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1 University of Maryland, College Park, MD, USA
2 Ecole Normale Supérieure de Cachan, France

Abstract. We present a fast image comparison algorithm for handling variations
in illumination and moderate amounts of deformation using an efficient geodesic
framework. As the geodesic is the shortest path between two images on a mani-
fold, it is a natural choice to use the length of the geodesic to determine the image
similarity. Distances on the manifold are defined by a metric that is insensitive to
changes in scene lighting. This metric is described in the wavelet domain where
it is able to handle moderate amounts of deformation, and can be calculated ex-
tremely fast (less than 3ms per image comparison). We demonstrate the similarity
between our method and the illumination insensitivity achieved by the Gradient
Direction. Strong results are presented on the AR Face Database.

1 Introduction

The presence of lighting changes and deformations complicates the task of general im-
age comparison. We present a fast algorithm that can handle illumination variation and
moderate amounts of deformation in an efficient wavelet-based geodesic framework.
Expressing the image matching cost in the wavelet domain allows us to derive an algo-
rithm where the complete cost calculation requires only O(n) table lookups, for n the
number of pixels in one image.

Considering images as points on a high dimensional image manifold, defining a met-
ric to give local structure to the manifold allows paths to be calculated between images
along the manifold; see Fig. 1. Computer Vision literature frequently uses geodesics
in a Manifold Learning framework, where many given images are assumed to lie on a
manifold and paths are defined by edges through sets of known images. In this work, we
are given only two images, and we consider the geometry of the manifold, as induced
by the chosen metric, to calculate the length of the path between them. It is natural to
use the length of the geodesic, or locally shortest path, to define the similarity between
two images, and geodesics provide significant information about the ways in which im-
ages differ. Points along a geodesic curve are images that have morphed part way from
the first image to the second, and changes such as lighting and deformations can be in-
troduced gradually through time. Being able to construct and manipulate geodesics has
many applications, including accurate image interpolation [17], the ability to extract
nonlinear statistics from a set of images on a manifold [18], and image registration [1].
In this work we aim to measure geodesic lengths on an image manifold, and provide a
framework that can then be extended for further applications.
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Fig. 1. A high-dimensional manifold, where each point on the manifold is an M×N -dimensional
image, and geodesics connecting more similar images are shorter (images from [8])

Due to their high dimensionality, calculating geodesic distances can be a very ex-
pensive task directly, but we show that by working in the wavelet domain with a well-
chosen metric, we can solve this problem very efficiently. To define an appropriate
manifold of images, we will use a metric that is insensitive to changes in lighting and
moderate amounts of deformation. The metric depends on image gradients, as gradients
are less sensitive to changes in lighting than are direct pixel intensities. We will achieve
results similar to those from the illumination-insensitive Gradient Direction, but here
we also have a meaningful geodesic in addition to a simple difference value. We will
show that our lighting cost is insensitive to moderate amounts of deformation when
accumulated over several scales.

A geodesic-based image comparison framework has been considered in the past in
works including [1]. Wavelets have been used to obtain insensitivity to group actions
in works such as [2], and an efficient approximation of the somewhat deformation-
insensitive Earth Mover’s Distance has been calculated in the wavelet domain in [15].
The insensitivity of the gradient to lighting change has been shown numerous times such
as in [10], where normalized gradients are used as features so that the SIFT descriptors
are invariant to affine changes in illumination. We modify the gradient-based lighting-
insensitive metric presented in [7]. Handling illumination changes and deformations
together in an Optical Flow framework has been studied in works such as [13], but
our proposed algorithm can be computed several orders of magnitude faster than these
previous methods, while still providing accurate matching costs.

The primary contributions of this work are threefold: 1) a method using geodesics
to calculate an illumination-insensitive image comparison cost similar to the Gradient
Direction, but useful for applications where manipulating geodesics is required; 2) the
insight that local dependencies can be removed by using an appropriate wavelet do-
main to express an image matching cost function based on gradient terms, allowing the
cost computation to be separated into independent problems at every point location in
wavelet space; and 3) a very fast calculation of this image comparison cost.

