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Abstract. Typical testors have been used in feature selection and super-
vised classification problems in the logical combinatorial pattern recog-
nition. Several algorithms have been used to find the set of all typical
testors of a basic matrix. This algorithms are based on different heuris-
tics. There is no doubt these algorithms find the set of all typical testors.
However, the time spent on this search strategies, differs between them.
Due to size of this set, the search time is a critical factor. There is not a
standard procedure to evaluate the time performance of typical testors
algorithms. In this paper we introduce a strategy to solve this problem
through a new set of test matrices. These test matrices have the property
that the set’s cardinality of all typical testors is known in advance.

Keywords: Logical combinatorial PR, feature selection, testor theory,
typical testors algorithms, test matrices.

1 Introduction

When is used the logical combinatorial approach in the solution of supervised
pattern recognition problems, typical testors play a very important role [1],[2].
In a basic approximation, a testor is a collection of features that discriminates
all descriptions of objects belonging to different classes, and is minimal in the
partial order determined by set inclusion. Through the stages of the problem
solution, typical testors can be applied to satisfy different goals. For example, to
construct a hierarchical order of features according to their relevance [3],[4],[5],[6]
and/or to determine the support sets in the partial precedence algorithms [2].
In recent works, typical testors have been used in text mining [7], [8],[9].

In the logical combinatorial approach, the data of a supervised pattern recog-
nition problem can be reduced to a matrix [2]. The typical testors are searched
among all possible subsets of column labels of this matrix. The computation of
the set of all typical testors may take a lot of time. Several deterministic heuris-
tics have been used to find this set [10], [16]. Also evolutionary algorithms have
been introduced to deal with matrices of high dimension [12], [13].

It is necessary to have a set of instances for testing the performances of the
different proposed algorithms to calculate the typical testors. On the other hand,
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having these test matrices the typical testor problem becomes an useful bench-
mark problem to evaluate stochastic optimization algorithms. In [15] were given
the first steps for solving this topic. Test matrices should be built so that the
set of all typical testors can be determined a priori. Moreover, these matrices
should allow controlling aspects such as: dimension, cardinality of each typical
testor and the number of typical testors.

The paper is organized as follows: first, we formally introduce the concept of
typical testor for boolean matrices. Then, we present theoretical results for the
construction of test matrices. Finally, we illustrate how to generate some classes
of test matrices.

2 The Concept of Testor and Typical Testor

Let U be a collection of objects. These objects are described by a set of n features
and are grouped into l classes. By comparing feature to feature, each pair of
objects belonging to different classes, we obtain a matrix M = [mij ]l×n where
mij ∈ {0, 1} and l is the number of pairs. mij = 1 (0) means that the objects of
pair denoted by i are different (similar) in the feature j. Let I = {i1, . . . , ij} be
the set of the rows of M and J = {j1, . . . , jn} the set of labels of its columns
(features). Let T ⊆ J , M/T is the matrix obtained from M eliminating all
columns not belonging to the set T .

Definition 1. A set T = {jk1 , . . . , jkl
} ⊆ J is a testor of M if there is not any

zero row in M/T .

Definition 2. The feature jkr ∈ T is typical with respect to (wrt) T and M
if ∃q, q ∈ {1, . . . , l} such that aiqjkr = 1 and for s > 1 aiqjkp = 0, ∀p, p ∈
{1, . . . , s} p �= r .

Definition 3. A set T has the property of typicality wrt a matrix M if all fea-
tures in T are typical wrt T and M .

Proposition 1. A set T = {jk1 , . . . , jkl
} ⊆ J has the property of typicality wrt

matrix M if and only if identity matrix can be obtained in M/T , by eliminating
some rows.

Definition 4. A set T = {jk1 , . . . , jks} ⊆ J is denominated typical testor of M ,
if T is a testor and it has the property of typicality wrt M .

Let a and b be two rows from M .

Definition 5. We say that a is less than b (a < b) if ∀i ai ≤ bi and ∃j such
that aj �= bj .

Definition 6. a is a basic row from M if there is not any row less than a in
M .

