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Abstract. One of the main issues concerning automatic design of W-operators 
is the one of generalization. Considering the designing of W-operators as a par-
ticular case of designing a pattern recognition system, in this work we propose a 
new approach for the automatic design of binary W-operators. This approach 
consists on a functional representation of the conditional probabilities for the 
whole set of patterns viewed by a given window, instead the values of the char-
acteristic function. The estimation of its parameters is achieved by means of a 
nonlinear regression performed by an artificial feed-forward neural network 
based on a weighted mean square error cost function. Experimental results 
show that, for the applications presented in this work, the proposed approach 
leads to better results than one of the best existing methods of generalization 
within the family of W-operators, like is the case of pyramidal multiresolution. 

Keywords: W-operators, pattern recognition, artificial neural network, nonline-
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1  Introduction 

The W-operators are a class of nonlinear operators, within the domain of Computa-
tional Mathematical Morphology [1,2]. The designing process of these operators is 
based on the estimation of joint probabilities [3], or conditional probabilities [4], for 
the patterns viewed by a given window. The estimation is made from training exam-
ples, formed by pairs of observed and ideal images. Observed images represent the 
problem to be solved and ideal images correspond to the desired output. Using these 
probabilities, W-operators are designed and characterized by characteristic functions 
that minimize some given cost function or error measure. 

One of the main issues that appear in the automatic design of W-operators is the 
one of generalization. It occurs when certain patterns are not found during training. 
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Some approaches have been proposed to circumvent this problem such as: automatic 
programming of binary morphological machines, pyramidal multiresolution [1], deci-
sion trees, genetic algorithms, adaptive algorithms, incremental splitting intervals 
(ISI), and multilevel training [3]. 

In this paper we propose a new approach for generalization in the design of  
W-operators: instead of generalizing the characteristic function, computed from the 
estimation of the conditional probabilities, we apply artificial neural networks to ap-
proximate the conditional probabilities, and then deduce the characteristic function 
from this approximation. We chose artificial neural networks because of their ability 
of generalization and because they may generate complex nonlinear boundaries [6]. 
Finally, the network learning is based on the weighted mean square error (WMSE) 
cost function [7]. 

Following this introduction, Section 2 recalls the formulation of the statistical de-
sign of binary W-operators. Section 3 describes the proposed approach. In Section 4, 
we present two application examples, and finally, in Section 5, we summarize this 
work and outline future possible developments. 

2 W-Operators 

Let consider a binary image as a function H: E→{0,1}, where E is a rectangular sub-
set of Z2. The set of all possible images from E to {0,1} will be denoted by {0,1}E. A 
point ( )yxt ,=  of this image, or pixel, is a coordinate in E, where x and y are integer 

numbers. Finally, a window { }nwwwW ,...,, 21=  
is another small subset of Z2, usually 

including the origin of coordinates of E: ( ) W∈0,0 , with ∈kw Z2, denoting the size of 

the window W  by Wn = . 

Given a binary image H , an arbitrary point t  of this image, and a window W. A 
window configuration, or observation ( )ntH uu ,...,1)( =u , is a vector composed of n  

binary values: { }0,1uk ∈ , where each value is defined by ( )kk wtHu += ; i.e., by the 

image value at the point twk +  of the window tW , where tW  denotes the translation 

of W  at the point { }WwtwWt t ∈+= :: . Thus, 
)( tH

u  can be expressed as follows: 

( ) ( ) ( )( )twHtwHtwH ntH +++= ,...,, 21)(u
                               

(1) 

Since { }n
tH 1,0)( ∈u , the number of possible observations for a given window W  is 

n2 . On the other hand, a W-operator, Ψ , is a function of the form 
EEΨ {0,1} {0,1} : →  that, applied to the binary image H , produces other binary im-

age ( )HG Ψ= . Moreover, W-operators are characterized by binary functions, called 

characteristic functions, whose form is { } { }1,01,0: →nψ , such that, for each point t 

∈E: 

( )( ) ( ) ( ) ( )( ) ( )( )tHn ψtwHtwHtwHψtHtG uΨ =+++== ,...,,)( 21                 (2) 
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Finally, W-operators fulfill two important properties: translation invariance, which 
means that ( ) ( )tt HH ΨΨ = ; and local definition within W , which implies that 

( )( ) ( )( )tWHtH t∩=ΨΨ . The last property indicates that knowing only the values of H  

in the neighborhood of ,tW  we can determine the value of ( )( )tHΨ  [1,2]. 

2.1 Statistical Design of Binary W-Operators 

To perform the statistical design of W-operators, we model the images to be pro-
cessed (i.e., observed images) and their desired images (i.e., ideal images) as realiza-
tions of two stationary and stochastic processes O  and I , respectively [1,2]. In this 
context, the goal of the statistical design is to find a W-operator Ψ  such that, given 
realizations ( )OI ,  from the processes ( )OI, , ( )OΨ  must be as close as possible to I . 

