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Abstract. In this paper, an efficient path planning method for non-
holonomic robots to avoid elliptical obstacles for RoboCup soccer matches
is presented. A hydrodynamic flow field is formulated to model obstacles
and target locations. Previous research considers the flow about elliptical
and plate obstacles as a superposition of multiple flow fields about circu-
lar obstacles. The proposed approach utilises the Joukowsky transform
to form a path about an elliptical obstacle with a single flow field. It
is shown that the resulting motion satisfies C∞ continuity at all times,
desired for mobile robots. The application of different obstacle shapes in
the context of RoboCup soccer matches is also considered and simulated.

Keywords: non-holonomic mobile robots, elliptical obstacles, efficient
path planning.

1 Introduction

In recent decades, developments in robotics have significantly enhanced the abil-
ities of mobile robots; becoming more efficient, agile and faster. As a result, path
planning has been heavily researched such that robots can autonomously deter-
mine a path to a destination whilst avoiding obstacles.

Grid based methods such as the vector field histogram [1], and other tech-
niques using concepts such as electrical resistors [12] and thermodynamic heat
flow [10], have been used due to their ease in modelling arbitrarily shaped ob-
stacles. However, there are some inherent drawbacks with these techniques, for
example, they are computationally expensive and require knowledge of the en-
tire environment of interest. Another common path planning strategy is artificial
potential fields (APF). APF can be implemented using many different poten-
tial functions, including hydrodynamic potentials [8][2] and attractive/repulsive
forces [9]. The advantages include its computational efficiency and simplicity of
implementation. One drawback is that the robot can become trapped within
local minima.

The APF method was first introduced by Khatib [4], proposing that the goal
and obstacles can be modelled by attractive and repulsive forces, respectively,
resulting in a potential field that creates a collision-free path to the target. To en-
sure the robot does not become trapped, the potential field can be modified [5] or
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harmonic functions, for example, streamfunctions from hydrodynamic potential
flow theory have been used due to their harmonic properties [10][2][11][6].

The focus of this paper is to create a collision-free path for non-holonomic
robots to compete in RoboCup utilising the hydrodynamic APFmethod. Explicit
analytical expressions for the flow field velocity can be derived, and the final
trajectory with respect to time can be determined through numerical integration.
This is particularly advantageous for time based systems, such as RoboCup
mobile robots. Previous research in this area has only considered the avoidance
of circular obstacles [11]. Modelling of non-circular obstacles have been achieved
by the superposition of circular objects [2] or the panel method [6]. For obstacles
with complicated geometry, these methods increase in computational complexity
and hence may not be able to be implemented in real time. Also, the robot’s
velocity is defined within the potential function, and can be difficult to control.
In addition the robot’s initial orientation has typically not been considered,
violating the constraint for non-holonomic robots.

In the proposed approach, elliptical obstacles can be incorporated by trans-
forming circular objects through the Joukowsky transform. This direct approach
is significantly more efficient and simple compared to the superposition of cir-
cular obstacles. The ability to model elliptical obstacles directly is extremely
beneficial in RoboCup, for example, field and goal area boundaries can be rep-
resented as a single plate object. In addition, the non-holonomic constraint of
the mobile robot is shown to be satisfied by the inclusion of a source object that
follows behind the robot. Another advantage of this addition is its ability to con-
strain the curvature of the resulting path. The inherent issue of uncontrollable
speed is addressed through normalising the robot’s velocity components. The
proposed path planning approach is simulated for RoboCup gameplay scenarios,
demonstrating that a C∞ continuous collision-free path about multiple elliptical
obstacles is achieved.

The remainder of this paper will be presented as follows: Section 2 will in-
troduce the fundamental hydrodynamic potential functions. The proposed path
planning model is described in Section 3. Section 4 presents simulation results
for RoboCup using the proposed method and Section 5 will conclude this paper
and present areas of future work.

2 Fundamental Hydrodynamic Functions

One class of the hydrodynamic potential function is the complex velocity poten-
tial (CVP) [11][7], defined as:

ω(z) = φ+ iψ (1)

where φ and ψ are the velocity potential and streamfunction, respectively. The
CVP is a function of the position in the complex plane, z = x+ iy. The velocity
of a point in the complex plane can be determined by differentiating the CVP
with respect to z [7]:

dw

dz
= u− iv (2)

where u and v are the velocity components in the x and y directions, respectively.
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2.1 Modeling Cylindrical Obstacles

A modified circle theorem is used in this paper to position the obstacle at (bx, by)
[11] resulting in:

ωc(z) = ω(z) + ω

(
r2

z − b
+ b

)
(3)

where b = bx + iby and ω represents the complex conjugate of ω.

