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Abstract. In a recent paper we have introduced a notion of multival-
ued continuity in digital spaces which extends the usual notion of digital
continuity and allows to define topological notions, like retractions, in a
far more realistic way than by using just single-valued digitally continu-
ous functions. In particular, we have characterized the deletion of simple
points in 2-D, one of the most important processing operations in digital
topology, as a particular kind of retraction. In this work we extend some
of these results to 3-dimensional digital sets.
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1 Introduction

Digitally continuous maps were first introduced by A. Rosenfeld [15] in 1986. He
characterized them as functions taking connected sets to connected sets.

Results related with this type of continuity were proved also by L. Boxer
[2–4], who introduced such notions as digital homeomorphism, retracts and
homotopies. A different approach using multivalued maps was suggested by
V. Kovalevsky [13]. (See the introduction of [5] for a discussion of the limitations
of these and related approaches).

In recent papers [5, 6], the authors presented a theory of continuity in digital
spaces which extends the one introduced by Rosenfeld. Our approach uses multi-
valued maps and provides a better framework to define topological notions, like
retractions, in a far more realistic way than by using just single-valued digitally
continuous functions. This notion has allowed us to characterize most common
thinning algorithms for digital images as retractions.

In this work we extend some results of those papers to 3-dimensional digital
sets. In sections 2 and 3 we revise the basic notions on digital topology required
throughout the paper. In section 4 we recall the notions of a digitally continuous
multivalued function and of a digital retraction, formulating one of the results of
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[5] for 3-dimensional sets (Proposition 2). In section 5 we prove the main result
of the paper (Theorem 3): If a point p is (26, 6)-simple in X , then there exists a
multivalued (N , 26)-retraction F : X −→ X \ {p}.

For information on Digital Topology we recommend the survey [11] and the
books by Kong and Rosenfeld [12], and by Klette and Rosenfeld [9].

We are grateful to the referees for helpful comments and suggestions.

2 Digital Spaces

Two points in the digital plane Z
2 are 8-adjacent if they are different and their

coordinates differ in at most a unit. They are 4-adjacent if they are 8-adjacent
and differ in at most a coordinate. Given p ∈ Z

2 we define N (p) as the set
of points 8-adjacent to p, i.e. N (p) = {p1, p2, . . . , p8}. This is also denoted as
N 8(p). Analogously, N 4(p) is the set of points 4-adjacent to p (with the above
notation N 4(p) = {p2, p4, p6, p8}).

Two points of the digital 3-space Z
3 are 26-adjacent if they are different and

their coordinates differ in at most a unit. They are called 18-adjacent if they are
26-adjacent and differ in at most two coordinates, and they are called 6-adjacent
if they are 26-adjacent and differ in exactly one coordinate. We have therefore,
three different neighborhoods of p: N 26(p) = N (p), N 18(p) and N 6(p).

In an analogous way, adjacency relations are defined in Z
n for n ≥ 4.

A k-path P in Z
n from the point q0 to the point qr is a sequence P =

{q0, q1, q2, . . . , qr} of points such that qi is k-adjacent to qi+1, for every i ∈
{0, 1, 2, . . . , r − 1}. If q0 = qr then it is called a closed path. A set S ⊂ Z

n is
k-connected if for every pair of points of S there exists a k-path contained in S
joining them. A k-connected component of S is a k-connected maximal set.

Given X ⊂ Z
n, p ∈ X , we say, according to [12], that p is a k-boundary point

of X if N k̄(p) ∩ (Zn \X) �= ∅, where (k, k̄) = (8, 4) if n = 2, (k, k̄) = (26, 6) if
n = 3 (this notation will be used throughout the paper). We denote by ∂kX the
set of k-boundary points of X .

A point p and a set X are k-adjacent if p �∈ X and there exists q ∈ X such
that p and q are k-adjacent.

3 Digitally Continuous Single-Valued Functions

We start this section revising the notion of digitally continuous function and
some of its properties.

Definition 1. Let f : X ⊂ Z
m −→ Z

n be a function between digital spaces with
adjacency relations k and k′, respectively. According to [15] and [3], f is (k, k′)-
continuous, if and only if, for every p, p′ ∈ X k-adjacent points of Zm then either
f(p) = f(p′) or f(p) and f(p′) are k′-adjacent points of Zn. When m = n and
k = k′, f is said to be just k-continuous.
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In [15] several results about digitally continuous functions related to operations
with continuous functions, intermediate values property, almost-fixed point theo-
rem, Lipschitz conditions, one-to-oneness, etc, were proved. Boxer [2–4] expanded
this notion to digital homeomorphisms, retractions, extensions, homotopies, dig-
ital fundamental group, induced homomorphisms, etc. (see also [8] and [10] for
previous related results).

