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Abstract. We consider the problem of multi-class constrained cluster-
ing given pairwise constraints, which specify the pairs of data belong-
ing to the same or different clusters. In this paper, we present a new
constrained clustering algorithm, Local Constraint Propagation (LCP),
which can propagate the influence of each pairwise constraint to the
unconstrained data with sufficient smoothness. It not only reveals the
underlying structures of the clusters, but also integrates the influence of
all the pairwise constraints on every data point. Promising experiments
on image segmentations demonstrate the effectiveness of our method.
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1 Introduction

Many real-world clustering applications suffer from the problem of clustering am-
biguity, which refers to multiple reasonable partitions for one clustering problem.
Since each data usually contains several different semantic concepts, the clus-
tering can be performed from different aspects or in different granularities. In
such cases, the goodness of a clustering result to a great extent depends on the
expectation of the users.

To avoid the clustering ambiguity and improve the clustering accuracy, con-
strained clustering provides an implicit way to indicate the user-desired contents
by specifying the pairs of data that belong to the same cluster (must-link con-
straints) and the pairs of data that belong to different clusters (cannot-link
constraints) [1]. A common difficulty of the existing constrained clustering algo-
rithms is how to utilize the limited but informative pairwise constraints [2].

Generally, the various constrained clustering approaches can be classified into
two lines. The first line adapts the unsupervised methods, including k-means
[3], all-pairs shortest path [4], Gaussian mixtures models [5], Gaussian process
[6] and Spectral clustering[7][8][9][10], to satisfy the pairwise constraints in a
smaller subset of solution space with additional requirements. Among them,
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some algorithms ignore the impact of the pairwise constraints on the uncon-
strained data, while the others either fail to handle the cannot-link constraints,
or have problem in dealt with the multi-class clustering tasks.

The second line of the constrained clustering algorithms derives an appropriate
metric to adjust the must-linked data close and the cannot-linked data faraway
[11][12]. Its difficulty lies in how to determine the scope of the metric. Li et al.
[2] learn a global metric to spread the influence of each pairwise constraint to
the whole data set uniformly. However, it is contradictory to our intuition that
a pairwise constraint should exert greater influence on the nearby edges than
on the distant edges, just like a stone thrown into a lake. Bilenko et al. [13]
suggest to learn a local metric for each cluster, and demonstrate its superiority
over the global metric learned on the whole data set. Nevertheless, there are two
drawbacks of this method. One is that it requires sufficient pairwise constraints
to obtain a reliable estimation of the local metrics. The other is that the ”one
metric for one cluster” assumption may not hold true for all the data sets. A
more attractive idea is to learn the influence range of each pairwise constraint
adaptively without any parameter estimation.

In this paper, we propose a Local Constraint Propagation (LCP) algorithm,
which propagates the influence of the pairwise constraints to the unconstrained
data in proportion to their similarities with the constrained data. To this end,
we first determine the degree of influence that each unconstrained object receives
from the constrained objects using the label propagation technique [14]. Then an
intermediate structure, called ”component”, is defined to include the factional
data points that are affected by a constrained data point as well as itself. The
advantage of introducing the components is that they not only help to find
out the influence range of each pairwise constraint (i.e. the components that
the pair of constrained objects belong to) without parameter estimation, but
also reveal some underlying structures of the clusters. Therefore, we can easily
expand the influence of the pairwise constraints by directly enforcing them on
the related components. In the end, LCP combines all the influence from the
different pairwise constraints into a cluster indicating matrix.

The remainder of this paper is organized as follows. We first introduce the
label propagation technique in section 2, and then present our algorithm LCP in
section 3. They are followed by the performance evaluation in section 4. Section
5 concludes the whole paper.

2 Label Propagation

Label propagation is a well-known transductive learning algorithm [14]. Given a
data set S = (Xl,Yl) ∪ Xu, where Xl = {x1, · · · , xl} is the labeled data subset,
Yl = {y1, · · · , yl} is the label subset of Xl, Xu = {xl+1, · · · , xn} is the unlabeled
data subset, the aim of transductive learning is to predict Yu, the label subset of
Xu.

Suppose such a random walk, in which each data represents a different state
of a Markov chain. Xl is set the absorbing states, Xu is set the transitive states.
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There are n particles starting from n different states. They move from state si to
state sj with probability pij . If any particle reaches one of the absorbing states,
it would be trapped; otherwise, it continues moving. The random walk stops
when all the particles are absorbed.