2.2 Joukowsky Transform

The Joukowsky transform is commonly used in fluid dynamics to model flow
around aerofoils. This technique transforms the flow around a cylinder of radius
r centered at the origin in the complex plane C into a flow around an elliptical
obstacle centered at the origin in the complex plane E, while preserving angles
between small vectors. The tranformation, j : C → E, is defined as:

ze = zc +
λ2

zc
(4)

where ze ∈ E and zc ∈ C. The transformation constant, λ, governs the ratio
between the major and minor axes. Three cases for values of λ can be considered:

Case 1: 0 < λ < r. The flow around the original cylinder shown in Fig. 1(a), is
transformed to a flow around an ellipse, as shown in Fig. 1(b). The major and
minor axes, m and n, respectively, are defined as:

m = r +
λ2

r

n = r − λ2

r
(5)

Case 2: λ = 0. The flow remains untransformed after the application of (4) as
shown in Fig. 1(a).

Case 3: λ = r. The flow is transformed to a flow around a flat plate of length
4r, as shown in Fig. 1(c).

(a) Flow around a circle. (b) Flow around a ellipse. (c) Flow around a plate.

Fig. 1. The flow around obstacles modelled using the Joukowsky transform
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For the purpose of path planning it is more convenient to express the trans-
formation with respect to velocities. This provides the potential to control path
planning at the velocity level, motivated by the inclusion of multiple obstacles
and speed regulation. The velocity of ze can be determined by taking the deriva-
tive of (4):

że = żc − żcλ
2

z2c
(6)

where że ∈ E and żc ∈ C are velocities in their respective planes.

Inverse Joukowsky Transform. To map coordinates from the complex plane
E back to the complex plane C, the inverse transform, j∗ : E → C, can be
determined from (4):

zc =
ze
2

±
√
z2e − 4λ2

2
, where

∣∣∣∣∣
ze
2

±
√
z2e − 4λ2

2

∣∣∣∣∣ ≥ r (7)

3 Proposed Path Planning Strategy for Non-holonomic
Robots

In the proposed model, the destination is represented by a sink at coordinate
e = ex+ iey [2][11], and a source is included, positioned at s = sx+ isy, to follow
behind the robot. The addition of the source results in a C∞ trajectory at all
times, t ≥ 0, which is desired for non-holonomic robots. Defining the robot’s
position and orientation with respect to the positive x axis as z = x+ iy and θ,
respectively, as shown in Fig. 2. The CVP for a source or a sink [7] is:

ω(z − c) =
Q

2π
loge(z − c) (8)

where Q > 0 represents the strength for a source and Q < 0 for a sink, and c
denotes the source’s or sink’s position.

Applying the circle theorem from (3) on (8), the CVP becomes:

ωc(z, c, b, Q) =
Q

2π
loge (z − c) +

Q

2π
loge

(
r2

z − b
+ b− c

)
(9)

Fig. 2. Defining the robot’s position, orientation and the following source
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where b and r represent the position and radius of the obstacle, respectively. The
velocities for the flow defined in (9) can be determined using (2):

uc(z, c, b, Q) =
Q(x− cx)

2π((x− cx)2 + (y − cy)2)
(10)

− Qr2(r2(x− bx) + (bx − cx)(rn) + 2(x− bx)(y − by)(by − cy))

2π(r2o(r
4 + 2r2((x − bx)(bx − cx) + (y − by)(by − cy))) + r2o(rm))

vc(z, c, b, Q) =
Q(y − cy)

2π((x− cx)2 + (y − cy)2)
(11)

− −Qr2(r2(y − by)− (by − cy)(rn) + 2(x− bx)(y − by)(bx − cx))

2π(r2o(r
4 + 2r2((x − bx)(bx − cx) + (y − by)(by − cy))) + r2o(rm))

where ro = (x− bx)2+(y− by)2, rn = (x− bx)2− (y− by)2 and rm = (bx− cx)2+
(by − cy)

2. The x and y velocity components for the proposed model containing
both a source and a sink are:

uc = uc(z, s, b, Qs > 0) + uc(z, e, b, Qe < 0)

vc = vc(z, s, b, Qs > 0) + vc(z, e, b, Qe < 0) (12)

where Qs, Qe, s, e and b are the strengths of the source and sink, and the coor-
dinates for the source, target and obstacle, respectively. From (6), the velocities
can be determined for a flow field around an elliptical obstacle: że = ue + ive,
where ue and ve are the path’s velocities around a single elliptical obstacle. The
posture of the elliptical obstacle requires the definition of it’s angular orientation,
this can be considered through the application of rotations on the flow field.

3.1 Source Location and Strength

To ensure that the non-holonomic constraint is satisfied, the source, s, must be
positioned directly behind the robot at a distance d as shown in Fig. 2:

s = (x− d cos θ) + i(y − d sin θ) (13)

The source’s influence can be increased by increasingQs or decreasing d, resulting
in paths with larger curvature. The ability to influence the curvature can be
useful for applications such as RoboCup, for example, while dribbling the ball.