In particular, Boxer proved that the k-boundary ∂S of a digital square S
is not a digital k-retract of the square [2], i.e., it is not possible to construct
a digitally continuous function f : S −→ ∂S such that f(x) = x for every
p ∈ ∂S, as happens if we consider them as subsets of R2. However, neither the
outer k-boundary of an annulus is a k-retract of the annulus, as opposite with
what happens considering as subsets of R

2. Therefore, digitally k-continuous
single-valued functions can not model correctly the topology of R2. In the next
section we show how it is possible to define a notion of continuity for multivalued
functions in such a way that these limitations of digitally continuous single valued
functions are alleviated (see Proposition 2).

4 Digitally Continuous Multivalued Functions

The definitions and results in this section were first introduced in [5].

Definition 2. The r-th subdivision of Zn is formed by the set

Z
n
r :=

{(z1
3r

,
z2
3r

, . . . ,
zn
3r

)
| (z1, z2, . . . , zn) ∈ Z

n
}

and the function ir : Z
n
r −→ Z

n given by ir

(z1
3r

,
z2
3r

, . . . ,
zn
3r

)
:= (z′1, z′2, . . . , z′n)

where (z′1, z
′
2, . . . , z

′
n) is the point in Z

n which is closest to
(z1
3r

,
z2
3r

, . . . ,
zn
3r

)
in

the Euclidean metric.
If we consider in Z

n a k-adjacency relation, we can consider in Z
n
r the induced

adjacency relation, i.e.,
(z1
3r

,
z2
3r

, . . . ,
zn
3r

)
and

(
z′1
3r

,
z′2
3r

, . . . ,
z′n
3r

)
are k-adjacent

if and only if (z1, z2, . . . , zn) is k-adjacent to (z′1, z′2, . . . , z′n).

Proposition 1. ir is k-continuous as a function between digital spaces.

Definition 3. Given X ⊂ Z
n, the r-th subdivision of X is the set Xr := i−1

r (X).

Intuitively, if we consider X made of pixels, (respectively, voxels), the r-th sub-
division of X consists in replacing each pixel with 9r pixels (respectively, 27r

voxels) and the function ir is like an inclusion in the geometric sense.

Definition 4. Consider X,Y ⊂ Z
n. A multivalued function F : X −→ Y is a

function F such that for every x ∈ X, F (x) is a non-empty subset of Y . A
multivalued function F : X −→ Y is said to be a (k, k′)-continuous multivalued



Deletion of (26, 6)-Simple Points as Multivalued Retractions 91

function if there exists a (k, k′)-continuous (single-valued) function from Xr to
Y for some r ∈ N such that F (x) := ∪x′∈i−1

r (x)f(x
′). We say then that F is

induced by f . When k = k′, F is said to be just a k-continuous multivalued
function.

The reader is referred to [5] and [6] for properties of digitally continuous multi-
valued functions. We just note here that any single-valued digitally continuous
function is continuous as a multivalued function, and that if F is a (k, k′)-
continuous multivalued function then F takes k-connected sets to k′-connected
sets.

Definition 5. Let X ⊂ Z
n and Y ⊂ X. We say that Y is a multivalued k-

retract of X if there exists a k-continuous multivalued function F : X −→ Y (a
multivalued k-retraction) such that F (y) = {y} if y ∈ Y . If moreover F (x) ⊂
N (x) for every x ∈ X \ Y , we say that F is a multivalued (N , k)-retraction.

The following result, which generalizes a 2-dimensional result proved in [5], and
that can be proved in a similar way as that result, shows that digitally continuous
multivalued functions and, in particular, multivalued k-retractions and multival-
ued (N , k)-retractions have similar properties as retractions in R

3, in contrast
with single-valued digital retractions, which, as noted in the introduction, have
serious limitations to replicate the behavior of retractions in R

3.

Proposition 2. The following holds:

i) The k-boundary of a cube X (with Int X �= ∅) is not a multivalued k-retract
of X.

ii) The outer k-boundary ∂kX of a hollow cube X is a multivalued (N , k)-
retract of X.