Definition 7. The basic matrix of M is the matrix M ′ that only containing all
different basic rows of M .
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The following proposition [10] is a characterization of the basic matrix:

Proposition 2. M ′ is a basic matrix if and only for any two rows a, b ∈ M ′,
there exist two columns i and j that ai = bj = 1 and aj = bi = 0.

Given a matrix A, let Ψ∗(A) be the set of all typical testors of matrix A.

Proposition 3. Ψ∗(M) = Ψ∗(M ′).

According with the proposition 3, to obtain the set Ψ∗ (M), it is very convenient
to find the matrixM ′, and then, to calculate the set Ψ∗(M ′). Taking into account
that M ′ has equal or less number of rows than M , the efficiency of the algorithms
should be better for M ′. In fact, all generated test matrices described in this
paper are basic.

3 Matrix Operators and It’s Properties

We will define the operator concatenation denoted by ϕ :

ϕ : Mp×q ×Mp×q′ → Mp×(q+q′), q > 0, p > 0 (1)

Given two matrices A ∈ Mp×q and B ∈ Mp×q′ , ϕ (A,B) = [AB] i.e. the matrix
C = ϕ (A,B) is the matrix formed by two blocks: A and B.

Properties of operator ϕ:

1. ϕ (ϕ (A,B) , C) = ϕ (A,ϕ (B,C)) = ϕ (A,B,C) .
2. Let A and B be boolean matrices. If A or B are basic matrices then ϕ (A,B)

is a basic matrix.

The first property is trivial starting from the characteristics of the concatenation
operator. The second property can be demonstrated starting from the charac-
teristics of this operator and the proposition 2.

We will define the operator combinatory merge denoted by θ:

θ : Mp×q ×Mp′×q′ → Mpp′×(q+q′) (2)

Given two matrices A = [aij ]p×q and B = [bij ]p′×q′ the operation θ is defined as
follows:

θ (A,B) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

A (1, :) B (1, :)
. . . . . .

A (1, :) B (p′, :)
. . . . . .

A (p, :) B (1, :)
. . . . . .

A (p, :) B (p′, :)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(3)

Properties of operator θ
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1. θ (θ (A,B) , C) = θ (A, θ (B,C)) = θ (A,B,C) .

2. Let A and B be boolean matrices. If A and B are basic matrices, then
θ (A,B) is a basic matrix.

Note that for this operation both matrices should be basic.
Let In be an n× n identity matrix.
Properties of matrix In:

1. In is a basic matrix.

2. The number of all typical testors of matrix In is equal to 1, i.e. |Ψ∗ (In)| = 1

3. Ψ∗ (In) = {JIn} where JIn is the set of all column labels of matrix In.

Once defined these operators we will present the theoretical framework that we
use to develop the strategies to construct test matrices.

4 Theoretical Results on the Determination of Ψ∗

Let Q denote the concatenation of N (N > 1) matrices B ∈ Mp×q. Let Ψ
∗ (B) =

{T1, . . . , Tν}.

Theorem 1. |Ψ∗ (Q)| = N |T1| + . . .+N |Tν |

Let A1, . . . , Am bemmatrices such as Ai = Ini∀i ∈ {1, . . . ,m}. Let JA1 , . . . , JAm

denote the sets of all column labels of these matrices and
{
JAi ∩ JAj

}
= ∅ ∀i, j ∈

{1, . . . ,m} , i �= j. Let A be a matrix, which is obtained applying the combina-
tory merge operator to matrices Ai, i. e. A = θ (A1, . . . , Am).

Theorem 2. Ψ∗(A) = {Ψ∗(A1), . . . , Ψ
∗(Am)} = {JA1 , . . . , JAm}

Corollary 1. |Ψ∗(A)| = m

Let P denote the concatenation of N (N > 1) matrices A.

Corollary 2. |Ψ∗ (P )| = Nn1 + . . .+Nnm

The proof of these results are provided in [15].