2 Geodesics for Object Identification

Identifying objects in pairs of images is made challenging by changes in pose, lighting,
deformations, and occlusions. If these changes could be introduced gradually over the



A Fast Illumination and Deformation Insensitive Image Comparison Algorithm 73

course of several images, they would be much easier to handle. If we consider the
manifold of images of a single class of object, where every point on the manifold is
some instance of that object, then paths through the manifold connecting two images
would consist of a continuum of images morphing from the first image to the second,
like a video playing over time. The similarity of two instances of an object could then be
defined by the length of the geodesic connecting them on the manifold, where shorter
paths imply more similar objects; see Fig. 1.

Given a manifold of M×N -dimensional images, we define a metric on this manifold
so that it has a quantifiable structure, making it a Riemannian manifold [4]. The metric
defines how costly it is to take an infinitesimal step in any given direction from any
given point, and can be thought of as an M×N -dimensional topographical map, where
walking up a hill in one direction costs more than walking downwards in a different
direction. On the Euclidean plane, the metric is d(p1, p2) = ‖p2 − p1‖2, but a metric
can be defined in many ways as long as it is a locally linear metric. The metric chosen
to define the manifold can be constructed to heavily penalize certain types of image
variations, while allowing other variations to have low costs. For example, we would
like an image metric that allows scene lighting to change at little cost, while object
instance changes should come with a very high cost.

The length L of a path I(t) from t = 0 to t = 1 on a manifold is defined, for any
given metric ‖ · ‖, to be

L(I(0), I(1)) =

∫ 1

0

∥∥∥∥dIdt
∥∥∥∥ dt. (1)

In order to calculate the geodesic path connecting I(0) and I(1), we must find the min-
imum cost path I(t) along the manifold. This becomes an optimization problem, where
we want to solve Igeod(t) = argminI(t) L(I(0), I(1)). Geometrically, a geodesic is a
curve whose tangent vectors dI

dt have constant length [4]. It can be shown that the length
of the geodesic Igeod(t) is also equal to

Lgeod(I(0), I(1)) = min
I(t)

√
2E(I(t)), (2)

a function of the energy E of the curve [19], where energy is defined as

E(I(t)) =
1

2

∫ 1

0

∥∥∥∥dIdt
∥∥∥∥
2

dt, (3)

which is familiar from classical mechanics where kinetic energy is 1
2mv2. The relation

(2) can be understood intuitively because the tangent vectors all have constant length c,
and so if

∫ 1

0 ‖c‖dt is minimal, then 1
2

∫ 1

0 ‖c‖2dt must also be minimal, as squaring is a
monotonic function. Therefore,

Igeod(t) = argmin
I(t)

∫ 1

0

∥∥∥∥dIdt
∥∥∥∥ dt = argmin

I(t)

1

2

∫ 1

0

∥∥∥∥dIdt
∥∥∥∥
2

dt. (4)

We will choose an appropriate energy function and use the relation from (2) to help us
calculate geodesic distances on the image manifold.
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The metric defining the manifold on which the geodesics live can be adjusted for var-
ious applications, making this an elegant framework to handle an often messy problem,
allowing images to update gradually and continuously through time. In the next sec-
tions we will discuss the metric and optimization schemes chosen to efficiently solve
this problem.

3 A Lighting-Insensitive Metric

A pixel-based metric proposed in [7] was designed to be insensitive to changes in scene
illumination, which the authors combined with a regularization term to handle deforma-
tions in an Optical Flow-like framework, calling the combined method the Deformation
and Lighting Insensitive (DLI) metric. The lighting-insensitive (LI) term relating two
images I1 and I2 was presented as

ELI(I1, I2) =
1

2

∑
x,y

‖∇δI(x, y)‖2
‖∇I(x, y)‖2 + ε2

, (5)

where ∇δI and ∇I are defined in terms of I1 and a second image Î2 that is I2 warped
to match I1 as closely as possible under certain constraints, so δI = Î2 − I1 and
∇I = ∇I1. The small constant ε is of the order of the noise in the image, and ensures
that the denominator is never zero.

Using image gradients instead of intensities directly is known to be less sensitive to
changes in lighting, for example from [10]. The Gradient Direction is a cost function
commonly used when insensitivity to illumination change is desired. The direction of

the image gradient θ = tan−1
(

Iy
Ix

)
is calculated at each pixel, then used in a sum-of-

squared-differences image comparison, defining a cost between a given pair of images.
This measure is invariant to adding a constant value to the image, or multiplying the
image by a scalar, desirable properties for being insensitive to changes in scene il-
lumination. However, it can be argued that a small change in illumination should be
penalized less harshly than a large change in illumination.