5 Deletion of Simple Points as (N , k)-Retractions

A point p ∈ X ⊂ Z
2 is 8-simple in X if its deletion does not change the topology

of X in the sense that, when deleting it, the number of components and holes
are preserved. A point p ∈ X ⊂ Z

3 is 26-simple in X if, after deleting it, the
number and location of components, holes (tunnels) and cavities are preserved
(see [1, 14] for the formal definition of these intuitive notions, and [7] for an
example of why in the 3-dimensional case it is not enough to preserve just the
number of holes).

A k-simple point can be locally detected by the following characterization:

Theorem 1 ([1, 14]). Let X ⊂ Z
2. A point p ∈ X is 8-simple if and only if p

is an 8-boundary point of X such that the number of 8-connected components of
N (p) ∩X which are 8-adjacent to p is equal to 1.

Let X ⊂ Z
3. A point p ∈ X is 26-simple if and only if the number of 26-

connected components of N (p)∩X which are 26-adjacent to p is equal to 1, and
the number of 6-connected components of N 18(p)∩ (Z3 \X) which are 6-adjacent
to p is equal to 1.

The following theorem was proved in [5].
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Theorem 2. Consider X ⊂ Z
2 and p ∈ X. Then p is an 8-simple point if and

only if there exists a multivalued (N , 8)-retraction F : X −→ X \ {p}.
Theorem 2 also holds for (k, k̄) = (4, 8) with an additional condition on p.

The following result generalizes to Z
3 the “only if” part of Theorem 2.

Theorem 3. Consider X ⊂ Z
3 and p ∈ X a 26-simple point. Then there exists

an (N , 26)-retraction F : X −→ X \ {p}.
Proof. We show how to define a multivalued (N , 26)-retractionF : X −→ X\{p}
according to the number of points of N 6(p) ∩X .

Denote the points in N 6(p) as follows: n the point above p, s the point below
p, w the point left of p, e the point right of p, f the point front of p, b the point
behind p. These 6 directions allows us to determine each point of N 26(p).

Case 1: card(N 6(p) ∩X) ≥ 3. If card(N 6(p) ∩X) = 6, p is not 26-simple. Then
N (p) is 26-simple if and only if p is, up to symmetries, as in Figure 1, where the
points not explicitly drawn can be in X or in Z

3 \X .

Fig. 1. Local configurations of a 26-simple point with card(N 6(p) ∩X) ≥ 3

If card(N 6(p)∩X) = 5, we subdivide p in five parts (A1, A2, A3, A4, A5) as in
Figure 1a and we define f inducing F such that f(Ai) is the point of N 6(p)∩X
closest to Ai. Note that f is continuous because if Ai and Aj are 26-adjacent
then so are f(Ai) and f(Aj), and if a voxel in N (p) is 26-adjacent to Ai, then
it is also 26-adjacent to f(Ai).
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If card(N 6(p) ∩ X) = 4, N (p) is, up to symmetries, as in Figure 1b. Since
p is simple, the point nb (north and behind) must be in Z

2 \X because it is
necessary to 6-connect in N 18(p) the points n and b (see Theorem 1). To define
F we subdivide p in 4 parts (A1, A2, A3, A4) and define f inducing F such that
f(Ai) is the point of N 6(p) ∩X closest to Ai.

If card(N 6(p) ∩ X) = 3, then p is, up to symmetries, as in one of the con-
figurations of Figures 1c-1e (the configurations correspond to the different ways
to 6-connect in N 18(p) the 3 white points of N 6(p)). In all cases we subdivide
p as in the figure and we define f inducing F such that f(Ai) is the point of
N 6(p) ∩X closest to Ai.

Fig. 2. Local configurations of a 26-simple point with 2 ≥ card(N 6(p) ∩ X) ≥ 1.
There are three more configurations, interchanging fe and fw in each of the three last
configurations (in each case the same subdivisions are used to define F ).
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Fig. 3. Local configurations of a 26-simple point with N 6(p) ∩X = ∅

Case 2: 2 ≥ card(N 6(p)∩X) ≥ 1. SinceN (p) is 26-simple, p is, up to symmetries,
as in one of the configurations of Figure 2, where the gray points may or may
not be in X . The gray points may depend of their neighbors (for example, in
the second case, if nbw is black, then nw must be also black).
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In all cases, we subdivide p in up to 5 parts as in Figure 2 (in some cases,
to better see the subdivision, one of the subsets is shown transparent) and we
define f inducing F such that the image of the smallest parts are always the
blue or the gray point they are ”oriented to” (i.e. that for which this region is
the closest). Each of these parts is adjacent to a bigger part which goes to a blue
o gray point adjacent to the former, and so on. If any of the gray points were
not in X its part of the subdivision would be absorbed by its neighboring part.