5 Strategies to Generate Test Matrices

In this section, we describe new ways to generate the following test matrices:
Matrices of equal size and different number of Typical Testors (TT) and Matrices
with different dimensions and the same number of TT, based on the operators
ϕ and θ introduced before.
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5.1 Matrices with Equal Size and Different Number of Typical
Testors (TT)

Two matrices Q1 and Q2, with equal size and different number of T, satisfy two
conditions: dim(Q1) = dim(Q2) and |Ψ∗(Q1)| �= |Ψ∗(Q2)|.

And these matrices are generated as follows:
Suppose B1 = I4 andB2 = θ(I2, I2). SoQ1 = ϕ(B1, ..., B1︸ ︷︷ ︸)

N times

,Q2 = ϕ(B2, ..., B2︸ ︷︷ ︸)
N times

By Theorem 1: |Ψ∗(Q1)| = N4, |Ψ∗(Q2)| = 2×N2 and dim(Qi) = 4× 4N for
i = 1, 2.

Note that, because the structure of Q2, the difference between the num-
ber of TT of these matrices increases in a quadratic form. We know Q2 =
ϕ (B2, ..., B2︸ ︷︷ ︸) =

N times

ϕ(θ(I2, I2), ..., θ(I2, I2)︸ ︷︷ ︸)
N times

. So, the operator θ used to build B2,

helps increase the size of the matrix, but does not change the cardinality of
its TT. That means, when we apply the operator ϕ to B1 and B2 respectively
(Q1 = ϕ(B1, ..., B1︸ ︷︷ ︸)

N times

; Q2 = ϕ(B2, ..., B2︸ ︷︷ ︸)
N times

), the number of TT of these matrices

will be influenced by the cardinality of the TT of the involved matrices Q1 and
Q2. Thus, |Ψ∗(Q1)| > |Ψ∗(Q2)| for N > 1.

We have generated two types of matrices with equal size and different num-
ber of TT; however, we can generate 46 additional matrices with this features.
Twenty-three (4! − 1) matrices from B1 = I4 through transpositions and per-
mutations of the columns of this matrix, and then applying the concatenation
operator (ϕ). Similarly, 23 matrices from B2 = θ(I2, I2) and then applying the
concatenation operator. These kind of matrices have the same number of TT
and the same size of Q1and Q2 respectively, but they look different.

Moreover, we can appreciate that the number of rows of Q1 and Q2 is 4. But,
there exist some results that can help us to generate matrices with more rows:

Let n an even number (n = 2, 4, 6, ...),

Proposition 4. dim(In2) = dim(ϕ(θ(In, In), ..., θ(In, In)︸ ︷︷ ︸)
n/2 times

) = n2 × n2

Proof. dim(In2) = n2 × n2, dim(θ(In, In)) = n2 × 2n
dim(ϕ(θ(In, In), ..., θ(In, In)︸ ︷︷ ︸)

n/2 times

) = n2× 2n+ 2n+ ...+ 2n︸ ︷︷ ︸
n/2 times

= n2 × 2n [n/2] = n2 × n2

Proposition 5. |Ψ∗(In2)| �=

∣∣∣∣∣∣∣
Ψ∗(ϕ(θ(In, In), ..., θ(In, In)︸ ︷︷ ︸)

n/2 times

)

∣∣∣∣∣∣∣

Proof. |Ψ∗(In2 )| = 1
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∣∣∣∣∣∣∣
Ψ∗(ϕ(θ(In, In), ..., θ(In, In)︸ ︷︷ ︸)

n/2 times

)

∣∣∣∣∣∣∣
= nn

2n−1 since θ(In, In) has two TT, each one

with cardinality n. Thus, when we concatenate n
2 times , we get

[
n
2

]n
+
[
n
2

]n
=

2
[
n
2

]n
= nn

2n−1 .

Anyway, we can generate matrices with the same size and different number of
TT, but with more than 4 rows.