The metric ELI has similar properties to the Gradient Direction, but is able to respond
to different gradient relations appropriately, scaling the gradient of the image change
δI by the norm of the image gradient. Changing from a small to a medium gradient
norm will be penalized more severely than changing from a medium to a large gradient
norm. Comparing two smooth image regions should have a low cost, while comparing
a smooth region to a jagged region should have a high cost. The image gradient is small
at pixels that correspond to smooth regions of an object, and although a change in scene
lighting will result in different pixel intensities, the relative intensities of the pixels
will remain similar, and the gradient will remain small, so both the numerator and the
denominator will be small, resulting in a low matching cost, and the desired property
holds. In an image region where there is a geometric boundary, such as at the edge of
a building, a change in scene lighting could affect the distinct surfaces in very different
ways, but as the gradient is likely to be large across this boundary, matching a larger
∇δI is permissible at a lower cost as it will be weighted by the image gradient in the
denominator. In an image region where there is an albedo change but little geometric
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(a) Image sequence.

(b) Image matching costs.

Fig. 2. (a) Image sequence, where each image is compared to image 1, the leftmost image. (b)
Gradient Direction and ELI mfld costs for each image pair in the image sequence.

change, for example a colored stripe on a white wall, the gradient across this boundary
may be large, but as the scene lighting changes, ∇δI will scale with ∇I , so as long
as the pixels being compared correspond to the same points in the scene, the matching
cost will remain low.

To understand the difference in behavior between the Gradient Direction and our
new cost ELI mfld, we provide a simple toy example Fig. 2, which could represent a
series of images captured as a lighting source moves from one side of a building to
another across a corner. Costs are calculated from the leftmost image in Fig. 2(a) to
all images in the sequence, and these costs are presented in Fig. 2(b). As the change
in intensity gets larger, the cost of ELI mfld steadily increases, and when the order of
the intensity magnitudes reverses (from image 3 to image 5), this causes a jump in the
costs. With Gradient Direction (mod π), the cases where two image regions have the
same intensity (images 4 and 7) cause the comparison cost value to blow up, while
otherwise the direction of the gradients and hence the costs are not discriminative.

We will use this metric to define a manifold that is insensitive to changes in illumi-
nation. Along any curve I(t) (a continuum of images) on the manifold, for small step
δt > 0, δI(t) = I(t+ δt) − I(t). The relation between two images from (5) defines a
Riemannian structure on images using the infinitesimal norm

‖δI‖2LI =
1

2

∑
x,y

‖∇δI(x, y)‖2
‖∇I(x, y)‖2 + ε2

. (6)

Using this term in the energy function from (3), the energy of a curve I(t) on this
manifold is

ELI mfld(I(t)) = lim
δt→0+

1

2

∫ 1−δt

0

‖δI‖2LI

(δt)2
dt. (7)

We search for geodesics on this manifold in order to determine the distance
Lgeod(I(0), I(1)) between any given pair of input images I(0) and I(1). To calculate
the geodesic from (4) we must therefore solve

Igeod(t) = argmin
I(t)

lim
δt→0+

1

2

∫ 1−δt

0

∑
x,y

‖∇δI(x, y, t)‖2
‖∇I(x, y, t)‖2 + ε2

1

(δt)2
dt. (8)

3.1 Behavior of the Metric

In this section we will discuss the behavior of the geodesics defined by this lighting-
insensitive metric at a single point location (x, y). When the image gradient is near
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zero, the metric is dominated by the 1
ε2 term, and the cost scales nearly linearly with the

change in the gradient.
In regions where the image gradients are large, the behavior is more exponential.

This can be seen analytically without loss of generality if we consider the case where
the gradient is zero in the y dimension in both images, so that there is no change in
gradient direction and ∇I = Ix. For clarity let ε2 = 0, and take I ′ = limδt→0+

δI
δt .

