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Abstract. We consider characterizations of level planar trees. Healy et al. [8]
characterized the set of trees that are level planar in terms of two minimal level
non-planar (MLNP) patterns. Fowler and Kobourov [7] later proved that the set of
patterns was incomplete and added two additional patterns. In this paper, we show
that the characterization is still incomplete by providing new MLNP patterns not
included in the previous characterizations. Moreover, we introduce an iterative
method to create an arbitrary number of MLNP patterns, thus proving that the set
of minimal patterns that characterizes level planar trees is infinite.

1 Introduction

An important application of automatic graph drawing can be found in the layout of
graphs that represent hierarchical relationships. When drawing graphs in the xy-plane,
this translates to a restricted form of planarity where the y-coordinate of a vertex is
given and the drawing algorithm only has the freedom to choose the x-coordinate. This
restricted form of planarity is called level planarity, and each given y-coordinate corre-
sponds to a level.

Jünger, Leipert, and Mutzel [13] provide a linear-time recognition algorithm for level
planar graphs. This algorithm is based on the level planarity test given by Heath and
Pemmaraju [9,10]. The algorithm by Heath and Pemmaraju is based on the more re-
stricted PQ-tree level planarity testing algorithm of hierarchies (level graphs of directed
acyclic graphs in which all edges are between adjacent levels and all the source vertices
are on the uppermost level) given by Di Battista and Nardelli in [3]. In the paper, the
authors also characterize such hierarchies in terms of level non-planar (LNP) patterns.
Jünger and Leipert [12] provide a linear-time level planar embedding algorithm that
outputs a set of linear orderings in the x-direction for the vertices on each level. How-
ever, to obtain a straight-line planar drawing one needs to subsequently run an O(|V |)
algorithm given by Eades et al. [4] who demonstrate that every level planar embedding
has a straight-line drawing, though it may require exponential area.

Healy et al. [8] use LNP patterns to provide a set of minimal level non-planar
(MLNP) subgraph patterns that characterize level planar graphs. This is the counterpart
for level graphs to the characterization of planar graphs by Kuratowski [14] in terms of
forbidden subdivisions of K5 and K3,3. Two new MLNP tree patterns were added in [7]
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by Fowler and Kobourov to the previous set of patterns given by Healy et al. In this
paper, we show that the characterization remains incomplete by providing new MLNP
patterns not included in the previous characterizations. Moreover, we introduce an iter-
ative method to create an arbitrary number of MLNP patterns, thus proving that the set
of minimal patterns that characterizes level planar trees is infinite.

The study of MLNP patterns is motivated in part by the problem of visualizing hi-
erarchical structures. Sugiyama et al. [15] described what has become the standard
framework for drawing directed acyclic graphs. In this framework vertices are assigned
to levels and then on each level vertices are ordered, with the overall goal of minimiz-
ing the number of edge crossings. There exists good heuristics and some exact methods
based upon integer linear programs (ILPs) to find good orders within levels [11]. How-
ever, typically the assignment of vertices to levels is done with the help of greedy local
optimizations [2]. Understanding the underlying obstructions to level planarity (such as
MLNP patterns) could lead to better solutions to the level assignment step.

Level planarity is also related to simultaneous embedding [1]. In general, a set of
restrictions on the layout of one graph may help in the layout of a second graph on the
same vertex set. Specifically, when embedding a path with a planar graph, if the graph
can be drawn on horizontal levels, then the path can be drawn in a y-monotone fashion
without crossings. Estrella-Balderrama et al. [6] characterized the set of unlabeled level
planar (ULP) trees on n vertices that are level planar over all possible labelings of the
vertices in terms of two forbidden trees: T8 and T9. A level non-planar labeling of T9

was used to obtain MLNP patterns P3 and P4 in [7]; see Fig. 3.

2 Preliminaries

A k-level graph G(V, E, φ) on n vertices is a directed graph G(V, E) with a level as-
signment φ : V → {1, . . . , k} such that the induced partial order is strict: φ(u) < φ(v)
for every (u, v) ∈ E. A k-level graph is a k-partite graph in which φ partitions V into
k independent sets V1, V2, . . . , Vk, which form the k levels of G. A level- j vertex v is
on the jth level V j if φ(v) = j (i.e. v ∈ V j). In a level graph, an edge (u, v) is short if
φ(v) = φ(u)+1 while edges spanning multiple levels are long. A proper level graph has
only short edges. Any level graph can be made proper by subdividing long edges into
short edges. In this paper, a level graph is proper unless stated otherwise.

