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Abstract. We present a fast parameter sensitivity analysis by combin-
ing recent developments from uncertainty quantification with image pro-
cessing operators. The approach is not based on a sampling strategy,
instead we combine the polynomial chaos expansion and stochastic fi-
nite elements with PDE-based image processing operators. With our
approach and a moderate number of parameters in the models the full
sensitivity analysis is obtained at the cost of a few Monte Carlo runs.
To demonstrate the efficiency and simplicity of the approach we show a
parameter sensitivity analysis for Perona-Malik diffusion, random walker
and Ambrosio-Tortorelli segmentation, and discontinuity-preserving op-
tical flow computation.

1 Introduction

Finding a good parametrization of PDE-based image processing operators is a
serious problem in image processing [1,2]. Many authors have worked on methods
for the estimation of the optimal parametrization [1,3,4] or heuristics for a good
parametrization when the optimal one is unknown [3]. Nevertheless, most of the
work dealing with parameter estimation does not take care of the sensitivity of
the methods with respect to changes in the parameters. Thus, a small deviation
from the optimal parametrization or—which is even worse—a small error in the
computation of the parametrization may lead to significantly deviating results.

Here, we estimate the sensitivity of the image processing operators with re-
spect to parameter changes by performing a sensitivity analysis [5,6]. This is not
new to the image processing community [7,8,9] but often left out for performance
reasons. Classically, a sensitivity analysis is done by a Monte Carlo simulation
with respect to the assumed distribution (often uniform) of the model parame-
ters. This is time-consuming because the underlying image processing PDE must
be solved for every Monte Carlo sample. Due to the slow convergence rate of
the Monte Carlo method thousands of samples are needed to get accurate re-
sults. Another possibility is to perform a sensitivity analysis based on Bayesian
inference [10]. In this paper we present a method that avoids the sampling from
the parameter distribution. Instead, we solve a dedicated parametric PDE at
the costs of a few Monte Carlo samples. In our approach we use the notion of
stochastic images introduced in [11,12]. However, we assume the stochasticity to
be due to the parameters instead of being due to image gray value uncertainty.
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The concept of stochastic images is based on the generalized polynomial chaos
(gPC) expansion [13] for random variables (RVs)—a method that provides a
polynomial basis for the space of square-integrable RVs, i.e. RVs of finite vari-
ance. These RVs are elements of the stochastic L2-space. The gPC expansion rep-
resents them in a basis of polynomials in RVs with known distribution. Thereby
the coefficients of the linear combinations are deterministic. Thus, all stochas-
ticity is encoded in the polynomials and we can deal with the deterministic
coefficients to generate new RVs in this gPC basis.

PDEs acting on stochastic images become stochastic PDEs (SPDEs), i.e. the
coefficients, right hand sides and solutions of these differential equations are
stochastic quantities. The solution of an SPDE is an element of the tensor
product space L2(Ω)⊗H1(D), where H1(D) is the Sobolev space in the im-
age domain and L2(Ω) is the above mentioned stochastic space of RVs with
finite variance. Such SPDEs can be discretized with the stochastic finite element
method (SFEM) [14], which is a combination of the finite element method for
the deterministic and stochastic dimensions and the gPC to discretize the RVs.

To demonstrate the performance of our concept, we apply the sensitivity anal-
ysis to four famous PDE-based image processing operators: Perona-Malik diffu-
sion [15] smooths noisy images while preserving edges in the image. The edge
detector used there depends on a parameter that specifies how strong edges that
will be preserved have to be.

Random walker segmentation [16] determines objects in images based on user
specified seed regions or prior knowledge by performing random walks on a graph
associated to the image. The method is based on solving an elliptic PDE on a
graph, whereas the coefficient of the PDE depends on the local image gradient.
The parameter that has to be defined for random walker segmentation weights
the influence of the image gradient on the PDE coefficient.

Finally, we apply the sensitivity analysis on discontinuity-preserving optical
flow [17], which computes the movement of objects in a scene and Ambrosio-
Tortorelli segmentation [12]. These methods have two resp. four parameters.

