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Abstract. Atomic Functions are widely used in different applications in
image processing, pattern recognition, computational physics and also in
the digital interpretation of signal measurements. In 1D signals, is usual
to compute the phase and the magnitude of a signal using the analytic
signal (the signal and its Hilbert transform using complex numbers).
However, for high dimensional signals the monogenic signal (the signal
and its Riesz transform) has been used to obtain the local phase and ori-
entation with good results. The main aim of this work is to present a new
way to make the computation of the Hilbert transform using the atomic
function. The computation of the Hilbert transform take relevance when
the phase computation is required.

Keywords: Quaternion Algebra, Atomic functions, Image Processing,
2D Phase Information.

1 Introduction

The visual system is the most advanced of our senses. Therefore, it is easy to
understand that the processing of the images plays an important role in human
perception and computer vision implementation [8,9]. For 1D signals is usual to
compute the phase and the magnitude using the signal and its Hilbert transform
with a complex number [9]. Additionally, the phase information can be used to de-
tect low-level geometric characteristics such as lines or edges [9,5,17].Moreover, the
phase can also be used tomeasure the local decomposition of the image according to
its symmetries [9,8,10]. As will be shown in this work, the atomic function up(x) in
addition to hypercomplex numbers can be used as a building block to get multiple
operations commonly used in image processing and analysis, such as low/high-pass
filter, n-order derivatives, local phase, local amplitude, local orientation etc.

2 Atomic Functions

The Atomic Functions AF are compactly supported infinitely differentiable so-
lutions of differential equations with a shifted argument [1] i.e.

Lf(x) = λ

M∑

k=1

c(k)f(ax− b(k)), |a| > 1, (1)

L. Alvarez et al. (Eds.): CIARP 2012, LNCS 7441, pp. 699–706, 2012.
c© Springer-Verlag Berlin Heidelberg 2012



700 E. Ulises Moya-Sánchez and E. Bayro-Corrochano

where L = dn

dxn + a1
dn−1

dxn−1 + ... + an is a linear differential operator with con-
stant coefficients. In the AF class, the function up(x) is the simplest and at the
same time, the most useful primitive function to generate other kinds of atomic
functions [1]. It satisfies the equation 1 as

f(x)′ = 2 (f(2x+ 1)− f(2x− 1)) , (2)

dup(x) = 2 (up(2x+ 1)− up(2x− 1)) (3)

Function up(x) is infinitely differentiable but non-analytical; up(0) = 1, up(−x) =
up(x). In general the Atomic Function up(x) is generated by infinite convolutions
of rectangular impulses. The function up(x) has the following representation in
terms of the Fourier transform:

up(x) =
1

2π

∫ ∞

−∞
eiux

∞∏

k=1

sin(u2−k)

u2−k
du. (4)

Figure 1shows theup(x) and theFourierTransformofF (up).Atomicwindowswere
compared with classic ones [1] by means of the system of parameters such as: the
equivalent noise bandwidth, the 50% overlapping region correlation, the parasitic
modulation amplitude, themaximumconversion losses (in decibels), themaximum
side lobe level (in decibels), the asymptotic decay rate of the side lobes (in decibels
per octave), thewindowwidth at the six-decibel level, the coherent gain. All atomic
windows exceed classic ones in terms of the asymptotic decay rate [1].
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Fig. 1. Atomic function up(x) and the Fourier Transform of up(x)

3 Quaternion Algebra

The even subalgebra G+
3,0,0 (bivector basis) is isomorphic to H, which is an

associative, noncommutative, four-dimensional algebra that consists of one real
element and three imaginary elements.

q = a+ bi+ cj + dk a, b, c, d ε � (5)

The units i, j obey the relations i2 = j2 = −1, ij = k. H is geometrically
inspired, and the imaginary components can be described in terms of the basis
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of R3 space, i → e23, j → e12, k → e31. Another important property of H is the
phase concept. A polar representation of q is

q = |q|eiφekψejθ, (6)

where |q| = √
qq̄ where q̄ is a conjugate of q = a − bi − cj − dk and the angles

(φ, θ, ψ) represent the three quaternionic phases[3].