3.2 Multiple Obstacles

A collision-free path around multiple obstacles can be generated through the
superposition of the p individual paths for each obstacle [11]:

u =

p∑
i

αiui

v =

p∑
i

αivi (14)
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where ui and vi are the velocities of the path from (12) for obstacle i. The in-
dividual paths are weighted by constants, αi = f(d), where d represents the
distances between the obstacles and the robot’s current position. It should be
noted that the resulting path, from (14), preserves the C∞ property of the indi-
vidual paths. The weighting function is required to be a monotonically decreasing
continuous function with a range of [0, 1]. A modified weighting function from
[11] was utilized in this paper to increase the effect of closer obstacles:

αi =

p∏
j �=i

d4j
d4i + d4j

(15)

3.3 Speed Regulation

From the model proposed in (12), it is apparent that the robot will accelerate as it
approaches the sink. Defining the desired speed of the robot as: V 2 = u2reg+v

2
reg,

where ureg and vreg are the components of the final robot’s velocity. These can
be determined by normalising against the current robot speed:

ureg =
u× V√
u2 + v2

vreg =
v × V√
u2 + v2

(16)

The resulting motion preserves the C∞ property from (16), and maintains the
robot’s initial orientation.

For clarity, Algorithm 1 presents a pseudocode for the proposed approach.

4 Simulation Results and Discussion

From the components of the velocity from (16), the resulting trajectory was
determined through numerical integration. The Newton-Euler method with a
time step of 128Hz was used.

4.1 Single Obstacle

The path for a single elliptical obstacle without the following source or velocity
regulation is shown in Fig. 3(a), with an initial angle of 200◦, where the circle
and star symbols denote the start and target locations, respectively, and the sink
strength of Qe = 1. It is apparent that the non-holonomic constraint is violated
at t = 0, requiring the robot to instantaneously turn, as shown in Fig. 4(a). For
the remainder of the path, t > 0, C∞ can be observed.

The resulting path with a following source, as defined in Sect. 3.1, is shown in
Fig. 3(b). In this scenario, it can be observed that the non-holonomic constraint
is satisfied at t = 0, as shown in Fig. 4(c). It should be noted that the time
required to reach the target has decreased due to the influence of the source.
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Algorithm 1. Proposed Path Planning Algorithm

Require: xn, yn and θn : Current robot pose
Require: xe, ye and Vd : Target destination and speed
Require: O : Set of obstacle locations and sizes
Ensure: xn+1, yn+1, θn+1, un+1 and vn+1 : Pose at next time step for C∞ motion

for all oi ∈ O do
s ⇐ transformed source location in C using (7) on (13)
b ⇐ transformed obstacle location in C using (7) on original obstacle location
e ⇐ transformed sink location in C using (7) on xe, ye
uci , vci ⇐ velocity components in C using (12) for s, b and e
uei , vei ⇐ transformed velocity components in E using (6) on uci , vci
αi ⇐ weighting for obstacle using (15)

end for
u, v ⇐ velocity of combined path from (14) using the set of uei , vei and αi

un+1, vn+1 ⇐ speed regulated velocities from (16) using u, v and Vd

xn+1 ⇐ xn + hun+1, Newton-Euler integration for x position for step-size h
yn+1 ⇐ yn + hvn+1, Newton-Euler integration for y position for step-size h

θn+1 ⇐ tan−1
(

vn+1

un+1

)
, robot’s orientation at next time step

return xn+1, yn+1, θn+1, un+1 and vn+1

(a) Path without the source. (b) Path with the source.

Fig. 3. Path without speed regulation, and Qs = 0.15 and d = 0.03m

Incorporating speed control, as described in Sect. 3.3, the resulting path for
a desired speed of 3m/s is shown in Fig. 5. As the speed regulation has an
affect on the robot’s position in time, it is expected that the resulting trajectory
shown in Fig. 5 would be different in comparison to the path shown in Fig. 3(b).
Comparing the speed profiles in Fig. 6(b) against Fig. 4(d), it can be observed
that the desired speed is maintained for the entire trajectory.

For dynamic environments, such as RoboCup soccer games, the destination
can rapidly change, creating a challenge to generate a C∞ path, as demonstrated
in Fig. 7(a). The incorporation of a following source resolves the discontinuities
in velocities at checkpoints 1 and 2, as shown in Fig. 7(b), guaranteeing a C∞
path at all times, t ≥ 0.
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(a) Orientation without source (b) Velocities without source

(c) Orientation with source (d) Velocities with source

Fig. 4. Orientation, velocity and speed curves, without speed regulation

Fig. 5. Path including speed regulation, where Qs = 0.15, d = 0.03m and V = 3m/s

(a) Orientation curve (b) Velocity and Speed Curves

Fig. 6. Orientation, velocity and speed curves for the path including velocity regulation
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(a) Without following source,
Qs
Qe

= 0.
(b) With following source,
Qs
Qe

= 0.15.