The paper is organized as follows: In Section 2 we describe the classical sensi-
tivity analysis based on Monte Carlo sampling. The new approach with gPC ex-
pansions, stochastic images, and SFEM is presented in Section 3. Section 4 deals
with the discretization of the stochastic equations for the sensitivity analysis of
Perona-Malik diffusion, random walker and Ambrosio-Tortorelli segmentation,
and discontinuity-preserving optical flow estimation. In Section 5 we present re-
sults of the numerical computations on test images and true medical images to
show the use of the sensitivity analysis in a possible application. Conclusions are
drawn in Section 6.

2 Classical Sensitivity Analysis

The investigation of the sensitivity of image processing operators with respect
to parameter changes has found some attention in the image processing commu-
nity [7,8,9], however the existing approaches are used rarely due to their high
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Fig. 1. Various segmentation results obtained via random walker segmentation of a
medical Ultrasound image of a structure in the forearm with slightly varying parameter

computational costs. A sensitivity analysis identifies the important parameters,
the parameters with the strongest influence on the result, and parameter ranges
where the result is sensitive to small variations of these parameters. If the sen-
sitivity analysis is based on Monte Carlo simulation [18], the procedure is the
following: Based on the assumed distribution of the model parameters under
investigation m samples of the parameters are generated. The image processing
task is then performed independently for every sample parameter, leading to re-
alizations x1, . . . , xm. Afterwards, stochastic information is generated from the
sample results by the well-known approximating formulas for mean and variance:

E(x) ≈ 1

m

∑m

i=1
xi, Var(x) ≈ 1

m− 1

∑m

i=1
(xi − E(x))2 . (1)

To get accurate results, a huge number of samples is needed because of the
slow convergence of the samples’ mean and variance towards the real values.
Indeed, for the mean the approximation is of order O

(
m−0.5

)
. As an example of

a classical sensitivity analysis we show segmentation results obtained from the
random walker approach with slightly varying parameter in Fig. 1.

3 Stochastic Image Based Sensitivity Analysis

Our new approach to sensitivity analysis in image processing is based on the con-
cept of stochastic images [11,12]. We summarize the gPC expansion, stochastic
images, SFEM and the characterization of stochastic parameters in the following.

3.1 Generalized Polynomial Chaos Expansion

The polynomial chaos has been developed by Wiener [19] and extended by
Xiu and Karniadakis [13]. It provides a basis for RVs with finite variance.
Let (Ω,A, Π) be a probability space, where Ω is the sample space, A ⊂ 2Ω

a σ-algebra of events and Π a probability measure. RVs are elements of the
stochastic space L2(Ω) =

{
f : Ω → R :

∫
Ω
f2dω < ∞}

. These are measurable
functions on the probability space which are square integrable over the sample
space Ω with respect to the probability measure Π .

Let ξ1, . . . be RVs with known distribution and Ψ be polynomials that are
orthogonal with respect to the probability density function (PDF) of the chosen
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Fig. 2. Approximation of a Rician RV in a polynomial chaos spanned by Legendre-
polynomials in uniform RVs with varying polynomial order

RVs, e.g. Hermite-polynomials for Gaussian RVs or Legendre-polynomials for
uniform RVs. Following Wiener [19] and Xiu and Karniadakis [13] every RV
X ∈ L2(Ω) has a gPC expansion

X =
∑∞

α=1
aαΨ

α(ξ1, . . .) , aα ∈ R . (2)

To get a finite-dimensional approximation of a RV in the polynomial chaos one
restricts the number of basic RVs ξ = (ξ1, . . . , ξn) and the polynomial degree p
of the expansion. Thus, we end up with

X =
∑N

α=1
aαΨ

α(ξ) , aα ∈ R (3)

as a finite-dimensional approximation of L2(Ω)-RVs. As usual for a polynomial
basis, the number of basis functions is given by N =

(
n+p
p

)
. For the later use we

denote the subspace of RVs representable in the gPC by (3) with Sp
n ⊂ L2(Ω).