In correspondence to the partition of Xl and Xu, the transition probability
matrix P is organized as follow,

P =

[
Pll Plu

Pul Puu

]
(1)

where Pll and Puu record the transition probabilities from Xl and Xu to them-
selves, while Plu and Pul record the transition probabilities between Xl and Xu.
The stationary distributions of the random walk is computed by

Ŷ t+1 = P Ŷ t and Ŷ = Ŷ ∞ (2)

Each column of Ŷn×l records the probabilities of all the particles absorbed by a
different absorbing state when arriving stationary distribution.

To solve eq. (2), Ŷ is partitioned into two parts,

Ŷ =

[
Ŷl

Ŷu

]
(3)

Ŷl is called the class indicating matrix of Xl, while Ŷu is called the class indicating
matrix of Xu. Since Yl is already known, we can determine Ŷl in advance: ŷij = 1

iff yi = j, otherwise, ŷij = 0. The converged solution of Ŷu can be proved

Ŷu = (I − Puu)
−1PulŶl (4)

In the end, each data is assigned with the class label that it most probably
belongs to, i.e. yi = argmax

j
ŷij .

3 Local Constraint Propagation

Assume that each data is a vertex on a graph. If we view transductive learning as
a vertex-constrained problem, then constrained clustering is an edge-constrained
problem, which is more difficult to deal with.

In constrained clustering, an unlabeled data set X and a pairwise constraint
set C = {C=∪C �=} are provided. C= is the must-link constraint subset, and C �= is
the cannot-link constraint subset. Both X and C are mapped onto a graph G =
(V ,W ), where V = {v1, · · · , vn} is the vertex set, vi corresponds to xi, W is the
similarity matrix of V . The must-link constraint (vi, vj ,=) ∈ C= indicates that vi
and vj belong to the same cluster, while the cannot-link constraint (vi, vj , �=) ∈
C �= indicates that vi and vj belong to different clusters. The goal of constrained
clustering is to partition V into p clusters and satisfy C as much as possible.

In this section, we propose a new constrained clustering algorithm, named Lo-
cal Constraint Propagation (LCP), to deal with typical multi-class constrained
clustering problems given must-link and/or cannot-link constraints. LCP first
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determines the influence range of each constrained vertex by constructing com-
ponents. Then it expands the influence of the pairwise constraints by enforcing
them on the components. Finally, LCP combines the influence of all the pairwise
constraints into a cluster indicating matrix.

3.1 Component Construction

First of all, we propose a q/q−1 modification strategy on W to keep the transi-
tion probabilities of the vertex-level random walk consistent with the pairwise
constraints. The modified similarity matrix is defined

W̃ = (w̃(i, j))n×n (5)

in which

w̃(i, j) =

⎧⎨
⎩

w(i, j)q if ∃ (vi, vj ,=) ∈ C=
w(i, j)

1
q if ∃ (vi, vj , �=) ∈ C �=

w(i, j) otherwise

(6)

Its corresponding transition probability matrix is

P = D̃−1W̃ (7)

where D̃ = diag(W̃1n) is the diagonal degree matrix. The parameter q ∈ (0, 1] in
eq. (6) controls the power of the increase and the decrease of the original similar-
ities. Since we assume that the elements of W are within the range of (0, 1]1, the
value of q indicates the degree of the original similarities that can be remained
on the constrained edges: a larger q preserves more original similarity, while a
smaller q integrates more supervision. When q → 0, the q/q−1 strategy sets
the similarities of must-linked edges with 1 and the similarities of cannot-linked
edges with 0. When q = 1, the q/q−1 strategy keeps the original similarities un-
changed. Compared with the existing 1/0 and reward/penalty strategies [9][10],
our method has the advantage of not only avoiding the extreme modifications
like 1/0, but also keeping the modified similarities within the range of [0, 1].