A level graph G has a level drawing if there exists a drawing such that every vertex
in V j is placed along the horizontal line � j = {(x, j) | x ∈ �} and the edges are drawn as
strictly y-monotone polylines. The order that the vertices of V j are placed along each
� j in a level drawing of a proper graph induces a family of linear orders along the x-
direction, which form a linear embedding of G. A level drawing, and consequently its
level embedding, is level planar if it can be drawn without edge crossings. A level graph
G is level planar if it admits a level planar embedding. The definition of level drawings
allowing only straight-line segments for edges is equivalent, given that Eades et al. [4]
have shown that every level planar graph has a straight-line planar drawing.

A path is a non-repeating ordered sequence of vertices (v1, v2, . . . , vn) for n ≥ 1. A
star with n vertices is a tree with one vertex of degree n − 1, called the root, and n − 1
vertices of degree 1. A spider is an arbitrarily subdivided star, where subdividing an
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Fig. 1. Original MLNP patterns P1 in (a) and P2 in (b) proposed by Healy et al

edge (u, v) replaces the edge with a new vertex w and new edges (u,w) and (w, v). In a
degree-k spider, the root has degree k.

A chain-link, denoted u� v, is a path from vertex u to vertex v with u � v such that
each internal vertex w that lies along the path has degree 2. Let φ(u � v) denote the
set of levels of the internal vertices where i ≤ φ(u � v) ≤ j is a short-hand for saying
that i ≤ φ(w) ≤ j for each internal vertex w of the chain-link u � v. Unless stated
otherwise we assume that φ(u) ≤ φ(u� v) ≤ φ(v) for each chain-link u� v. A linking
chain, or simply a chain, is a sequence of one or more chain-links. Notice that a vertex
in the intersection of two chains is not considered a crossing between the chains. In all
figures, a curve connecting two vertices, represents a chain.

In a level non-planar graph, a pattern is an obstructing subgraph with a level as-
signment that forces a crossing. Since here we define particular patterns in terms of
chains, they represent a set of graphs with similar properties in terms of leveling. A
level non-planar pattern is minimal if the removal of an arbitrary edge makes the pat-
tern level planar. All the patterns described here (with the exception of a few that are
symmetrical) have a corresponding horizontally flipped version.

3 Previous Work

3.1 Characterization of Level Planar Trees by Healy et al.

Healy et al. [8] defined MLNP patterns as follows: Let i and j be the minimum and
maximum level, respectively, of any vertex in the pattern. Let x be a vertex of degree
3 with three subtrees with the following properties: (i) each subtree has at least one
vertex on both extreme levels; (ii) a subtree is either a chain or it has two subtrees that
are chains; (iii) all leaves are located on extreme levels (and each leaf is the only vertex
in its subtree on the extreme level); and (iv) the subtrees that are chains and have non-
leaf vertices on one extreme level, also have at least one leaf vertex on the opposite
extreme level.

Then they distinguish two patterns; P1 with x on an extreme level and P2 with x on
a non-extreme level (Healy et al. denote them T1 and T2). Figure 1 shows P1 and P2.
Notice that these patterns are defined in terms of subtrees. This implies, for example,



72 A. Estrella-Balderrama, J.J. Fowler, and S.G. Kobourov

Vi

a c f d

b g e
Vj

y

Vi

a c f d

b g e
Vj

Vi

a c f d

b geVj

h

(a) (b) (c)

Vi

a c f d

b ge
Vj

h
x

Vi

a c f d

b geVj

hk

Vi

a

c

f d

b g e
Vj

(d) (e) (f)

Fig. 2. (a-e) Five variations of pattern P1 in addition to the one in Fig. 1(a); (f) One variation of
pattern P2 in addition to the one in Fig. 1(b)

that a subtree with a vertex of degree 3 may be replaced by a path. Fowler and Kobourov,
on the other hand, defined the patterns in terms of paths. Hence, to properly compare
the set of patterns we need to consider the different cases, or variations, of the subtrees
in P1 and P2. Hence, P1 leads to variations PA

1 , . . . , P
F
1 and P2 leads to variations PA

2
and PB

2 ; see Fig. 2. Notice that when a chain reaches an extreme level with a degree-2
vertex, more degree-2 vertices of the chain can also be on the extreme level. This is
illustrated in Fig. 2(a) for the chain c � g � f with a second degree-2 vertex. Healy
et al. [8] showed that both of these patterns are minimal level non-planar.