Note that the gPC basis is spanned by polynomials in known RVs. Nevertheless,
it is possible to model RVs with an arbitrary distribution, as long as the RV is
square integrable. Fig. 2 shows an example for the approximation of a Rician RV
in the gPC spanned by polynomials in uniform RVs. In what follows, we denote
RVs q uniformly distributed in the interval [a, b] by q ∼ U [a, b].

3.2 Stochastic Images

The notion of stochastic images [11,12] results from an approach to modeling
the uncertainty in image acquisition processes. Thereby the uncertainty in gray
values is modeled by letting the pixel values depend on RVs. If D ⊂ R

d, d = 2, 3
is the bounded domain we can regard an image to be an element of the corre-
sponding Sobolev space H1(D). A classical image f ∈ H1(D) is approximated
in a finite element space V h ⊂ H1(D) with a regular grid of spacing h, node-
/pixel-/voxel-set I and the related tent-functions Pi, i ∈ I:

f(x) =
∑

i∈I fiPi(x) . (4)
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If the uncertain image acquisition process is taken into account, the pixels fi
depend on RVs ξ, i.e. fi(ξ). Thus, stochastic images are elements of the tensor
product space L2(Ω)⊗H1(D), which are called random fields. We use the gPC
to approximate the RVs, and the finite element space V h to approximate the
Sobolev space H1(D). Thus, the discretized stochastic images are elements of
the finite-dimensional subspace Sp

n ⊗ V h ⊂ L2(Ω) ⊗H1(D):

f(ξ, x) =
∑

i∈I fi(ξ)Pi(x) =
∑

i∈I

∑N

α=1
fα
i Ψ

α(ξ)Pi(x) . (5)

In contrast to the original use of stochastic images from [11,12] we utilize them
to describe the influence of varying or stochastically distributed parameters. To
do so, we use pixels that depend on the RVs describing the stochastic parameter
rather than gray value uncertainty in the image processing model. Thus, (5)
represents the uncertainty due to stochastic coefficients.

3.3 Stochastic Finite Element Method

As mentioned above, when we apply PDE-based image processing operators on
the stochastic images we end up with SPDEs. In the following we briefly review
the discretization of such SPDEs with the SFEM. For reasons of simplicity we
base the review on the prototype equation

−∇ · (a(ξ, x)∇u(ξ, x)) = f(ξ, x) almost sure in Ω ×D

∂nu(ξ, x) = 0 on Ω × ∂D .
(6)

Analog to the classical case we obtain the weak form by multiplying (6) with a
test function v ∈ L2(Ω)⊗H1(D), integrating over the stochastic and determin-
istic domain, and using integration by parts:

∫

Ω

∫

D

a(ξ, x)∇u(ξ, x) · ∇v(ξ, x)dxdω =

∫

Ω

∫

D

f(ξ, x)v(ξ, x)dxdω . (7)

Replacing the quantities a, u, f by their gPC representation (5), using v = ΨγPi

as test function, decomposing the domain D into elements E, averaging the
coefficient aα in the elements, denoted by aαE , and reorganizing the integrals we
end up with

∑

j,α,β,E

uβ
j

∫

Ω

ΨαΨβΨγdω

∫

E

aαE∇Pj ·∇Pidx =
∑

k,α,E

∫

Ω

ΨαΨγdω

∫

E

fα
k PiPkdx , (8)

for i ∈ I and γ = 1, . . . , N . Analog to the classical case this is a linear system of
equations, which can be written in matrix from. When we group matrix entries
for corresponding α, β together, we end up with a block system of equations

SU = MF , (9)

where S is the stochastic inhomogeneous stiffness matrix, M is the stochastic
mass matrix and U, F are the vector of unknowns and the right hand side.
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Note that according to (8) the blocks are weighted sums of the classical stiffness
matrices from deterministic computations, thus every block has the sparsity
structure of a classical FEM matrix. Details about assembling SFEM matrices
can be found in [14].