Case 3: card(N 6(p) ∩ X) = 0. If N 18(p) ∩ X = ∅, then N (p) ∩ X consists on
just one corner of N (p), q, and we define F (p) = q, In the rest of the cases
N 18(p) ∩X �= ∅. All possible configurations are shown in Figure 3.

The seven first cases satisfy that there is at least a white point q 6-adjacent
to p with card(N 6(q) ∩ N (p) ∩ (Z3 \X)) ≥ 3. The four last cases satisfy that
card(N 6(q) ∩ N (p) ∩ (Z3 \X)) ≤ 2 for all q 6-adjacent to p.

Note that, as in case 2, the gray points may depend of their neighbors (for
example, in the first case, if nbw is black, then bw must be also black). Moreover,
not all combinations of gray points are possible (for example, in the second case,
if fe is white, all the gray points must be also white).

In all cases, we subdivide p in up to 7 parts as in Figure 3 (in some cases,
to better see the subdivision, one of the subsets is shown transparent), and we
define f inducing F following the same rule as in case 2 (now, when two points
can be chosen as the next one, only one of them allows to define the image of
all the remaining subsets).

In Figure 4 we show the steps to construct the subdivision in one of the three
last cases (the ninth) which are more involved.

Fig. 4. Construction of the subdivision of p in one case
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Remark 1. The previous theorem guarantees that, if p ∈ X ⊂ Z
3 is a 26-simple

point, then there exists an (N , 26)-retraction F : X −→ X \ {p}.
Moreover, the multivalued (N , 26)-retraction F : X −→ X \ {p} constructed

in the proof of the theorem is given by F (x) = {x} if x �= p and

F (p) = (N 6(p) ∩X) ∪ {q ∈ N ∗
18(p) ∩X | N 6(p) ∩ N 6(q) ∩X = ∅}

∪ {q ∈ N ∗
26(p) ∩X | N 18(p) ∩ N 18(q) ∩X = ∅},

where N ∗
18(p) = N 18(p)\N 6(p) and N ∗

26(p) = N 26(p)\N 18(p). Note that, since
p is 26-simple, the third term in the union is nonempty if and only if N (p) ∩X
is just one corner of N (p).

Analogously, it can be easily seen, using the techniques of [5,6], that if X ⊂ Z
2

and p ∈ X , then the multivalued function F : X −→ X\{p} given by F (x) = {x}
if x �= p and

F (p) = (N 4(p) ∩X) ∪ {q ∈ N ∗
8(p) ∩X | N 4(p) ∩ N 4(q) ∩X = ∅}.

is a multivalued (N , 8)-retraction if and only if p is an 8-simple point.

6 Conclusions and Future Work

We have shown that if p is a 26-simple point of X ⊂ Z
3 then there exists a

multivalued (N , 26)-retraction F : X −→ X \ {p}.
Conversely, it can be proved, in a similar way as for Theorem 2, that, if

there exists a multivalued (N , 26)-retraction F : X −→ X \ {p}, then p is a
26-boundary point of X such that the number of 26-connected components of
N (p) ∩ X which are 26-adjacent to p is equal to 1, and there exists at least
one 6-connected components of N 18(p) ∩ (Z3 \X) 6-adjacent to p (i.e p is a
26-boundary point).

Moreover, in all the configurations considered in the proof of Theorem 3, if
we 6-disconnect the “white” points, a multivalued (N , 26)-retraction F : X −→
X \ {p} not longer exists. In general, if the deletion of p creates a hole in X , a
multivalued (N , 26)-retraction F : X −→ X \ {p} does not exist. Therefore, the
following holds: “p is a 26-simple point of X ⊂ Z

3 if and only if there exists a
multivalued (N , 26)-retraction F : X −→ X \ {p}”. We will publish the proof of
this result in a forthcoming paper.
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