3.2 Characterization of Level Planar Trees by Fowler and Kobourov

The two trees T8 and T9 were shown to be the only obstructions in the context of un-
labeled level planarity for trees [6]. However, as the tree T9 does not match any of the
MLNP patterns by Healy et al. [8], a new pattern P3 was proposed [7]; see Fig. 3(b).
Note that matching T9 with either of the earlier patterns P1 or P2 would be impossible
as both P1 and P2 are based on a central vertex of degree 3 (vertex x in Fig. 1), while
T9 and its matching pattern P3 have a central vertex of degree 4 (vertex x in Fig. 3(b)).

Yet another pattern P4 can be obtained from P3 by “splitting” vertex x of degree 4
such that i < l ≤ φ(x) ≤ m < j into two vertices of degree 3 connected by a path. In
Fig. 3(b) vertex x is replaced by a chain x� y such that l ≤ φ(x� y) ≤ m in Fig. 3(c).
Patterns P3 and P4 were added to the previous set of two patterns (eight variations) to
obtain a new characterization consisting of four patterns (ten variations). A sketch of a



On the Characterization of Level Planar Trees by Minimal Patterns 73

7

6

5
4

3
2

1

9

8

a

b

c

x
f

g

h

e

d

Vi

a c

f

db

g

e

x

Vj h

Vl

Vm

a c

f

db

g

e

x

h

y

Vi

Vj

Vl

Vm

(a) (b) (c)

Fig. 3. Fowler and Kobourov generalized the forbidden ULP tree T9 in (a) to produce the MLNP
patterns P3 in (b) and P4 in (c)

proof for the claim that this new characterization is complete was made in [7], but in
the next section we show that the characterization remains incomplete.

4 New Minimal Level Non-planar Patterns

In this section, we show that the characterization of level planar trees by minimal pat-
terns is still incomplete. In Sect. 4.1, we show that there are variations of P3 and P4

that were not considered. Then in Sect. 4.2, we describe a new pattern previously not
considered as it has a vertex of degree 5, whereas, all of the previously known MLNP
patterns have maximum degree 4.

4.1 Variations of Patterns P3 and P4

The previous characterization introduces the new patterns P3 and P4. Just as with the
variations of P1 and P2, different variations of P3 and P4 can be produced by replacing
some chains with degree-3 spiders. We describe these variations next.

– Pattern PA
3 . This is the original pattern P3; see Fig. 3(b).

– Pattern PB
3 . This pattern is similar to PA

3 but replaces the chain x � f � g such
that l ≤ φ(x) ≤ m, φ( f ) = m, φ(g) = i, and i ≤ φ( f � g) ≤ m, with a degree-3
spider rooted at f ′ and leaves f , g, and x such that l ≤ φ( f ′) ≤ m, φ(x) = φ( f ) = m,
φ(g) = i, and l ≤ φ( f � f ′) ≤ m; see Fig. 4(a).

– Pattern PC
3 . This pattern is similar to PA

3 but replaces the chain x � e � d, such
that l ≤ φ(x) ≤ m, φ(e) = l, φ(d) = j, and l ≤ φ(x� e) ≤ m with a degree-3 spider
rooted at e′ and leaves e, d, and x such that l ≤ φ(e′) ≤ m, φ(x) = φ(e) = l, φ(d) = j,
and l ≤ φ(e� e′) ≤ m; see Fig. 4(b).