4 Discretization

We proceed towards the demonstration of our concept to some well-known image
processing operators by describing the corresponding stochastic extensions of
their discretizations.

4.1 Perona-Malik Diffusion

Perona-Malik diffusion [15] smooths an image and preserves edges during the
smoothing process. The PDE for the regularized Perona-Malik diffusion proposed
by Catté et al. [20] is

ut −∇ · (g (|∇uσ|)∇u) = 0 , (10)

where uσ is the regularized image, e.g. by Gaussian smoothing with parameter
σ. The coefficient g is an edge indicator and classically defined as g(s) = (1 +

(s/λ)
2
)−1. Identifying the parameter λ of Perona-Malik diffusion with a RV and

invoking a gPC representation yields λ(ξ) =
∑N

α=1 λαΨ
α(ξ). Thus, the edge

indicator g, a spatial varying quantity, depends on a RV. Consequently, the edge
indicator is a random field with a representation in Sp

n ⊗ V h. To compute this
representation, we need numerical schemes to compute sums, quotient, squares
etc. of RVs. For this we rely on the methods presented by Debusschere et al. [21],
which involve projections on the polynomial chaos. Using the random field g as
coefficient in the Perona-Malik equation we get a random field u as result. Finally,
replacing the deterministic quantities by their stochastic counterparts we get as
the stochastic Perona-Malik equation for the sensitivity analysis:

ut(ξ, x)−∇· (g(|∇uσ(ξ, x)|)∇u(ξ, x)) = 0, g(ξ, s) =
(
1 + (s/λ(ξ))2

)−1

. (11)

Using an explicit Euler-scheme with time-step τ for the discretization of the
time derivative we arrive at the block system

(M + τSm)Um+1 = MUm m = 1, 2, 3, . . ., (12)

where Um denotes the image at the m-th time step. Furthermore, Sm denotes
the inhomogeneous stochastic stiffness matrix, which involves the edge indicator
g on the smoothed stochastic image at time step m. The smoothing of the
stochastic image is obtained by one time step of the stochastic heat equation
before the calculation of the edge indicator. The stochastic heat equation is
discretized analog to the Perona-Malik equation. As usual, we have to compute
the solution of the stochastic heat equation at time T = 0.5σ2 to compute a
Gaussian smoothing with kernel width σ.
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4.2 Random Walker Segmentation

The PDE for random walker segmentation [16] is given by

−∇ · (w∇u) = 0 , (13)

which is solved on a graph. The weight w is defined as w = exp(−β|∇u0|2), where
u0 is the image to segment and β the parameter for random walker segmenta-
tion. Defining seeds for the object and the background adds boundary conditions
g to (13). Identifying the parameter β by its gPC expansion β(ξ) =

∑
α βαΨ

α

and replacing the coefficient and image by their stochastic counterparts we end
up with an elliptic SPDE for the sensitivity analysis of the random walker seg-
mentation approach given by −∇ · (w(ξ, x)∇u(ξ, x)) = 0. The coefficient is then
w(ξ, x) = exp(−β(ξ)|∇u0(x)|2) =

∑
i∈I

∑
α wα

i Ψ
αPi. We obtain the linear sys-

tem SU = −SG containing the inhomogeneous stochastic stiffness matrix S, the
discretized boundary conditions G and the stochastic segmentation result U.

Remark 1. A stochastic extension of random segmentation has been presented
by Pätz and Preusser [22]. Their idea is the propagation of image noise from the
input to the result. Although, the idea used here is different because we use a
stochastic parameter, we basically end up with the same equation. Thus, the dis-
cretization of the sensitivity analysis benefits from the methods presented there.