3.1 Quaternionic Atomic Function Qup(x, y)

Since any 2D function f(x, y) can be split into even (e) and odd (o) parts [3],

f(x, y) = fee(x, y) + foe(x, y) + feo(x, y) + foo(x, y), (7)

we can separate the four components of up(x, y) function and represent it as a
quaternion as follows [17,10]:

Qup(x, y) = up(x, y)[cos(wx) cos(wy) + i(sin(wx) cos(wy)) +

+ j(cos(wx) sin(wy)) + k(sin(wx) sin(wy))]

= Qupee + iQupoe + jQupeo + kQupoo. (8)

Figure 2 shows a Qup(x, y) in a space domain with its four components: the real
part Qupee and the imaginary parts Qupeo, Qupoe, andQupoo. We can see even
and odd symmetries in the horizontal, vertical, and diagonal axes.

Fig. 2. From left to right. Qupee, Qupoe, Qupeo, and Qupoo.

4 Quaternionic Local Phase Information

In this paper, we refer to the phase information as the local phase in order to
separate the structure or geometric information and the amplitude in a certain
part of the signal. Moreover, the phase information permits us to obtain invariant
or equivariant1 response. For instance, it has been shown that the phase has an
invariant response to changes in image brightness and the phase can be used
to measure the symmetry or asymmetry of objects [5,9,8]. These invariant and

1 Equivariance: monotonic dependency of value or parameter under some
transformation.
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equivariant responses are the key part to link the low-level processing with the
image analysis and the upper layers in computer vision applications.

The local phase means the computation of the phase at a certain position in
a real signal. In 1D signals, the analytic signal based on the Hilbert transform
(fH(x)) [3] is given by

fA(f(x)) = f(x) + ifH(x), (9)

fA(f(x)) = |A|eiθ, (10)

where |A| = √
f(x)2 + fH(x)2 and θ = arctan( f(x)fH(x) ) permits us to extract the

magnitude and phase independently. In 2D signals, the Hilbert transform is not
enough to compute the magnitude and phase independently in any direction [18].
Then, in order to solve this, the quaternionic analytic (see Eq. 11) signal and the
monogenic signal have been proposed by Bülow [3] and Felsberg [18], respectively.
Until now, we have used an approximation of the quaternionic analytic signal
based on the basis of QFT to extract some oriented axis symmetries.

Figure (3)contains, at the top, an image with lines and edges, at the center an
image profile, and at the bottom the profiles of the three quaternionic phases. In
phase profiles, we can distinguish between a line (even) and an edge (odd) using
the phase (θ). These results are similar to the results reported by Granlund [9]
using only a complex phase, because they used an image that changes in one
direction.
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Fig. 3. From top to bottom: image, image profile, and three quaternionic phases: pro-
file, line, and edge

4.1 Quaternionic Analytic Signal

The quaternionic analytic signal in the space domain is defined as [3]

f qA(x, y) = f(x, y) + ifHi(x, y) + jfHj(x, y) + kfHk(x, y), (11)

where fHi(x, y) = f(x, y)∗ 1
πx and fHj(x, y) = f(x, y)∗ 1

πy are the partial Hilbert

transforms and fHk(x, y) = f(x, y) ∗ 1
π2xy is the total Hilbert transform. Bülow
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has shown that the QFT kernel is expressed in terms of the Hilbert transforms.
The phases can be computed easily using a 3D rotation matrix M, which can
be factored into three rotations, R = Rx(2φ), Rz(2ψ), Ry(2θ), in the coordinate
axes [3], i.e.,

M(q) = M(q1)M(q2)M(q3) (12)

q1 = eiφ, q2 = ejθ, q3 = ekψ , (13)

M(q) =

⎛

⎝
a2 + b2 − c2 − d2 2(bc− ad) 2(bd+ ac)

2(bc+ ad) a2 − b2 + c2 − d2 2(cd− ab)
2(bd− ac) 2(cd+ ab) a2 − b2 − c2 + d2,

⎞

⎠ (14)

where a, b, c and d are defined in the Eq 5. Then, the phases are expressed by
the following rules:

ψ = −arcsin (2(bc− ad))

2
(15)

– If ψ ∈]− π
4 ,

π
4 [, then φ =

argi(qTj(q̄))
2 and θ =

argj(Ti(q̄)q)
2 .