Let Vc be the vertex subset constrained by the pairwise constraints,

Vc
def
= {vi, vj | ∃ (vi, vj ,=) ∈ C= or (vi, vj , �=) ∈ C �=} (8)

Vu be the unconstrained vertex set,

Vu
def
= V \ Vc (9)

We set Vc as the absorbing boundary of the vertex-level random walk, and the
unconstrained vertices in Vu as the transitive states. Then label propagation
is used to determine the influence of each constrained vertex on every uncon-
strained vertex. A n × |Vc| matrix F is constructed to include the influence of

1 If there exists w(i, j) > 1, then normalization needs to be performed in advance.
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each constrained vertex exerted on all the vertices including Vc and Vu. Similar
to the class indicating matrix in eq. (3), F is partitioned into two parts,

F =

[
Fc

Fu

]
(10)

where the subscript c indicates the constrained vertex subset Vc, while the sub-
script u indicates the unconstrained vertex subset Vu. The transition probability
matrix P is reorganized accordingly,

P =

[
Pcc Pcu

Puc Puu

]
(11)

where Pcc, Puu, Pcu and Puc are the transition probability sub-matrices within
or between Vc and Vu. Moreover, we assume that each constrained vertex is
independent from the influence of the other constrained vertices, which leads to

Fc = F 0
c = I (12)

According to the converged solution in eq. (4), the propagated influence of Vc

on Vu is
Fu = (I − Puu)

−1Pcu (13)

We define an intermediate structure between the fine-grained vertex and the
coarse-grained cluster, called ”component”, as the union of the fractional vertices
affected by each constrained vertex (including itself). We call F the component
indicating matrix, because the ith row of F includes the probabilities of vertex vi
belonging to the different components. Let T represent the set of the components,
|T | represent the number of the components. The jth component Tj is composed
of every vertex vi whose degree of the component membership fij > 0.

Tj = {fij · vi | fij > 0} (14)

3.2 Component Clustering

Now consider a higher-level random walk on the constructed components. Sup-
pose that T1, T2, · · · , T|T | respectively denote the |T | components. The pairwise
component similarity matrix Wc is defined

Wc = FT W̃F (15)

whose element

wc(α, β) =
n∑

i=1

n∑
j=1

fiαfjβw̃ij

= fT
·αW̃f·β

(16)

is the weighted sum of the pairwise vertex similarities, and the weight equals
to the probability of the vertices belonging to the specified pair of components.
Furthermore, we define the normalized component similarity matrix as

W̄c = D
− 1

2
c WcD

− 1
2

c (17)
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where Dc = diag(Wc1|T |) is the diagonal degree matrix of the components. It
ensures that the elements of W̄c are within the range of [0, 1].

To expand the influence of the pairwise constraints to the unconstrained ver-
tices, we directly enforce C on W̄c with the q/q−1 modification strategy. The
modified normalized component similarity matrix is

W̃c = (w̃c(α, β))|T |×|T | (18)

whose element

w̃c(α, β) =

⎧⎨
⎩

w̃c(α, β)
q if ∃ (vα, vβ ,=) ∈ C=

w̃c(α, β)
1
q if ∃ (vα, vβ , �=) ∈ C �=

w̃c(α, β) otherwise

(19)

in which vα and vβ are respectively the constrained vertices in Tα and Tβ .
After the constraint propagation, the transition probability matrix of the

component-level random walk becomes

Pc = D̃−1
c W̃c (20)

where D̃c = diag(W̃c1|T |). Melia et al. [15] proved that the cluster partition that
minimize the transition probabilities among the different clusters is the same
one as that minimize the normalized cut [16]. By using the spectral relaxation
technique, we can obtain an approximately optimal solution to the normalized
cut,

U = [u1 u2 · · · up] (21)

where u1, u2, · · · , up satisfy that

Pcui = λiui (22)

λi is the ith maximal eigenvalue of Pc. We call U the cluster indicating matrix
of the components, because the ith row of U contains the cluster membership of
the ith component.

Finally, the influence of all the pairwise constraints propagated through differ-
ent components is combined on every single vertex. We multiply the component
indicating matrix of the vertices (Fn×|T |) and the cluster indicating matrix of
the components (U|T |×p), to get the cluster indicating matrix of the vertices.

Gn×p = FU (23)

The cluster assignment of each vertex is obtained by projecting the row vectors
of U onto a unit hypersphere [17],

G̃ = diag(diag(GGT ))−
1
2G (24)

and then applying k-means algorithm on it.
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4 Experiments

In this section, we evaluate the clustering performance of Local Constraint Prop-
agation (LCP) algorithm in comparison with three most related spectral con-
strained clustering algorithms, including Spectral Learning (SL) [9], SS-Kernel-
Kmeans (SSKK) [10], and Constrained Clustering with Spectral Regularization
(CCSR) [2] on image segmentations.