4.3 Discontinuity-Preserving Optical Flow

Discontinuity-preserving optical flow (OF) is a combination of the Horn-Schunck
optical flow model [17] and the Perona-Malik model [15] for edge (or disconti-
nuity) preserving smoothing. In 2D the equations are given by

∂1f (w · ∇f + ∂tf)− κ∇ · (g (|∇fσ|)∇u) = 0

∂2f (w · ∇f + ∂tf)− κ∇ · (g (|∇fσ|)∇v) = 0 .
(14)

The images f and fσ for OF estimation are deterministic, thus the stochastic
components in (14) are the smoothing coefficient κ, the parameter λ for the
edge indicator, and the optical flow field w = (u, v). Replacing them by their
gPC representation and using PjΨ

β as test function, we end up with the linear
system RW = −T . The block matrix R is given by R = (Rα,β)α=1,...,N,β=1,...,N

and since this is a vector valued problem every block has again a block structure

Rα,β =

(
(R11 + S)α,β Rα,β

12

Rα,β
21 (R22 + S)α,β

)
. (15)

The matrix S is the Perona-Malik stiffness matrix as introduced in (8) and Rα,β
m,n

is a block of the stochastic Horn-Schunck fidelity matrix given by

Rα,β
m,n =

∑
i,k,l

fkfl

∫

Ω

ΨαΨβdω

∫

D

PiPj∂mPk (∂mPlu
α
i + ∂kPlv

α
i ) dx . (16)

The rhs has the same block structure T = (T β)β=1,...,N , T β =

(
T β
1

T β
2

)
with entries

T β
m =

∑
k,l

fkfl

∫

Ω

Ψβdω

∫

D

Pj∂mPk∂tPldx . (17)
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(a) (b) (c) (d) (e)

Fig. 3. Initial image (a), expected value (b), and variance (c) for Perona-Malik smooth-
ing of a test image corrupted by uniform noise; Expected value (d), and variance (e)
of the stochastic edge indicator

4.4 Ambrosio-Tortorelli Segmentation

Sensitivity analysis for Ambrosio-Tortorelli segmentation [12] requires the solu-
tion of a system of two coupled SPDEs and involves four stochastic parameters
the user has to choose:

−∇ ·
(
β(ξ)

α(ξ)
(φ(ξ, x)2 + kε(ξ))∇u(ξ, x)

)
+ u(ξ, x) = u0(x)

−Δφ(ξ, x) +

(
1

ρ(ξ)2
+

2α(ξ)

ρ(ξ)
|∇u(ξ, x)|2

)
φ(ξ, x) =

1

ρ(ξ)
.

(18)

The parameters α and β control the influence of the phase field value on the im-
age smoothing process and ρ controls the width of the phase field. The influence
of the image gradient on the phase field is controlled by α and ρ, and kε is an
additional regularization parameter that ensures ellipticity of the first equation.

The discretization of (18) uses finite elements for the deterministic and the
gPC for the stochastic dimensions as before. Details are given in [12].

5 Results

In this section, we present the numerical results obtained from the proposed
sensitivity analysis. For the four methods we present individual aspects of the
sensitivity analysis using medical images and well known test sequences.

5.1 Perona-Malik Diffusion

To demonstrate the sensitivity analysis of Perona-Malik diffusion we use a test im-
age with 187×187pixels, which is corrupted by uniform noise (see Fig. 3).We per-
formed 250 steps of the Perona-Malik diffusion with time step τ = 1

187·187·6 . The
parameterλ ∼ U [0.16, 0.24] is uniformly distributed varying 20%around itsmean.
This is modeled in the gPC expansion by using Legendre-polynomials and coeffi-
cients λ1 = 0.2 and λ2 = 0.04. A uniform distribution of the parameters is the best
choice when only lower and upper bounds for the parameter are known. To cap-
ture the nonlinear effects influencing the stochastic result we used a polynomial
chaos in one RV, but up to polynomial degree five. The results of this experiment
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are depicted in Fig. 3. We see that the Perona-Malik diffusion was able to smooth
the noise in the input image. However, in the vicinity of the edges there is a high
uncertainty whether the region belongs to the inner part of the objects or to the
background. This uncertainty of the objects’ location is also visible in the edge in-
dicator of the smoothed image. In some parts of the image, there is a widish region
around the true edge position where the mean value of the edge indicator is below
one. Furthermore, the high variance of the edge indicator identifies regions with a
high uncertainty with respect to the edge position.