This reduces (8) to

argmin
I(t)

1

2

∫ 1

0

(
I ′x
Ix

)2

dt, (9)

which can be solved using the Euler-Lagrange equation [3], a technique that converts a
functional to be minimized into a differential equation describing the minimizing func-
tion. Specifically, given a functionalJ of the formJ(f) = minf(t)

∫ 1

0
F (t, f(t), f ′(t))dt,

the function f(t) that minimizes J(f) is described by the equation ∂F
∂f − d

dt
∂F
∂f ′ = 0.

Applying the Euler-Lagrange equation to (9), the resulting differential equation can be
simplified to

(I ′x)
2 − IxI

′′
x = 0. (10)

It can be shown that Ix(t) = cert satisfies this equation for c, r ∈ R, and any set of
boundary conditions I(0) and I(1) will determine the specific values of these variables.
We therefore see that when the value of ε is small with respect to the magnitudes of
∇δI and ∇I , the gradient of I behaves like an exponential, meaning that I changes
exponentially with time. So the cost function we seek to minimize is near linear when
the image gradients are near zero, and near exponential when the image gradients are
larger, which penalizes scene lighting variation as desired.

3.2 Disadvantages of Direct Optimization

The most straightforward way to minimize (8) is to use a gradient descent optimization
scheme. However, for input images of size M×N , the geodesic path I(t) has dimension
M×N×T , for T the number of time steps used to discretize the geodesic. Calculations
with ∇ELI mfld are cumbersome and easily get trapped in local minima. We avoid these
computations by moving the problem into the wavelet domain, where we will show that
it can be expressed as M ×N distinct 1D problems that are straightforward to solve.

4 Optimization in the Wavelet Domain

We show that moving the normELI mfld into the wavelet domain results in a function that
can be minimized over each independent variable separately, thereby vastly simplifying
the minimization calculations and resulting in a very fast computation. We will also find
that this representation provides insensitivity to moderate amounts of deformation.

4.1 Background on Wavelets

For our purposes, wavelets are a set of orthonormal functions that allow local analysis of
a function according to scale; for details see [11]. At every scale the wavelet transform
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(a) (b) (c)

Fig. 3. (a) 2D Haar wavelet decomposition to three scales, (b) 1D Haar wavelet, (c) 1D biorthog-
onal spline wavelet

has three outputs, defined in the horizontal H , vertical V and diagonal D directions,
and a downsampled version of the input that is then processed at the next scale; see
Fig. 3(a). Wavelet functions used to filter an image can be constructed in a wide variety
of forms, but for our purposes we consider only functions that have the same general
form as a derivative filter. The 1D Haar wavelet at one scale (see Fig. 3(b)) is exactly
a simple finite difference filter, and so filtering with a Haar wavelet is equivalent to
downsampling by two and filtering with a finite difference filter in each dimension, i.e.
extracting the gradient at every other pixel. The critical observation here is that each
term of this wavelet transform is independent. Wavelet basis functions can be chosen
to be orthogonal, and in this case changing the value of the wavelet coefficient at one
location at one scale affects no other coefficients at any scale, for its support of two ad-
jacent points at the next coarsest scale is downsampled by two, so these points influence
no other coefficient. This allows us to define gradients in terms of independent wavelet
coefficients. If we filter with a smoother wavelet of a similar gradient-like shape, such
as the biorthogonal spline wavelet (see Fig. 3(c)), this can be considered to be filtering
with a smoothed gradient filter, with desirable continuity properties. In this work we
will use the family of biorthogonal spline wavelets (with orders nr = 1, nd = 3).

4.2 The Lighting Metric in the Wavelet Domain

We rewrite the function ELI mfld (7) in terms of wavelet coefficients. If these coefficients
are defined so that H(m,n) is the horizontal component and V (m,n) is the vertical
component of a 2D gradient-like wavelet calculated via a discrete wavelet transform,
then H ≈ Ix and V ≈ Iy , where each has been downsampled by a factor of two. Using
the L2 norm, ELI can be rewritten approximately as

Ewav(I) =
1

2

∑
m,n

δH2 + δV 2

H2 + V 2 + ε2
, (11)

where H and V depend on point locations (m,n), but we leave this out of the notation
for clarity, as (m,n) are fixed inside the sum. The converted cost function does not
make use of the diagonal component of the 2D wavelet decomposition, as all terms are
expressible using only H and V .