– Pattern PD
3 . This pattern makes both replacements made by patterns PB

3 and PC
3 on

PA
3 such that φ(e) = φ( f ′) = l, φ(e′) = φ( f ) = m, l ≤ φ(x) ≤ m, i ≤ φ(x � g) ≤ m,

and l ≤ φ(x� h) ≤ j; see Fig. 4(c).
– Pattern PA

4 . This is the original pattern P4; see Fig. 3(c).
– Patterns PB

4 , PC
4 , and PD

4 . These patterns make analogous replacements on PA
4 as

those made by PB
3 , PC

3 , and PD
3 on PA

3 ; see Fig. 4(d-f).
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Fig. 4. (a-c) Variations of pattern P3 (PB
3 , PC

3 , and PD
3 ); (d-f) Variations of pattern P4 (PB

4 , PC
4 , and

PD
4 )

The importance of the new variations of P3 and P4 is that they break the fundamental
assumption made in the early attempts at characterizations, namely that in any minimal
level non-planar pattern, leaves must lie on extreme levels i or j. All of the new patterns
have leaves on non-extreme levels. We omit the proofs for the variations of P3 and P4

as in the next section we formally show that a new pattern, P5 with non-extreme leaves
is MLNP. Moreover, in Sect. 5, we show that the set of MLNP patterns for trees is not
just missing a few more patterns but is actually infinite.

4.2 New Pattern P5

In this section, we describe a new pattern P5 and its variations. The main characteristic
of this pattern is the presence of a vertex x with degree 5.

– Pattern PA
5 . This pattern is a degree-5 spider, rooted at x, with two levels l and m

between the extreme levels i and j such that i < l < φ(x) ≤ m < j. There is a chain
x � c such that φ(c) = i, a chain x � d such that φ(d) = j; a chain x � p � q
such that φ(p) = m and φ(q) = l; a chain x � e � f � g � h such that
φ(e) = l, φ( f ) = m, φ(g) = i, and φ(h) = j; and a chain x � k � b � a such that
l < φ(k) < φ(x), φ(b) = j, φ(a) = i and l < φ(x� k� b) ≤ j; see Fig. 5(a).

– Pattern PB
5 . Similar to PA

5 but replaces the chain x � e � f � g � h with a
degree-3 spider rooted at f ′ such that l < φ( f ′) < m, with x, g, and f such that
l < φ(x) ≤ m, φ(e) = l, φ(g) = i, φ( f ) = m, and there is a chain x � e � f ′
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Fig. 5. Patterns PA
5 , PB

5 , and PC
5

such that φ(e) = l where l ≤ φ(x � e � f ′) ≤ m, l ≤ φ( f � f ′) ≤ m, and
i ≤ φ( f ′ � g) ≤ m ; see Fig. 5(b).

– Pattern PC
5 . Similar to PA

5 but replaces the chain x � e � f � g � h with a
degree-3 spider rooted at e such that φ(e) = l with leaves g, x, and f ; see Fig. 5(c).

In the following two lemmas we show that this new pattern is MLNP.

Lemma 1. Pattern P5 is level non-planar.

Proof. We show that PA
5 is level non-planar (the cases for PB

5 and PC
5 are similar). First

notice that to avoid a crossing with chain c � x � d, all the vertices of the chain
x � e � f � g � h must lie to the right of the chain c � x � d while all the
vertices of the chain x � k � b � a must lie to the left, or vice versa; see Fig. 5(a).
Assume w.l.o.g. that x � k � b � a lies to the left and x � e � f � g � h lies to
right of chain c� x� d (as in Fig. 5(a)). Now observe that in order to avoid a crossing
of chain x � p � q with chains a � b, c � x � d or g � h, the chain x � p � q
must lie between chains a � b and c � x � d or lie between chains c � x � d and
g � h. However, in the first case a crossing will occur with chain x � k � b (since
φ(k) < φ(x) and φ(x) ≤ φ(x � p) ≤ m) and in the later case a crossing will occur with
chain x� e� f � g. �

Lemma 2. The removal of any edge in pattern P5 makes it level planar.