In Fig. 4 the Perona-Malik diffusion on a medical image is used to decompose
the image into regions. As indicated by the edge indicators’ variance and the
variance of the final image, there is uncertainty in the decomposition of the image
into the regions with respect to the parameter λ. Choosing different realizations
of the parameter λ we get different decomposition of the image (see Fig. 5).

5.2 Random Walker Segmentation

The sensitivity analysis of random walker segmentation is applied first on a
test image with resolution 129 × 129 pixels and using a uniformly distributed
parameter β ∼ U [8, 12]. Thus, the expected value is 10 and gPC coefficients
are β1 = 10 and β2 = 2. Again, we used a polynomial chaos in one RV and
a polynomial degree of five. The test image shows a liver mask in front of a
varying background. We purposely smoothed the image with a Gaussian to end
up with a blurry region, without sharp gradient between object and background.
The result of the random walker segmentation on this image with stochastic
segmentation parameter is shown in Fig. 6. It is easily accessible that the volume
of the segmented object depends on the segmentation parameter.

Applying the sensitivity analysis for random walker segmentation on a medi-
cal ultrasound image with resolution 300× 300 pixels we get again a stochastic
segmentation result from which we visualize the mean and the variance of the
probability map in Fig. 7. From the variance image we see that the uncertainty
in the segmentation with respect to the choice of the parameter β are in re-
gions with a low gradient between object and background (upper right corner of
the image) and in regions where the selection of the seed points missed impor-
tant parts of the object. This is visible at the upper boundary of the object in
the upper right corner of the image. There is a high intensity region inside the

(a) (b) (c) (d) (e)

Fig. 4. Initial image (a), expected value (b), and variance (c) for Perona-Malik smooth-
ing of an MR image and expected value (d) and variance (e) of the edge indicator



Fast Sensitivity Analysis of PDE-Based Image Processing Methods 149

Fig. 5. Two realization of the stochastic Perona-Malik result. Dependent on the choice
of the parameter λ we obtain different decompositions of the image

object that was not marked as seed region. Due to the missing information in
the algorithm whether this belongs to the object or to the background the uncer-
tainty has been increased. To get a more intuitive interpretation of the stochastic
segmentation result, we depicted realizations of the stochastic segmentation re-
sult in Fig. 8. The contours easily identify regions where the object boundary is
highly influenced by the choice of the parameter β. Note, there is no one-to-one
correspondence between a high variance in the probability map and a high un-
certainty in the contour positions. This is due to the varying gradient of the
probability map. Details are given in [22].

5.3 Discontinuity-Preserving Optical Flow

The sensitivity analysis for discontinuity-preserving optical flow is performed on
two data sets with ten frames each. The first data set shows a circle moving to
the top in a 100 × 100 pixels image. We use a uniformly distributed smooth-
ing parameter κ ∼ U [16, 24] (E(κ) = 20, coefficients κ1 = 20, κ2 = 4) and a
uniformly distributed parameter λ ∼ U [0.08, 0.12] for Perona-Malik smoothing
(coefficients λ1 = 0.1 and λ2 = 0.02). The results of this computation are de-
picted in Fig. 9. Clearly there is a high optical flow on the object boundaries.
Due to the smoothing and the homogeneous background we get a big halo of
the flow field around the object. The RV κ describes the intensity of the global
smoothing and the RV λ influences the smoothing process on the object bound-

Fig. 6. The blurry liver image (left), the seed regions (middle), and the contours ob-
tained from the stochastic segmentation result (right)
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Fig. 7. Seed regions for the object and the background (left). Expected value (middle)
and variance (right) of the probability map as the result of random walker segmentation
with stochastic parameter of an ultrasound image

ary only. In the covariance |Cov(w)|∞ = max(Var u,Var v) of the optical flow
this effect is visible, too.