In the wavelet domain, each wavelet basis location is now independent of its neigh-
bors, as the local descriptions of the gradients are handled during the wavelet filtering, a
result of the orthogonality of the wavelets as described in the previous section. A primary
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Fig. 4. Algorithm schematic: The discrete wavelet transform (dwt) is applied to the input images
to generate the horizontal and vertical components H and V of the wavelet decomposition at
one scale. At each point pair location in H(0), V (0), the geodesic curve is calculated to the
corresponding point location in H(1), V (1). These curves are then integrated, and the resulting
values from each point pair are summed for the total image matching cost.

contribution of this work is the insight that using the wavelet domain to express an image
matching cost function based on gradients allows the similarity computation to be sepa-
rated into independent problems at every point location in wavelet space. We recall that
the terms comprising the cost function in the wavelet domain are sampled from the origi-
nal terms at every other pixel. Again taking H ′ = limδt→0+

δH
δt and V ′ = limδt→0+

δV
δt

so that the 1
(δt)2 term cancels, the minimization problem (8) can be rewritten as

Igeod(t) =
1

2

∑
m,n

argmin
H(t),V (t)

∫ 1

0

H ′2 + V ′2

H2 + V 2 + ε2
dt. (12)

where H and V are curves through time, and each individual point on the curves is in
R

M×N . The M × N × T dimensional problem of (8) has now been separated into
M × N independent continuous 1D problems to be summed, one for each location
(m,n) in the wavelet domain. The geodesic path at each point location is defined by
two 1D curves, H(t) and V (t), which are coupled, meaning that their geodesic paths
are co-dependent and are optimized together; see Fig. 4. We can calculate the geodesic
path for each point location separately, and then the full geodesic path of the image as a
whole is simply the combination of all these distinct paths. The starting and ending values
H(0), H(1), V (0), V (1) are the coefficients from the wavelet decompositions of the
given images I(0) and I(1), and so this reduces to a series of boundary value problems.

The minimization problem in (12) is a functional of a form that can be easily converted
to a set of differential equations using the Euler-Lagrange equation [3], as described in
Sec. 3, which can then be solved numerically. We chose to first convert the relation into
polar coordinates, as this proved to be more stable to solve numerically. Defining r =√
H2 + V 2 and θ = tan−1 V

H , the inner functional to be minimized becomes

argmin
r(t),θ(t)

∫ 1

0

r′2 + r2θ′2

r2 + ε2
dt. (13)

Following the vector form of the Euler-Lagrange equation, the differential equations
that describe the curves r(t) and θ(t) that together minimize the term inside the sum
for a single point location (m,n) are
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r′′ = rθ′2 + (rr′2 − r3θ′2)(r2 + ε2)−1,

θ′′ = 2r−1r′θ′(r2(r2 + ε2)− 1). (14)

This pair of second order equations can be solved as a system of four first order equa-
tions using any numerical integration scheme, and we chose to use the Boundary Value
Problem solver from MATLAB. The output is a pair of numerical 1D curves r(t) and
θ(t), starting at r(0), θ(0) and ending at r(1), θ(1), that can be converted back to 1D
curves H(t), V (t), and that minimizes the cost from (12). This process is repeated for
each wavelet domain point (m,n) separately. We now have M × N pairs of geodesic
curves. A visual schematic of the algorithm can be seen in Fig. 4.

Once all the optimal curves have been found, it remains to integrate along each of
them to calculate the cost contribution from each location, and sum these point costs
for the overall value of the energy of the image matching. These integrations can be
computed numerically, discretizing the curve into T segments and summing the value
of the cost function at each of these segments. Once the total energy is calculated, we
recall the relation from (2) and return the square root of twice the energy value as the
true geodesic length.

