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Abstract. This paper introduces a theoretical framework to character-
ize measures on structured data. We firstly describe the lattice of struc-
tured data. Then, four basic and intuitive properties which any measure
on structure data must fulfill are formally introduced. Metrics and kernel
functions are studied as particular cases of (dis)similarity measures. In
the case of metrics we prove that the well-known edit distances meet all
the desirable properties. We also give sufficient conditions for a kernel
function to satisfy those properties. Some examples are given for partic-
ular kinds of structured data.
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1 Introduction

Structured data can be found everywhere. These sophisticated data provide the
technical machinery for modeling problems in which, besides observations and
measurements, we are interested in representing relations. For this reason, they
are very useful in many fields of pattern recognition, artificial intelligence and
computer vision. Some examples are the applications they found in biometrics [1–
4], image processing and image segmentation [5], clustering [6], object detection,
information retrieval, document analysis [7], among others.

In most of the aforecited applications, to compare objects represented by some
kind of structured data is a primary task. Many measures have been proposed for
comparing these data [8–13]. To decide what measure can be more appropriate
for a particular problem is a challenge. A measure is good in as much as it solves
the problem at hand. However, there are intuitive properties that any good
measure should fulfills independently of the problem being solved. That’s why
this work does not focus on introducing a new criterion to comparing structured
data, but on providing some theoretical elements that allow characterizing what
a competent measure is, as well as a better understanding of the various classes
of existing measures for structured data.

In order to characterize a good measure for comparing structured data we
must first know in detail the space in which such data lie and then to formulate
which properties would be desirable for such a measure. With this as a guid-
ing philosophy, this paper introduces four simple intuitive properties which any
measure on structured data must meet. These properties are based on the lattice
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structure of all spaces of structured data (e.g., the space of strings, the space
of graphs, etc.). Recall that a lattice is a pair (L,�) formed by a set L and an
order relation � (i.e., a reflexive, antisymmetric, and transitive binary relation)
such that any pair of elements in L has a supremum (or joint) and an infimum
(or meet), both in L. For any space of structured data we count with a natural
order relation which is closely connected to the intrinsic notion of (dis)similarity,
say “is a substructure of”. Several existing measures for comparing structured
data are studied on the basis of the introduced properties.

The rest of the paper is organized as follows. Section 2 briefly describes the
lattice of structured data. In section 3, the desirable properties for measures on
structured data are introduced. Section 4 studies metrics and kernels as special
kind of measures. Finally, some conclusions are drawn in Section 5.

2 The Lattice of Structured Data

Structured data represents relations between objects in a determined environ-
ment. For example, given an alphabet A we have the set SA of all possible strings
whose characters lie in A; given a finite set X we have the set GX of all possible
graphs with vertices in X , and the set PX of all possible partitions of X . When
we refer to a set of structured data without taking into account the explicit form
of its element, we write SX . We frequently use this notation to state results
which are valid both for strings, graphs, partitions, and so on.

SX is naturally endowed with an order structure: we say that s ∈ SX is less
or equal than s′ ∈ SX if s is a substructure of s′, in notation s � s′. This order
relation takes a specific form in each of the aforementioned sets: in SA, s � s′

if s is a substring of s′, while in GX (resp. PX), s � s′ if s is a subgraph of s′

(resp. s refines s′). Notice that given any two structures s and s′, not necessarily
one of them is a substructure of the other. If this is the case, we say that s and
s′ are not comparable.

The relation � on SX has another important property: given two any struc-
tures s and s′ it is always possible to find a structure s ∧ s′ which is both a
substructure of s and s′; and if any other structure s′′ has this property then,
s′′ is a substructure of s∧ s′. This structure s∧ s′ is called the meet of s and s′.
Note that s ∧ s′ keeps what is common to both structures.

3 Structural Properties

Let Γ be a dissimilarity measure on SX , we will require that Γ satisfy the
following properties:

Property 1. (Symmetry) Γ is symmetric.

This property is a standard requirement for any measure responsible for the
comparison of the dissimilarity between two objects belonging to a data set. It
is based on the simple fact that the likeness among objects does not depend on
the order in which they are selected.
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Property 2. (Collinear monotonicity) If s � s′ � s′′ then, Γ (s, s′) ≤ Γ (s, s′′).

What is the intuition behind this property? If we have a structure s and we
gradually transform s into ŝ by adding more structure on it, then the dissimilarity
between s and ŝ increases as the structure ŝ grows. Thinking of s′ and s′′ as being
two instances of ŝ, s′ with less structure than s′′, the property arises.