Furthermore, we applied the sensitivity analysis for optical flow estimation on
a test sequence with resolution 200× 200 pixels from [23] using the smoothing
parameters from above. The first and last picture of the test sequence, the ex-
pected value and covariance of the optical flow field are depicted in Fig. 10. The
expected value of the flow field shows that the discontinuity-preserving optical
flow model gives a rough expression of the optical flow in the image. Using the
covariance we are able to identify regions were the smoothing term has a signifi-
cant influence on the optical flow estimation. The regions with a high covariance
of the optical flow field are the smooth regions in the image, because there is no
edge information that gives additional ”source-terms” for the optical flow.

5.4 Ambrosio-Tortorelli Segmentation

The sensitivity analysis for Ambrosio-Tortorelli segmentation is performed on
the same data set as used in Section 5.2. We used four uniformly distributed
parameters given by α ∼ U [0.9, 1.1], β ∼ U [2250, 2750], ρ ∼ [0.45/128, 0.55/128]
and kε ∼ U [0.225/128, 0.275/128]. The results are shown in Fig. 11. The uncer-
tainty in the phase field is concentrated at the edges inside the images, whereas
the uncertainty in the smoothed image concentrates in high curvature regions of
the phase field.

Fig. 8. Samples of the stochastic contour encoded in the stochastic random walker
result shown on the mean (left) and the variance (right) of the probability map
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Fig. 9. The first and last frame of the input sequence (left and middle left), expected
value (middle right) and maximal covariance (right) of the optical flow field

Table 1. Execution times (in sec) of the classical methods and the sens. analysis. The
rightmost column shows the Monte Carlo runs that can be calculated in the same time.

one deterministic
run

Sensitivity
Analysis

equiv. number of
MC samples

PM-diffusion 28.36 1119.65 39

RW-segmentation 1.25 5.00 4

DP-optical flow 25.54 979.33 38

Fig. 10. The first and last frame of the input sequence (left and middle left), Expected
value (middle right) and maximal covariance (right) of the optical flow field

Fig. 11. Ambrosio-Tortorelli model applied on the expected value of the liver data set
using stochastic parameters. The first two images show the expected value (left) and
the variance (middle left) of the smoothed image, remaining images the expected value
(middle right) and the variance (right) of the phase field.

5.5 Performance Evaluation

To demonstrate the speed of the proposed sensitivity analysis we compare the
execution times of the classical methods with the execution times of our pro-
posed method using a polynomial degree of five. The results compiled in Table 1
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highlight the moderate computational overhead of our method. To compute a
reliable Monte Carlo result at least 10 000 sample results had to be computed.

6 Conclusion

We presented a new approach for sensitivity analysis in image processing. It is
based on the notion of stochastic images recently developed for the propagation
of gray value uncertainty. The notion of stochastic images here used for the sen-
sitivity analysis has been presented originally for the propagation of uncertainty
in the image acquisition process through the image processing pipeline. The sen-
sitivity analysis performed in this paper shows that the concept of stochastic
images can be used to model other problems arising from uncertain information
in image processing.

Applications in which decisions are based on information extracted from the
images have a strong need for sensitivity analysis. Often the extraction of the
information requires choosing dozens of (hand-tuned) parameters and it seems
a great benefit to use a fast sensitivity analysis to identify those parameters
that have a strong influence on the result. In medical image processing this is
particularly important, e.g. in oncology the segmentation results of cancerous
structures are used directly to decide about the treatment of patients. Thus, the
availability of information about the uncertainty of the segmentation result with
respect to the user-chosen parameters is helpful to avoid incorrect decisions.

The sensitivity analysis of Perona-Malik diffusion, random walker and
Ambrosio-Tortorelli segmentation, and discontinuity-preserving optical flow es-
timation can be seen as a case study. On these examples we demonstrated the
speed of the proposed sensitivity analysis by comparing the execution time of
the sensitivity analysis with the execution time of the classical image processing
methods. The speed comparison shows that the achieved speed is in a range
that seems acceptable for true applications. Finally, we emphasize that all im-
age processing methods based on PDEs can be extended to allow the presented
sensitivity analysis. This shows the high potential of the stochastic modeling
approach in PDE-based image processing.
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