4.3 Limiting Behavior

When ε is reduced to 0, equation (13) decouples into two separate problems:

argmin
r(t)

∫ 1

0

r′2

r2
dt and argmin

θ(t)

∫ 1

0

θ′2dt. (15)

These equations are optimized by exponential curves in r(t) and linear curves in θ(t),
and when the boundary values are included, the optimal curves are

r(t) = r0e
ln

r1
r0

t = r0

(
r1
r0

)t

and θ(t) = (θ1 − θ0)t+ θ0. (16)

These functions can be integrated analytically, resulting in a total energy of

E =

(
ln

r1
r0

)2

+ (θ1 − θ0)
2
, (17)

a value determined entirely by the boundary points, invariant to the path connecting
them. This is observed to be exactly the cost of the Gradient Direction plus a constant
term depending on the ratio of the lengths of the H and V terms in the two images. So
we expect the cost reported here to be very similar to the Gradient Direction, but more
highly penalizing cases where the difference in gradient norms between the two images
is large, while the Gradient Direction is invariant to uniform scalar changes in intensity
magnitude. It is reasonable and often desirable to have cases where a uniform intensity
change is small be penalized less than cases where the magnitude is large. When the
magnitude of r is the same at corresponding pixels in both images, the cost is exactly
that of the Gradient Direction. In this limiting case when ε = 0 the geodesic path is not
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meaningful, but for all positive ε a geodesic path does exist. When the gradient norms
are small, we prefer the linear penalty incurred by the ε term, as discussed in Sec. 3.1,
so that small amounts of noise in smooth regions do not bias the measure.

In practice when ε is positive, these properties are consistent, but the geodesic cost
is influenced by its entire path on the manifold. The cost to rotate by an angle θ when
r1 = r2 is essentially constant, regardless of the magnitude of r1. The cost to go from
(r1, θ1) to (r2, θ2) is close to the cost of rotating a constant r by θ2 − θ1 plus the cost
of scaling from r1 to r2 without any rotation.

4.4 Deformation Insensitivity

The algorithm presented above provides a way to compare images that is insensitive to
changes in scene illumination. We now claim that this algorithm can also handle mod-
erate amounts of deformation. Expanding our function to include several scales s of
wavelet coefficients, where larger scales correspond to coarser levels of the decompo-
sition, the function to be minimized is now

Igeod(t) =
1

2

∑
m,n

∑
s

argmin
H(t),V (t)

λs

∫ 1

0

H ′2 + V ′2

H2 + V 2 + ε2
dt. (18)

We choose the weighting coefficient to be λs = 2s, which we justify from its similarity
to the Wavelet Earth Mover’s Distance weighting as discussed below, and because it
was observed empirically to provide the most accurate results. Using several scales
increases accuracy because we can now consider both global image properties from the
coarse scales, and edge details from the finer scales. In our experiments we use the first
three scales of the wavelet transform. The resulting algorithm now involves a separate
geodesic curve construction and integration for each scale and location.

Further, we argue that simply using wavelets adds moderate deformation insensitiv-
ity. Deformations within the support of each wavelet basis function are handled together
during the wavelet transform, so deformations localized to these region have little over-
all impact on the wavelet coefficients. A similar observation was made previously when
the Earth Mover’s Distance was explored in the wavelet domain. The Earth Mover’s
Distance (EMD) algorithm [14] provides a way to compare two distributions by mea-
suring the distance and quantity of “mass” that must be moved in order to convert one
distribution into the other, where “mass” is thought of as whatever is populating the bins
of a histogram. This similarity measure captures certain types of deformation, where no
particular geometric structure is preserved or favored, but local changes in mass cost
significantly less than global structure modifications.

The Wavelet EMD [15] approximates the Earth Mover’s Distance in the wavelet
domain, converting an algorithm of complexity O(n3 logn) into an O(n) algorithm
without any significant performance difference, where n is the number of points in an
image, and its cost depends on wavelet coefficients at all scales. At each individual
scale, it limits the distance individual mass units can move to the span of the wavelet
at that scale. The weighting on the magnitude of each scales’ wavelet coefficients in
the distance calculation is 22s = 4s, similar to the weighting we incorporated into
our multiscaled cost function (18), where our base is 2 instead of 4. When the image
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gradients are small, our proposed cost function is essentially linear, as discussed in Sec.
3.1, meaning that it behaves similarly to the Wavelet EMD, and we understand how our
new metric is able to handle moderate amounts of deformation, as this is the purpose
of the Earth Mover’s Distance. When the image gradients are larger, the new metric
becomes more exponential, which allows the image comparison to be penalized less
heavily when large lighting changes are present.