Fig. 7. Robot path for reaching multiple targets, where V = 3m/s and d = 0.03m

Effects of the Path Parameters. Parameters that influence the trajectory
include Qs, Qe, d, and V . Assuming a constant value of d and a desired speed V ,
the resulting path and minimum allowable curvature, κmin, can be governed by
the ratio Qs

Qe
. The resulting path for different values of Qs

Qe
have been simulated,

and are shown in Fig. 8. For a lower value of κmin, as shown in Fig. 8(a), the
resulting trajectory is formed below the obstacle due to the allowance of the
robot to turn more rapidly. In comparison, a higher κmin forces the resulting
trajectory to travel around the obstacle, as shown in Fig. 8(b), which is preferred
for a robot to maintain possession of the soccer ball.

(a) Qs
Qe

= 0.20. (b) Qs
Qe

= 0.50.

Fig. 8. Paths for different values of Qs
Qe

, with d = 0.03m, V = 3m/s

4.2 Multiple Obstacles

The resulting path for multiple obstacle avoidance, as described in Sect. 3.2 is
shown in Fig. 9. Ellipses of different ratios have been included in this example,
and it can be observed that the C∞ property is maintained.
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Fig. 9. Path around multiple obstacles using Qs
Qe

= 0.15, d = 0.03m, and V = 3m/s

Table 1 provides a comparison between the proposed path planning approach
and another hydrodynamic APF path planning method.

Table 1. Comparison between the proposed and hydrodynamic approaches

Property Hydrodynamic method Proposed method

Contiuity
C∞ violations at path’s start C∞ path at all times
C∞ path at all other times

Obstacle type Circular obstacles Elliptical and circular obstacles

Speed control Unable to regulate speed Can regulate robot’s speed

Curvature control Unable to control curvature Potential to control path curvature

Multiple obstacles Can model multiple obstacles Robot can avoid multiple obstacles

4.3 Path Planning for RoboCup Robots

To apply the proposed path planning method to a RoboCup soccer match, mod-
elling of different field features need to be considered. The field boundaries can
be modelled by plate objects. In the RoboCup rules, the goal square cannot be
entered, and so can be modelled as a superposition of three plate objects. To pre-
vent collision into other robots, they can be represented as circular objects. For
greater flexibility, ellipses can be utilised to model moving or groups of obstacles.

In the proposed method, the robot is modelled as a single point with no ra-
dius, for real-life applications, such as RoboCup, this cannot be assumed. The
robot’s radius, denoted by R, can be incorporated through the remodelling of
the obstacle’s size or location. The boundary lines can be shifted inwards by a
distance R, and the initial goal square dimensions can be increased by a mag-
nitude R as demonstrated in Fig. 10(a). For elliptical obstacles, the major and
minor axes can be increased by R, as shown in Fig. 10(b). The result of these
modifications is a collision-free path for a robot of radius R. The avoidance of the
goal area is demonstrated in Fig. 11, where the solid and dashed paths represent
the trajectories with and without the goal area constraint, respectively.



Smooth Path Planning around Elliptical Obstacles 339

(a) Modifying the field bound-
aries

(b) Modifying the obstacles

Fig. 10. Modifying the field and obstacles to accommodate for the robot’s radius. The
solid and dashed lines represent the modified and original boundaries, respectively.

Fig. 11. The different paths for a robot to travel around a goal square

Applying the proposed path planning approach to a typical RoboCup soccer
game setup, the resulting trajectory is shown in Fig. 12. It can be observed that a
non-holonomic robot can travel smoothly while not violating any RoboCup game
rules. Although the proposed approach does not guarantee an optimal path, a
realistic C∞ path can be efficiently generated for a large number of obstacles. In
addition, the ability to apply curvature constraints on the resulting trajectory
allows the artificial intelligence agent to have greater control on robot motion.

Fig. 12. The robot’s path in a RoboCup soccer game setup
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5 Conclusion

In this paper, a hydrodynamic APF method to determine a collision-free path
to a specified target for non-holonomic mobile robots was presented. It was
demonstrated that utilising the Joukowsky transform with the proposed source
and sink model, a C∞ path avoiding multiple elliptical obstacles can be efficiently
generated. The adjustment of source and sink strength ratio is shown to have
the potential to apply a minimum curvature constraint on the resulting path.
The results for the proposed model, incorporating the features and game rules
for RoboCup soccer matches have been provided. Future work will focus on
incorporating moving obstacles and formulating the mathematical relationship
between the curvature constraints and the source and sink ratios.
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