Property 3. (Dual collinear monotonicity) If s � s′ � s′′ then, Γ (s′′, s) ≤
Γ (s′′, s′).

This property is analogous to the previous. The difference is that in this case we
transform the structure s′′ by removing structure. Then, the dissimilarity with
respect to s′′ increases as the structure declines.

Property 4. (Meet predominance) For all s, s′ ∈ SX , Γ (s, s ∧ s′) ≤ Γ (s, s′).

This property is based on the principle that the dissimilarity between two ob-
jects is determined by the things they have in common. The characteristics that
concern only one of them just make the difference. Since s ∧ s′ only includes
what is common to s and s′, the property is natural.

The important point to note here is that these properties furnish some guide-
lines for the proper performance of a measure to compare structured data. They
formalize the fact that the “is a substructure of” relation induces an organiza-
tion of the elements in SX which is compatible with the most elementary notion
of dissimilarity. Hereafter, we will refer to these properties as P1, P2, P3 and
P4, respectively.

Another property that could also be included in the above group is collinear
additivity: if s � s′ � s′′ then Γ (s, s′′) = Γ (s, s′) + Γ (s′, s′′). We instead
enunciate P2 and P3 which capture the essence of collinear additivity, with-
out requiring additivity because this condition can be in general very restrictive.
Nevertheless, whenever appropriate, reference to it will be made.

Note also that the property perhaps more intuitive and basic of any dissimilar-
ity measure was not included among the introduced properties. This is because
it is a consequence of P1− P4, as it is shown in the following Lemma.

Lemma 1. Let Γ be a dissimilarity measure on SX that satisfies P1−P4. Then,
for all s, s′ ∈ SX , Γ (s, s) ≤ Γ (s, s′). That is, no object is more similar to a given
object s than the same s.

Proof. Indeed, if s � s′ then the result follows clearly from P2. If s′ � s then
the result is immediate from P3. Now, if s and s′ are not comparable, then by
applying P4 we have that Γ (s, s ∧ s′) ≤ Γ (s, s′). Since s ∧ s′ � s, this case is
reduced to that previously analyzed. We thus get Γ (s, s) ≤ Γ (s, s∧s′) ≤ Γ (s, s′),
which completes the proof.

Although those properties were only introduced for dissimilarity measures, all
of them have an analogous to similarity measures. It is easily seen that if we
reverse the order of the inequality in P2 − P4, then such analogous properties
are obtained.
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4 Metrics and Kernels for Structured Data

In this section some of the existing measures for structured data are studied
in terms of the introduced properties. Given that metrics and kernels are hon-
orable representatives of the classes of dissimilarity and similarity measures,
respectively; we studied them separately.

4.1 Metrics

Among the most flexible measures for comparing structured data are the edit
distances. They have as a tenet to compare structured data by counting the
structural distortions (also referred as edit transformations) needed to obtain
one structure from another. By structural distortion we mean a change in the
structure of the datum (e.g., to insert a character in a string, to insert a vertex
in a graph, etc.). Each edit distance has its proper set τ of edit transformations
allowed to be performed. The next theorem shows that an edit distance with
all its edit transformation being invertible, meets all of the properties afore-
introduced.

Theorem 1. Let τ be a set of invertible edit transformations. Let Γ be the
edit distance so that for all s, s′ ∈ SX , Γ (s, s′) is the minimum number of τ-
distortions needed to transform s into s′. Then, Γ satisfies all of the properties
P1− P4. In addition, Γ is a metric.

Proof. The symmetry of Γ follows immediately from the fact that all edit trans-
formations in τ are invertible. Thus, if for transforming s into s′, we need to
apply τi ∈ τ ni times; then by applying the inverse transformation τ−1

i also ni

times, we transform s′ into s. This gives P1.
Consider now s � s′ � s′′. If the edit transformation τi ∈ τ is required to
transform s into s′, then it is also needed in the process of transforming s into
s′′. This is because edit transformations are those changes to be performed with
the purpose of transforming one structure into another, so since the structure of
s is contained in s′ and the structure s′ is contained in the structure of s′′, to
pass from s to s′ is part of the process of passing from s to s′′. This proves P2.
The same argument shows that P3 holds.

In order to prove P4 it suffices to note that when we transform s into s′ we
firstly need to remove from s everything that is not in s′′. Thereafter it only
remains in s what is common to s and s′. This is just s ∧ s′. We thus get P4.