5 The Faster Algorithm

We will now discuss how to optimize our calculations to create a very computationally
efficient algorithm. For any given pair of starting input values H(0), V (0) and ending
input values H(1), V (1), the geodesic curve connecting them is always the same, so
the cost of this input is always the same. This means that the geodesic curves can be
calculated and integrated offline, and at run time the only computation that has to be per-
formed is to look up the value of the integral for the given (H(0), V (0), H(1), V (1)).
To further reduce the amount of space and time required, at every point we convert the
input (H(0), V (0), H(1), V (1)) into polar coordinates, (r1, r2, θ1, θ2), and then rotate
so that θ2 = 0, as these rotated values preserve the relation between the points and
will result in the same output cost. This allows us to generate a lookup table of integral
values that depends on only three values (r1, r2, Δθ) instead of four.

We discretize the space of r values into 40 bins of exponentially increasing size in
the range [0, 1.5], as this is the range of wavelet coefficient values observed in practice
for images with pixel values in [0, 1], with coarser scales generally consisting of smaller
values. We used ε = 0.01 in our experiments. The space of Δθ values we discretize into
80 bins of uniform size in the range [0, 2π). The resulting costs are symmetric about
Δθ = π, so we really only have to store the first half of these values, and the lookup
table to be stored is of dimension 40× 40× 40. The online calculation at each location
(m,n) in wavelet space consists of converting (H(0), V (0), H(1), V (1)) into polar
coordinates (r1, r2, Δθ), looking up the corresponding integral value in the table, and
adding this value to the overall cost being calculated.

This calculation is limited principally by the speed at which a given machine can per-
form a lookup in a 40×40×40 array, which is in general a very fast operation. The cost
of this calculation is on the order of milliseconds, fast enough to use in practice when
many image comparisons must be computed very quickly. On a 3.16 GHz machine run-
ning MATLAB in serial, this takes on average 1.3× 10−3 seconds for a pair of images
with 5000 pixels each. We emphasize that the lookup table is application-independent;
once it has been generated, which takes 1.5 hours, the same table can be used for any
pair of images from any domain.

6 Experiments

One class of object that is regularly presented with large amounts of lighting variation
and moderate amounts of deformation is the human face. Although nothing in our al-
gorithm is specific to faces, the limited amount of deformation present with expression
change, along with potentially high variations due to lighting change, make them a rel-
evant application of our work. We use a common face dataset studied for this problem,
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(a) neutral (b) expressions (c) lightings

Fig. 5. The variations of one person from the AR Face Database [12]

the subset of the AR Face Database [12] that contains variation in expression and light-
ing. We reduce the size of the standard cropped AR images by a factor of two in each
dimension, as face recognition algorithms routinely perform the best on images of this
scale, and so the images we compare are 83×59 pixels in dimension, and are smoothed
slightly before processing. We use a neutral face from each of the 100 people in the
dataset as gallery images, and the three variations in expression and the three variations
in lighting for each person comprise the test set; see Fig. 5. The identity of each test
image is determined by the gallery image returning the lowest cost pairing.

The algorithm presented here is a fast method for comparing images in the presence
of lighting change and moderate deformations, and so we compare to other lighting
and deformation insensitive algorithms that do not require training data. It was shown
in [5] that the Gradient Direction method, described in Sec. 3, consistently performs
better than the other standard pixel-based lighting-insensitive methods (Self-Quotient,
luminance map estimation, Eigenphases, Whitening), so we compare to Gradient Di-
rection. We also compare to the results of the Deformation and Lighting Insensitive
metric (EDLI) [7], and we expect our calculations to be much faster. Other works that
present a cost function to handle both lighting change and deformations include that
of [20], which calculates image point correspondences using edge maps and Gabor jet
information, and [16] which uses mutual information to combine binary edge features
with grayscale information. We also compare to simple image differencing and to nor-
malized cross-correlation [9], where the template is a full image, as these methods are
frequently used to compare images when many comparisons must be completed very
fast. As our method is based on an L2 metric, we use the L2 norm on each of these mea-
sures for valid comparison. Results on the AR Face Database are presented in Table 1
for both algorithm speed and accuracy.