Among the three compared algorithms, SL replaces the similarities of the
must-linked vertices with 1 and the similarities of the cannot-linked vertices
with 0, followed by the spectral clustering performed on the modified similarity
matrix. SSKK has a similar paradigm of SL. Its main difference from SL is that
it adds a reward to the similarities of the must-linked vertices and subtracts a
penalty from the similarities of the cannot-linked vertices. CCSR transforms all
the data into the spectral space, and learns a global metric that makes the sim-
ilarity matrix most consistent with the pairwise constraints using semi-definite
optimization.

All the four constrained clustering algorithms are implemented in Matlab.
Each of them is provided with the same graphs. The similarity of each pair of
pixels is measured by the magnitude of their intervening contours [16],

wij = e−maxx∈line(i,j)‖edge(x)‖2/σe , (25)

where line(i, j) is a straight line that connects the ith and jth pixels, edge(x) is
the magnitude of the intervening contour at location x, σe is set one tenth of
the maximal edge magnitude on graph. To ensure the sparsity of the similarity
matrices, we only allow each pixel to connect with its neighboring pixels within
a circle of radius r = 10.

In the implementation of our LCP algorithm, we infer the transitive closure of
the pairwise constraints to replace the original C for information utilization[3].
The parameter q of the q/q−1 similarity modification strategy is set 0.01. Due
to the large number of pixels in images, it is inefficient to compute the com-
ponent indicating submatrix Fu with the converged solution (eq. (13)), whose
time complexity is O((n − |T |)3). To overcome this shortcoming, we adopt a
more time-saving approach, i.e. compute Fu with the state transition equation
F t+1
u = PucF

t
c + PuuF

t
u (derived from F t+1 = PF t) iteratively. Since the sparse

transition probability matrix has at most r2 non-zeros elements in each row,
and the number of the constrained pixels (|T |) is negligible compared with the
number of all the pixels (n), it can be proved that the time complexity of the
iterative computation of Fu is approximately O(n).

4.1 Experimental Results

We select five natural color images from the Berkeley Segmentation Database
[18] and scale them to 170×113 pixels. Different pairwise constraints are provided
to bias the extraction target towards the various desired contents (see the first
column in Fig. 1). The first three tasks respectively aim to localize the worm,
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(a) Original (b) SL (c) SSKK (d) CCSR (e) LCP

Fig. 1. Segmentation results on image segmentations given both must-link (solid lines)
and cannot-link (dashed lines) constraints

the left bird and the right bird from the same input image, while the last two
images try to differentiate the sky, the trees, the house and the swan from their
reflections in the lake and the background.

Fig. 1 compares the segmentation results of the constrained clustering algo-
rithms. LCP is demonstrated superior to the other methods by producing the
exact segmentation results indicated by the pairwise constraints. We explain its
success through the components constructed around the constrained vertices il-
lustrated in Fig. 2. In each subfigure of Fig. 2, a light is placed on the constrained
vertex to illuminate the unconstrained vertices in proportion to their probabili-
ties of belonging to the same component. Since each image is composed of several
local image elements corresponding to different contents or subjects, the compo-
nents constructed by LCP are the ideal approximations of the image elements,
if not their fragments. The automatic recognition of the local image elements,
combined with the enforcement of the pairwise constraints on the elements, re-
duces the complex constrained image segmentations to the simple clustering of
the limited number of image elements.
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Fig. 2. The components constructed around the constrained vertices by LCP (Because
of the different numbers of the constrained vertices in Fig. 1, we only select part of
the components for illustration.). The brighter a pixel, the higher the probability it
belongs to the component.

5 Conclusion

A new constrained clustering algorithm named Local Constraint Propagation
is proposed and demonstrated. Compared with the previous methods, our ap-
proach is featured in the following aspects. (1) LCP adaptively determine the
influence range of each constrained vertex, called ”component”, which not only
provides valuable insight to the underlying structures of the clusters, but also
enables the enforcement of the pairwise constraints on a wider range. (2) LCP
expands the influence of the pairwise constraints within the components locally
and proportionally, instead of spreading them to the whole data set globally and
uniformly. (3) LCP requires no estimation of the global or local metrics during
the constraint propagation.
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