Using the mean square error (MSE) as the closeness measure between I  and ( )OΨ , we 

can establish, at the origin of coordinates ( ) 00,0 = , the following relationship as the 

cost function for the statistical design of binary W-operators: 

               

( ) ( )( ) ( )
( ){ }


∩∈

≠=
0:

Pr0Pr
WO

ψIMSE
uu

uuu                                       (3) 

In the above equation, ( ) ( )( )uuψI ≠0Pr  is the conditional probability, given the obser-

vation ( )0WO ∩∈u , that ( )0I  is different from the result of applying the characteristic 

function ψ  to the observation u ; while ( )uPr  represents the marginal probability, or 

frequency, that u  occurs in the image ( )0WO ∩ . Therefore, the optimal binary W-

operator Ψ opt , represented by its characteristic function optψ , minimizes equation (3). 

Formally, optψ  is defined by the following expression: 

( ) ( )( ) ( )( )
( )( ) ( )( )





=<=

=≥=
=

uu

uu
u

00Pr10Prif0

00Pr10Prif1

II

II
ψopt

                         (4) 

Due to the fact that in practice the conditional probabilities ( )( )u10Pr =I  and 

( )( )u00Pr =I  are not known, we may estimate their values using pairs of training imag-

es, and then determine the value of the characteristic function ( )uψ  by applying equa-

tion (4) [2]. On the other hand, in order to use equation (4), the values of ( )( )u10Pr =
∧

I  

and ( )( )u00Pr =
∧

I , for a given observation u , need to be known. Since good estima-

tion of probabilities in practice is not always possible because the amount of training 
data is limited, and also considering that the number of possible window configura-
tions grows exponentially with the size of the window W , we propose to use artificial 
neural networks to approximate the conditional probabilities for the whole set of win-
dow configurations { }Wni n

i == ;2,...,1:u , depending on the available training 

data, instead of generalizing the class labels of the window configurations. 
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3 Generalizing Conditional Probabilities Using Artificial Feed-
Forward Neural Networks 

In this section, we describe the proposed generalization for the automatic design of 
binary W-operators. This approach consists of finding two functions that, for any 
window configuration u , approximate the estimated values of the conditional proba-
bilities ( )( )u10Pr =I  and ( )( )u00Pr =I . In order to achieve such generalization, we 

use neural networks, a supervised learning tool from Machine Learning, that are 
widely used to solve classification and regression problems [6-8]. In our case, the 
neural networks are used to estimate the parameters of a nonlinear regression. 
 

 
 

Fig. 1. Three layer artificial feed-forward neural network architecture 

Based on the fact that an artificial feed-forward neural network of three layers is 
capable of approximating any Borel measurable function [9], for the network archi-

tecture shown in Fig. 1 (using the representation from [8]), where the layer 1S  is 

composed of m  neurons, with sigmoid transfer functions 1f , and the single one 

neuron of the layer 2S  has a linear transfer function ( ) zzf =2 , the response T , for 

an input vector ( )nuu ,...,1=u , is given by the following equation: 

          ( ) ( )( ) ( ) 21112211122 bfbffT ++=++= buPPbuPPu  ,                      (5) 

where, 1P  and 2P  represent the weight matrices of 1S  and 2S , respectively, where-

as 1b  represents the bias matrix of 1S , and 2b  is the bias of 2S . 
Moreover, starting from the second axiom of probability, for any observation u , 

the sum of conditional probabilities must satisfy: ( )( ) ( )( ) 100Pr10Pr ==+= uu II . Add-

ing δ2  to both sides of this expression, where +ℜ∈δ  is an infinitesimal number (e.g. 
the distance between 1 and the closest double-precision number: 522− ), and conven-
iently grouping terms, we obtain: ( )( )( ) ( )( )( ) δ+=δ+=+δ+= 2100Pr10Pr uu II . Then, 

computing the natural logarithm of the ratio between the two terms on the left side  
of this equation, we have: ( ) ( )( )

( )( )
( )( )
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equation, if 0=δ , the resulting expression resembles that one used for defining a 
logistic regression. Also, It is worth noticing that δ  allows us to represent, with finite 
values, the cases when ( )( ) 010Pr == uI  and ( )( ) 100Pr == uI , or ( )( ) 110Pr == uI  and 

( )( ) 000Pr == uI . Furthermore, approximating the right side of equation (5) with the 

right side of the last expression, we obtain the following relationship that defines a 
nonlinear regression: 

        

( )( )
( )( )

( )( )
( )( ) ( ) 21112

10Pr1

10Pr

00Pr

10Pr
bf

I

I
Ln

I

I
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δ+=
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From the above equation, it follows that the function that generalizes the conditional 
probability ( )( )u10Pr =I , for the window configuration u , has the following form: 

         
( )( ) ( )( ) ( )

( )( )21112

21112

exp1

1exp
10Pr

bf

bf
I

+++
δ−δ+++==

buPP
buPP

u  ,                              (7) 

while ( )( )u00Pr =I  is generalized by the following expression: 