Considering the above results we can generalize the construction of new ma-
trices of this type using ϕ operator. Let Q3 = ϕ(In2 , ..., In2) and

Q4 = ϕ

⎡
⎢⎢⎢⎢⎢⎢⎢⎣
ϕ(θ(In, In), ..., θ(In, In)︸ ︷︷ ︸), ...,

n/2 times

ϕ(θ(In, In), ..., θ(In, In)︸ ︷︷ ︸)
n/2 times︸ ︷︷ ︸

N times

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

where:
dim(Q3) = dim(Q4) = n2 × n2 ∗N , |Ψ∗(Q3)| = Nn2

|Ψ∗(Q4)| = 2Nn, |Ψ∗(Q3)| �= |Ψ∗(Q4)|
The next table shows the number of TT when we modify the number of con-
catenated matrices

Table 1. Number of typical testors when we modify the number of concatenated
matrices

Concatenated Matrices (N)
Dimension :
n2 × n2 ∗N |Ψ∗(Q3)| = Nn2 |Ψ∗(Q4)| = 2Nn

1 n2 × n2 1 2

2 n2 × 2n2 2n
2

2 ∗ 2n
...

...
...

...

5.2 Matrices with Different Dimensions and the Same Number of
Typical Testors (TT)

Two matrices Q1 and Q2 with different dimensions and the same number of
typical testors, satisfy two conditions: dim(Q1)�=dim(Q2), |Ψ∗(Q1)|= |Ψ∗(Q2)|

These matrices are Q1 = ϕ

⎡
⎢⎣In1 , ..., In1︸ ︷︷ ︸

N1 times

⎤
⎥⎦ and Q2 = ϕ

⎡
⎢⎣In2 , ..., In2︸ ︷︷ ︸

N2 times

⎤
⎥⎦

where n1 �= n2 , Nn1
1 = Nn2

2

However, note if n1, n2 ≥ 2 and
n2 = 2n1

N1 = N2
2

we get n1 �= n2 and Nn1
1 =

[
N2

2

]n1
= Nn2

2
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Thus, we can generate several matrices that satisfy this features. The next table
illustrate some examples

Table 2. Test Matrices with the same number of TT and different size, for different
values of n1, n2, N1 y N2

n1 n2 N1 N2
dim(Q1) =
n1 × n1 ∗N1

dim(Q2) =
n2 × n2 ∗N2

|Ψ∗(Q1)|
= Nn1

1

|Ψ∗(Q2)|
= Nn2

2

2 4 4 2 2× 8 4× 8 42 24

2 4 9 3 2× 18 4× 12 92 34

2 4 16 4 2× 32 4× 16 162 44

2 4 25 5 2× 50 4× 20 252 54

2 4 36 6 2× 72 4× 24 362 64

On the other hand, there exist other way to generate matrices of this category.
We observe that identity matrices of order 2, 3, 4, ... have different size, but the
same number of TT. So, when we apply θ operator n times we get matrices with
different number of TT (from 1 to n) and different dimension.

Other way to generate matrices of this category, is applying θ operator to n
identity matrices of different order. The general form of this kind of matrix is
θ(Is1 , Is2 , ..., Isn) where si ,with i=1, 2, 3, ... , can take the next values: 2, 3, 4, ...
Its number of TT is n and its dimension is

∏n
i=1 si ×

∑n
i=1 si.

For example, when n = 3, s1 = 5, s2= 7, s3 = 12 ; the resulting matrix is
θ(I5, I7, I12) whose dimension is (5 ∗ 7 ∗ 12)× (5 + 7 + 12) , and it has 3 TT.

Note when si=sj(i �= j) we get matrices with high dimensions and few typical
testors.

6 Conclusions

The objective of this work is applying a general method to create test matrices for
evaluating the performance of strategies to search typical testors. The method
proposed is based on theoretical results that are simple in their formulation.
However, these results are a solid support to obtain different instances that
allow to test several edges of the typical testor search problems.

In this paper, we have described new ways to generate the following test
matrices: Matrices of equal size and different number of TT and Matrices with
different dimensions and the same number of TT. We found that θ operator
helps increase the size of the matrix, but does not change the cardinality of its
TT. Moreover, when we combine this operator with operator ϕ, we have showed
that we can generate several kinds of test matrices.

We have presented some examples that illustrate how to generate the instance
needed to test the influence of a particular feature on the typical testor search al-
gorithms. Taking into account that we have introduced a flexible and general tool
for the construction of test matrices, we expect that this workwill allow standarize
the procedures to evaluate the performance of Typical Testor algorithms.
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