Finally, since Γ is a non-negative and symmetric function, what is left is to
show that (1) Γ (s, s′) = 0 if and only if s = s′, and (2) Γ satisfies the triangular
inequality. (1) is immediate from the fact that we do not need to perform any
edit transformations if and only if s = s′. (2) is a consequence of the fact that
when we transform s into s′′ and after s′′ into s′, then we obtain s′ from s. This
process requires Γ (s, s′′) + Γ (s′′, s′) edit transformations to be done. Because
Γ (s, s′) is the minimum number of edit transformations needed to obtain s′

from s, we can conclude that Γ (s, s′) ≤ Γ (s, s′′) + Γ (s′′, s′). This completes the
proof.
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Note that in this case we can say more: any edit measure satisfying the hy-
potheses of Theorem 1 meets the collinear additivity property.

Let see now applications of Theorem 1 to some particular examples.

Example 1. (An edit distance for strings)
Let Γs be the edit distance in SA whose set of edit transformations is τs =
{τ1, τ2}, where τ1 is to insert a character, and τ2 is to remove a character. Since
τ1 and τ2 are inverses of each other, Theorem 1 has the following corollary.

Corollary 1. Γs satisfies P1 − P4.

Example 2. (An edit distance for graphs)
In the case of graphs, we consider the traditional edit distance Γg which has
edit transformations: τ1: insert a vertex, τ2: remove a vertex, τ3: insert an edge,
and τ4: remove an edge. Because τ1 = τ−1

2 and τ3 = τ−1
4 , we have the following

corollary of Theorem 1.

Corollary 2. Γg fulfills properties P1 − P4.

Example 3. (An edit distance for partitions)
Mirkin measure Γp is the most known example of edit distance for partitions.
Its edit transformations are: τ1: insert a pair, and τ2: remove a pair. Again we
have τ1 = τ−1

2 and therefore, the following corollary.

Corollary 3. Γp fulfills properties P1 − P4.

To some extent, these results were expected, because it is known that edit dis-
tances are fairly good measures and, as was pointed out before, the required
properties are very basics for structured data. For the particular case of parti-
tions, an analogous study was done for Variation of Information metric, Dogen
metric and the Classification Error metric [14].

4.2 Kernels

Let us study in this section under what conditions kernel functions for structured
data satisfy properties P1− P4.

Theorem 2. Let k be a kernel function on SX and ϕ its feature map (i.e.,
k(s, s′) = 〈ϕ(s), ϕ(s′)〉 = ∑

i ϕ(s)
iϕ(s′)i). If the following conditions hold:

C1 For all s ∈ SX , ϕ(s) has all of its components non-negative;
C2 Let s ≺ s′. If ϕ(s)i > 0 then ϕ(s)i ≥ ϕ(s′)i > 0;
C3 If s ≺ s′ ≺ s′′ then,

∑

i

ϕ(s′′)iϕ(s)i −
∑

i,ϕ(s)i �=0

ϕ(s′′)iϕ(s′)i <
∑

j,ϕ(s)j=0

ϕ(s′′)jϕ(s′)j ;

C4 If ϕ(s)i and ϕ(s′)i are simultaneously no-null, then also is ϕ(s ∧ s′)i;
then, k satisfies properties P1− P4.
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Proof. The proof is a simple verification of the properties P1 − P4. Symmetry
(i.e., P1) follows immediately from the fact that k is kernel.

Now, if s � s′ � s′′ we have that

k(s, s′) =
∑

i

ϕ(s)iϕ(s′)i ≥
∑

i

ϕ(s)iϕ(s′′)i = k(s, s′′),

because if ϕ(s′′)i 
= 0, then ϕ(s′)i 
= 0, and condition C2 assures that ϕ(s′)i >
ϕ(s′′)i. This shows that k satisfies P2.

Using condition C3 we obtain

k(s′′, s′) =
∑

i,ϕ(s)i �=0

ϕ(s′′)iϕ(s′)i +
∑

j,ϕ(s)j=0

ϕ(s′′)jϕ(s′)j >
∑

i

ϕ(s′′)iϕ(s)i,

and as the last term equals k(s′′, s), we thus get P3.
It remains to prove that k satisfies P4. Since k(s, s ∧ s′) =

∑

i ϕ(s)
iϕ(s ∧ s′)i

and k(s, s′) =
∑

i ϕ(s)
iϕ(s′)i, we can use condition C4 for getting that k(s, s∧s′)

has more no-null terms than k(s, s′). Moreover, by virtue of condition C2, we also
have that ϕ(s ∧ s′)i > ϕ(s′)i. Therefore, we can conclude k(s, s ∧ s′) > k(s, s′).

As the reader may have noticed, the previous theorem has an analogous one
which is a consequence of simple variations on conditions C2 and C3.

