, which covers
a response speciﬁc to a single condition was also detected, but rarely. Especially for the third module type, refer to the top-left pattern of Figure 2, which
shows the two Arabidopsis genes are co-regulated at all 3 conditions: cold, salt,
drought, but are diﬀerently expressed at the condition heat. The two genes are:
250296 at and 245955 at. The following information of the two genes is from
http://www.arabidopsis.org/: gene 250296 at: 17.6 kDa class II heat shock protein (HSP17.6-CII), identical to 17.6 kDa class II heat shock protein SP:P29830
from (Arabidopsis thaliana); gene 245955 at: glycosyl hydrolase family 1 protein, contains Pfam PF00232 : Glycosyl hydrolase family 1 domain, TIGRFAM TIGR01233: 6-phospho-beta-galactosidase, similar to beta-glucosidase 1
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(GI:12043529) (Arabidopsis thaliana). Gene 250296 at (green-colored on the ﬁgure) with signiﬁcantly high expression at the heat condition, which is identiﬁed
by our approach, is conﬁrmed coding for a heat-shock protein.
Results from Yeast Gene Expression Data. We apply our co-identiﬁcation
approach to the analysis of the Saccharomyces cerevisiae gene expression data
collected in [35]. This data contains the expression of 2884 genes under 17 conditions. From our co-identiﬁcation analysis, we identify genes that are co-listed in
two or more co-groups, such as YER068W, YDR103W, YGL130W, YJR129C,
YLR425W, YOR383C and YLL004W. This information could be used to predict
the functions of unknown genes from the known functions of the genes in the
same co-groups. This information could also lead to identiﬁcation of previously
undetected novel functions of genes. Speciﬁcally we have checked the function
information (http://www.yeastgenome.org) of the following two genes which are
involved in more than one co-group.
Gene ORC3/YLL004W: Subunit of the origin recognition complex, which
directs DNA replication by binding to replication origins and is also involved
in transcriptional silencing. We ﬁnd out three pathways from KEGG Pathway
Database (http://www.genome.jp/kegg/) in which this gene are involved.
Gene STE5/YDR103W: Pheromone-response scaﬀold protein that controls
the mating decision; binds Ste11p, Ste7p, and Fus3p kinases, forming a MAPK
cascade complex that interacts with the plasma membrane and Ste4p-Ste18p;
allosteric activator of Fus3p. Our approach identiﬁes two co-groups in which
Gene STE5/YDR103W is involved. The two co-groups are biologically signiﬁcant
with low p-values: Co-group#41 (6 genes: STE5 ADA2 AFG3 MOT2 PHO23
DSS4), zinc ion binding, with p-value 0.001735, Co-group#62 (4 genes: STE5
MOT2 ORC3 RAD52 ), pheromone response, mating-type determination, sexspeciﬁc proteins, with p-value 0.007773 (The p-value information is obtained
from the website of Funcspec: http://funspec.med.utoronto.ca/).
Running Time Analysis. Our approach is highly eﬃcient and could be applied
to 2D, 3D and higher-dimensional gene expression data. When testing on 3D
datasets (genes vs time points vs conditions), the running time of our approach increases linearly with the number of genes, the number of time points, or the number
of conditions. We conduct our running-time testing on the Arabidopsis thaliana
abiotic stress 3D gene expression datasets from [32]. We use a ﬁle which has 2395
genes, 5 conditions (cold, salt, drought, wound, and heat), with each condition
containing 6 time points. Especially when we keep the number of genes (2395) and
increase the second dimension for the number of time points, or the third dimension for the number of the conditions, we increase the size of the dataset signiﬁcantly, however, the running time of our algorithm still has only a linear increase
(Figure 3). The performance of our algorithm is very robust. The testing results
demonstrate the high eﬃciency of our algorithm. In contrast, other existing methods for 3D co-clustering such as TriCluster [41], the running time is exponential
with the number of time points, or the number of conditions. Other existing methods usually do not work for gene expression data of four- or higher- dimensions.
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Fig. 2. Exemplary 3D co-groups (with no. of genes x 6 time points x no. of conditions)
generated from the 3D Arabidopsis dataset. Genes have diﬀerent expression patterns
at diﬀerent conditions. The x-axis represents the diﬀerent number of time points (with
every 6 time-points in one condition), while the y-axis represents the values of the gene
expression level. Each curve corresponds to the expression of one gene. For example, the
co-group at the top-left shows the clear expression patterns of 2 genes at 4 conditions
(cold, salt, drought and heat).
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Fig. 3. Evaluation of our approach on the 3D Arabidopsis dataset (2396 genes x 6
timepoints x 5 conditions). The parameters to control the number of co-groups for all
these evaluations are set the same: p1 = 100, p2 = 2, p3 = 3. For testing on diﬀerent
number of genes (this ﬁgure not shown due to space limit), the sizes of the 8 groups are
300x6x5, 600x6x5, 900x6x5, 1200x6x5, 1500x6x5, 1800x6x5, 2100x6x5, 2400x6x5 (these
datasets are truncated from the original dataset). For testing on diﬀerent number of
time points (Figure on the left), the sizes of the 8 groups are 2396x6x5, 2396x8x5,
2396x10x5, 2396x12x5, 2396x14x5, 2396x16x5, 2396x18x5, 2396x20x5 (except for the
ﬁrst group which is the original dataset, the other 7 groups contain added repetitive time points). For testing on diﬀerent number of conditions (Figure on the right),
the sizes of the 8 groups are 2396x6x5, 2396x6x7, 2396x6x9, 2396x6x11, 2396x6x13,
2396x6x15, 2396x6x17, 2396x6x19 (except for the ﬁrst group which is the original
dataset, the other 7 groups contain added repetitive conditions).