– If ψ = ±π
4 , then select either φ=0 and θ =

argj(Tk(q̄)q)
2 or θ=0 and φ =

argi(qTk(q̄))
2 .

– If eiφekψejθ = −q and φ ≥0, then φ→ φ− π.
– If eiφekψejθ = −q and φ <0, then φ→ φ+ π.

The phase ranges are (φ, θ, ψ) ∈ [−π, π[×[−π
2 ,

π
2 [×, π[−× [−π

4 ,
π
4 ].

4.2 Hilbert Transform Using AF

The main aim of this section is to present a new way to make the computation of
the Hilbert transform using the atomic function. The Hilbert transform and the
derivative are closely related, and the Hilbert transform can actually be done
using a derivative and some convolution (�) properties[14]:

f � (g � h) = (f � g) � h (16)

∇ (f � g) = ∇f � g = f �∇g, (17)

where f(x, y), g(x, y)h(x, y) ∈ R2, ∇ = e1
∂
∂x + e2

∂
∂y . If g(x, y) = − 1

π log(|x|)
log(|y|) where log(|x|) is the fundamental solution of Laplace equation. Moreover
if we use the convolution distribution properties, we can express the Hilbert
transform and the partial Hilbert transform (see Eq. 11) as

fHi
(x, y) =

∂f(x, y)

∂x
�− 1

π
log(|x|) (18)
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fHj
(x, y) =

∂f(x, y)

∂y
�− 1

π
log(|y|) (19)

fHk
(x, y) =

∂2f(x, y)

∂x∂y
�− 1

π2
log(|x|) log(|y|) (20)

and we can use the convolution association property to get the equation of a
certain part of the signal in terms of dup(x) (see Eq 3):

fHi
(x, y) = f(x, y) �

(
dup(x, y)x �− 1

π
log(|x|)

)
(21)

fHj
(x, y) = f(x, y) �

(
dup(x, y)y �− 1

π
log(|y|)

)
(22)

fHk
(x, y) = f(x, y) �

(
dup(x, y)xy �− 1

π2
log(|x|) log(|y|).

)
(23)

The figure 4 shows the up(x) and its Hilbert transform.
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Fig. 4. up(x), its Hilbert transform and Eq 21. Rigth Dot-line up(x)(real part) and the
Hilbert transform (imaginary).

5 Results

Figure 5 illustrates the convolution of the first derivative, dup(x, y), and a shadow
chessboard. The convolution with dup can be used as an oriented change detector
with a simple rotation, the convoluted images has a low response in the shadow
part.

Figure (6) illustrates an image with lines and geometric objects. In this case,
we can use the quaternionic phases to extract different oriented edges of geomet-
ric objects or different oriented line textures. The θ and φ phases detect lines or
edges in some vertical and horizontal directions, while the ψ phase detects the
diagonal response and the corners in squares or geometric figures. Even if the
geometric objects have lines inside, different illuminations or positions, the edges
of each square can be detected in φ and θ images. Moreover, in the φ phase, the
horizontal lines are highlighted, whereas the vertical lines dont appear. The θ
phases show a similar result, but in this case the vertical edges and lines are
highlighted. In the ψ phase, the vertical lines or edges are highlighted.



Quaternionic Analytic Signal Using Atomic Functions 705

a b c d

Fig. 5. Convolution of dup(x, y) with the test image. (a) Test image; (b)result of the
convolution of the image with dup(x, y, 0o); (c) dup(x, y, 45o); (d) dup(x, y, 135o).

Image φ θ ψ

Fig. 6. Image and 2D quaternionic phases. A texture based on lines can be detected
or discriminated, and at the same time, the phase information can highlight the edges.

6 Conclusion

We have shown that the Qup(x, y) is useful to detect lines or edges in a spe-
cific orientation using the quaternionic phase concept. Additionally, an oriented
texture can be chosen using the quaternionic phases. As an initial step, we have
shown how to do the image analysis of geometric objects in �2 using the sym-
metry. As in other applications in geometric algebra GA, we can take advantage
of the constraints. Since the information from the three phases is independent
of illumination changes, algorithms using the quaternionic atomic function can
be less sensitive than other methods based on the illumination changes. These
results motivated us to find other invariants such as rotation invariants using the
Riesz transform. In a future work, we can develop a complete computer vision
approach based on GA.
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