                       ( )( ) ( )( )( )
( )( )21112

21112

exp1

1exp1
00Pr

bf

bf
I

+++
+δ++−

==
buPP

buPP
u                              (8) 

Therefore, given the conditional probabilities ( )( )jI u10Pr =  and ( )( )jI u00Pr = , esti-

mated in a first stage of the proposed designing process by means of the relative fre-
quencies ( )

( ) ( )jj

j

IfreqIfreq

Ifreq

uu

u

10

1

=+=

=  and ( )
( ) ( )jj

j

IfreqIfreq

Ifreq

uu

u

10

0

=+=

= , respectively, with 

lj ,...,1= , where l  is the total number of different configurations collected by shift-

ing the window in the training images, the goal of a second stage is to estimate the 

weights 1P  and 2P , and the bias 1b  and 2b  for an artificial feed-forward neural 
network, using equation (6). Moreover, the network training will be based on the 
WMSE cost function, allowing us to use the marginal probability, or frequency, 

( )juPr  of each observation ju  collected in the first stage. 

3.1 Training an Artificial Feed-Forward Neural Network Based on the 
Weighted Mean Square Error Cost Function 

The use of the WMSE function ,WMSE  defined by equation (9), as the cost function 

for training an artificial neural network has two important advantages compared with 
the MSE: 1) the noise-contaminated observations have less influence on the cost func-
tion and 2) if there are no noisy observations, the network can avoid over-fitting [7]. 
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In equation (9), ( )jT u  is the network output, ( )juφ  is the expected output and ( )juPr
 
is 

the marginal probability with that the observation 
ju
 
appears in the training images. 

As in the case of ( )( )u10Pr =I  and ( )( )u00Pr =I  that are not known,
 

( )uPr  is also un-

known, therefore, in equation (9) we must work with its estimate ( )u
∧

Pr . Finally, to 

complete the definition of the network architecture to perform the nonlinear regres-
sion, we determined heuristically based on trial and error, that the best results were 

obtained when the number of neurons of 1S  is nm 4= , where Wn = , and the trans-

fer functions for the neurons of this layer are ( ) 1
)2(exp1

2
ztansig1 −

−+
==

z
f . The meth-

od to be employed for the network training is the Levenberg-Marquardt method, using 
equation (9) as the cost function to be minimized. 

4 Experimental Results 

In this section, we present two applications of the proposed approach. The goal of the 
first experiment is to filter the noise in images of retinal angiographies. The angio-
graphies were segmented using an algorithm based on Fuzzy Mathematical Morphol-
ogy (FMM) [10]. The dataset of this experiment is formed by 4 pairs of observed and 
ideal images of 565x584 pixels. Observed images are the segmented ones, and their 
associated ideal images are taken from the DRIVE database [11]. 

The goal of the second experiment is to detect edges in objects contained in noisy 
images. For this case, the dataset is composed of 4 noiseless images of the following 
sizes: 350x156, 300x270, 637x563 and 401x393 pixels. Observed images are ob-
tained adding synthetic salt-pepper noise, with a density of 0.1, to images from the 
dataset. Each ideal image (i.e., image with the edges) is obtained by applying the 
morphological gradient ( )HH Bε−  to each noiseless image H , where ( )HBε  denotes 

the erosion of the image H  by the structuring element B . For the current experiment, 
we use a square structuring element of size 3x3 pixels (connectivity 8 border). 

Table 1 summarizes the results from noise filtering in images of retinal angio-
graphies, both before and after the application of W-operators. According to these 
values, the proposed approach produces a substantial reduction of noise in the seg-
mentation of angiographies, compared with pyramidal multiresolution, which can be 
corroborated by the error rate (ER) and the false positive rate (FPR) values. In the 
case of the false negative rate (FNR), multiresolution has a slight advantage over W-
operators designed using neural networks. 

Table 1. Results of noise filtering in images of retinal angiographies 

 ER [%] FPR [%] FNR [%] 

Original values (FMM algorithm) 4.53 1.89 32.78 
Nonlinear regression with neural network 3.94 1.50 28.86 
Pyramidal multiresolution 4.15 1.85 27.66 
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particular case of designing a pattern recognition system. Thus, the method consist in 
the estimation of the parameters of two functions that generalize the conditional prob-
abilities for the whole set of window configurations. The estimation is achieved by 
nonlinear regression performed by an artificial feed-forward neural network of three 
layers, whose training is based on the minimization of the WMSE cost function. 

This approach allows us to represent W-operators by the parameters of the trained 
neural network, avoiding the storage of the large amount of data needed to represent 
characteristic functions, as in techniques like ISI or pyramidal multiresolution. 

The experimental results show that, for the examples presented in this work, the 
proposed approach allows us to achieve better results than one of the best existing 
methods for the generalization of characteristic functions of W-operators, like is the 
case of the pyramidal multiresolution. 

Further work should include the extension of the proposed method for the automat-
ic design of W-operators to process gray-scale and color images. 
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