Theorem 3. If in addition of conditions C1 and C4, the following statements
hold:

C’2 Let s ≺ s′. If ϕ(s′)i > 0 then ϕ(s′)i ≥ ϕ(s)i > 0.
C’3 If s ≺ s′ ≺ s′′ then,

∑

i

ϕ(s)iϕ(s′′)i −
∑

i,ϕ(s′′)i �=0

ϕ(s)iϕ(s′)i <
∑

j,ϕ(s′′)j=0

ϕ(s)jϕ(s′)j .

Then k satisfies properties P1− P4.

Example 4. (Kernel for partitions)
Perhaps the simplest example of a kernel that satisfies Theorem 2 is given by the
set significance based kernels for partitions (see [12]). The significance μ(A/P )

of subset A ⊆ X with respect to a partition P of X is defined as |A|
|C| , provided

that there exists a cluster C of P containing A, and 0 otherwise. Putting all
subsets of X in a determined order A1, A2, . . . , A2n , n the number of objects in
X , we can assign the vector VP whose ith component is μ(Ai/P ) to the partition
P . Thus, k(P, P ′) = 〈VP , VP ′〉.

The fulfillment of conditions C1 − C4 of Theorem 2 is a consequence of the
following fact: if P � P ′, then the clusters of P are smaller than the clusters of
P ′ and therefore, the component associated to the subset Ai in VP (if non-null)
is greater than its analog in VP ′ . However, as there are subsets A′

is contained
in a cluster of P ′, but not in a cluster of P , VP ′ has more non-null components
than VP . We thus get the following corollary.
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Corollary 4. The set significance based kernel satisfies P1-P4.

Example 5. (Kernel for graphs. A counterexample)
An example of a kernel that has an arbitrary behavior with respect to properties
P1−P4 is the selection prototypes based kernels [10]. These kernels use the edit
distance (see Section 2) to compare each graph g with a set T = {t1, t2, . . . , tm}
of prototypes, and thus, to associate g with the vector Vg whose ith component
is Γg(g, ti). The similarity between two graphs g and g′ is then computed as
the inner product between Vg and Vg′ . We shall evince that these kernels, al-
though defined from the edit distance which is a measure as good and flexible as
expected, do not meet any of the properties P2− P4, whatever the prototypes.

Let g ≺ g′. If for obtaining g from a prototype ti we need to add a vertex or an
edge to ti, then this vertex or edge is also needed to be added when obtaining g′

from ti. We can not make the same claim in the case where a vertex or an edge
needs to be removed from ti because it is possible that such vertex or edge is not
in g, but does in g′. This is the reason why dg(ti, g) and dg(ti, g

′) do not always
have the same order, and as a consequence the kernel fails to satisfy properties
P2− P4.

For instance, consider t1 = {V1 = {v1, v2, v3}, E1 = {(v1, v2), (v2, v3)}} and
t2 = {V2 = {v1, v2, v3, v4}, E2 = V2 × V2 −Diag(V2)} as prototypes, and set:

g = {V = {v1, v2}, E = {(v1, v2)}},
g′ = {V ′ = {v1, v2, v3}, E′ = {(v1, v2), (v1, v3)}} ∼= t1,

g′′ = {V ′′ = {v1, v2, v3, v4, v5}, E′′ = E2

⋃

{(v1, v5), (v4, v5)}}.

It is easily seen that Vg = (2, 7), Vg′ = (0, 5), and Vg′′ = (8, 3), and hence, P2
and P3 fails.

What this example is trying to illustrate is that given any set of prototypes
we can always find graphs making the properties fail. This is not difficult to
achieve and the reader can easily construct their own examples. It is worthy to
mention that these kernels can easily be introduced in the partitions and strings
scopes, and even in these scenarios they continue having the same deficiencies.

Although we do not have a rigorous proof, we feel that the marginalized kernels
for comparing labeled graphs [9] satisfy the desired properties P1− P4.

5 Conclusions

Structured data are becoming increasingly important in many applications. Al-
though various measures for comparing structured data have been introduced,
there is a lack for theoretical studies analyzing what a good measure is and how
we could choose-between different measures. The present paper is an attempt
to provide a theoretical framework for characterizing measures on structured
data. For this, four basic and intuitive properties that must fulfill such kind of
measures were formally introduced. On the basis of these properties, different
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existing measures were studied. It was shown how competent measures, as for
example the edit distances, fulfilled all the properties. It can be concluded that
the introduced theoretical framework is useful not only in the development of
new measures but also in the analysis and understanding of the existing ones.
For the case of kernel functions, this work establishes sufficient conditions that a
kernel function must meets in order to fulfill the introduced properties. A com-
parative study including the analysis of more measures can be done as future
work.
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