We see that our method achieves more accurate results than the Gradient Direction
method on the lighting variation images, and significantly more accurate results on the
expression variation images, as expected. This confirms the insensitivity of the method
to lighting change, with the added benefit that we are able to construct geodesic infor-
mation which allows for meaningful extensions such as mapping and interpolating large
image variations. The accuracy of the method is also above that of the EDLI work where
the lighting metric was first presented, which also handled deformations explicitly, and
our calculations here are 103 times faster than that work, making our method useful in
template matching applications where the original method was prohibitively slow.

The previous best results on this dataset, as far as the authors are aware, were pro-
duced by Pixel-Level Decisions in [6], where simple thresholding was applied to pixel
differences of a chosen image property. Standard deviation calculated within a window
around each pixel was the property that provided the best results. The differences be-
tween these standard deviations at every pixel location in each image were computed,
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Table 1. Identification results on the AR Face Database. The Time column reports the MATLAB
calculation time of a single image pair comparison in seconds, except in two cases where time
was not reported and we were unable to reproduce the authors’ results.

Method Time (sec) Expression Lighting Overall

Image Differencing 3.1× 10−5 83.0% 9.0% 46.0%
Normalized Cross-Correlation [9] 7.2× 10−3 84.0% 59.3% 71.7%
Significant Jet Point [20] – 80.8% 91.7% 86.3%
Binary Edge Feature
and MI [16] – 78.5% 97.0% 87.8%
Gradient Direction [5] 3.8× 10−4 85.0% 95.3% 90.2%
EDLI [7] 1.0× 100 89.6% 98.9% 94.3%
Proposed Method 1.3× 10−3 93.7% 96.7% 95.2%
Pixel Level Decisions [6] 5.6× 10−4 98.0% 94.0% 96.0%
Proposed Method thresholded 1.3× 10−3 97.3% 97.0% 97.2%

and the total number of pixel differences less than a pre-determined threshold were
counted for the final similarity value. We present these results here to demonstrate that
the surprisingly strong results achieved from this extremely simple algorithm can be ap-
plied to other pixel-based methods, and we use a similar thresholding step on our results
as well. [6] also suggests compensating for local error by repeating the procedure with
the images shifted a few pixels in every direction, but we do not compare these results
as they are not relevant to the ideas in this paper. However, this repeated shifting could
be applied to improve the results of any of the these methods. As the threshold value
for our point costs in wavelet space, we use the cost value that counts the lowest 20% of
the point costs across all images, as this was the value used by [6]. The exact threshold
value is not sensitive, and we observed that all values thresholding 9% to 47% of the
costs resulted in overall accuracies within 1% of each other, and the ideal threshhold on
this dataset, if hand-picked, results in an overall accuracy of 98.0%. We see in Table 1
that this simple thresholding extension removes 58.6% of the errors in our method.

The proposed algorithm performs well with variations in lighting, and also handles
moderate amounts of deformation. Many methods perform very poorly on the scream
category of this database, but the multiscaled method presented here achieved 83.0%
accuracy in this case, and 93.0% with thresholding, higher than either Gradient Direc-
tion (57.0%) or the EDLI metric (79.6%), which was designed to handle deformations.

Not only does the proposed algorithm produce accurate identification results, but the
computation time required is extremely small. We emphasize that no training data or
learning stage is required for the method proposed in this paper.

7 Conclusion

We have presented a fast algorithm for handling illumination changes and
moderate deformations applicable to any class of images. Geodesic distances were cal-
culated between pairs of images, as defined on an image manifold given structure by
an illumination-insensitive metric that was based on the change in image gradients. The
metric was calculated in the wavelet domain, where each point location contributed



84 A. Jorstad, D. Jacobs, and A. Trouvé

independently to the overall image comparison cost, allowing geodesic costs to be
computed extremely efficiently using a pre-calculated lookup table. Using wavelets at
multiple scales allowed for insensitivity to moderate deformations in a manner similar
to the Wavelet Earth Mover’s Distance. Strong results were presented on the AR Face
Database, where our algorithm is seen to be both extremely fast and accurate. Using
geodesics to calculate image comparisons instead of simple pixel differences allows
our method to be incorporated into a wide array of applications where having infor-
mation along a morphing path is relevant. Because this algorithm is so fast, it could
also be applied successfully in situations where Normalized Cross-Correlation is often
used, where many image comparisons must be computed in a very short amount of time.
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