4

Summary

In this work, for complex high-dimensional gene expression data clustering analysis, we introduce the new notion of co-identiﬁcation, so that we may assign one
element to diﬀerent groups or co-groups to enable systematical identiﬁcation of
multiple functions of one gene or the involvement in multiple functional groups of
one element under diﬀerent conditions or diﬀerent development stages. We build a
scalable model not only for 2D but also for high-dimensional gene expression data,
and develop a general adaptive scheme based on Maximum Block Improvement to
solve the model, which could naturally grow the size of the co-groups and encourage the degree of co-identiﬁcation. We apply the uniﬁed adaptive co-identiﬁcation
analysis to real gene expression datasets, which shows the high eﬃciency and effectiveness of the approach. The running time of our approach increases linearly
with the number of genes, the number of time points, or the number of conditions.
When applied to real gene expression data, our approach could lead to identiﬁcation of previously undetected novel functions of genes. Our approach has identiﬁed
a diﬀerentially expressed heat-shock gene that are co-regulated with other genes
under three other conditions (cold, salt, and drought) of 18 time points from the
Arabidopsis dataset (this type of patterns are considered important and rare by
the EDSIA method [32]), and also identiﬁed genes that participate diﬀerent biologically signiﬁcant functional groups from the yeast dataset. The co-identiﬁcation
analysis could possibly enrich further functional study of important biological processes, which may lead to new insights into genome-wide gene expression of the cell.
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Our approach is a uniﬁed systematic approach, which could be used for highdimensional gene expression data analysis (as well as for high-dimensional data
analysis for applications of other ﬁelds). There are few current approaches which
eﬃciently work for datasets with dimensions greater than 3. Our approach is
general enough to embrace many other clustering and biclustering methods proposed in the literature as special cases. Especially our framework could apply
as evaluation or objective functions the 6 diﬀerent schemes listed in [2]. Our coidentiﬁcation model provides the framework for incorporating additional ideas
from approximation [20,19], parameterization [13], randomization and probabilistic analysis, or approaches combined with statistic and greedy strategies.
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