Proof. We consider the different cases of edge removal from the chains in PA
5 (PB

5 and
PC

5 are similar):

case 1) If any edge is removed from chain x � p � q, then the crossing with chain
x� e� f is avoided when x� p� q is to the right of c� x� d as in Fig. 6(a).

case 2) If any edge is removed from chains x� k � b� a or x � e� f � g� h,
then all the vertices in the chain (except x) can be to the left or to the right of chain
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Fig. 6. Different cases of removing an edge (dotted) from pattern PA
5

c � x � d where chain x � p � q can be on the other side avoiding the crossing as
in Fig. 6(b).

case 3) If any edge is removed from chain c � x, then chains x � k � b � a and
x � e � f � g can be on the same side with respect to c � x � d. Thus avoiding
the crossing with chain x� p� q; see Fig. 6(c).

case 4) If any edge is removed from chain x � d, then chain x� k � b can lie to the
right of chain x� p� q as in Fig. 6(d). �

We now use Lemmas 1 and 2 to show that P5 is indeed MLNP.

Theorem 1. P5 is a minimal level non-planar pattern for trees.

Proof. By Lemma 1, P5 is level non-planar and by Lemma 2, P5 is minimal. Minimal-
ity also implies that P5 does not contain any MLNP pattern as a subgraph. Moreover,
pattern P5 does not match any of the previous patterns given that vertex x has degree 5,
while all of the previously known patterns have maximum degree 4. �

In this section, we have shown that a new pattern P5 is MLNP. However, P5 is not the
only pattern missing from earlier characterizations. New patterns P6, . . . , P11 are shown
along with their variations in [5]. The proofs of level non-planarity and minimality of
these patterns are similar to the one given for P5. Thus, instead of proving that each of
these patterns is MLNP, we describe a constructive method for generating an infinite
number of distinct MLNP patterns in the next section.
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Fig. 7. Construction of a new pattern (PA
4 )1 in (b) from pattern PA

4 in (a)

5 Infinite Minimal Level Non-planar Patterns

Our approach for creating new MLNP patterns is to take a known pattern as a base and
then repeat a subgraph of the pattern making modifications on the leveling such that the
new pattern does not strictly contain the previous one. Here we use PA

4 but the method
applies to other patterns as well.

The first step is to make a copy of the path p0 = c � x � f � g � h such
that φ(c) = φ(g) = i < φ(x) < φ( f ) < φ(h) = j as in Fig. 7(a) in order to get a new
path p1 = c1 � x1 � f1 � g1 � h1 such that φ(c1) = φ(g1) = i − 1, φ(x1) = j,
φ( f1) = j + 1, and φ(h1) = j + 2 as in Fig. 7(b). The second step is to add p1 to PA

4 by
merging vertices x1 and h creating a new vertex of degree 3 that takes the place of h.
This new level assignment creates two new extreme levels i− 1 and j + 2. We complete
the construction of the new pattern by moving vertices a, b, and d to the new extreme
levels, specifically, we set φ(a) = i − 1 and φ(b) = φ(d) = j + 2.

We now generalize the previous construction to an arbitrary number of iterations. We
denote the pattern created at iteration t from pattern P as (P)t. Thus, the original PA

4 is
(PA

4 )0 and the pattern created in Fig. 7(b) is (PA
4 )1. The vertices in the pattern are labeled

in the same way, for example x0 = x. Therefore, in order to create a new pattern (PA
4 )t+1

from pattern (PA
4 )t, we first copy the path pt = ct � xt � ft � gt � ht to get a new

path pt+1 = ct+1 � xt+1 � ft+1 � gt+1 � ht+1 such that φ(ct+1) = φ(gt+1) = i − t − 1,
φ(xt+1) = j + 2t, φ( ft+1) = j + 2t + 1, and φ(ht+1) = j + 2t + 2. We then merge
xt+1 with ht to obtain the new xt+1. Finally, we set the levels as φ(a) = i − t − 1, and
φ(b) = φ(d) = j + 2t + 2; see Fig. 8.

In the next lemma we show that a pattern, (PA
4 )t, generated with the previous method

is level non-planar.

Lemma 3. Pattern (PA
4 )t for t ≥ 0, is level non-planar.

Proof. We use induction on t, the number of iterations in the generation method. The
base case is t = 0; this is the original pattern P4 which is proven to be level non-planar
in the characterization by Fowler and Kobourov [7]. We now assume that (PA

4 )t is level
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Fig. 8. Construction of a new pattern (PA
4 )t+1 in (b) from pattern (PA

4 )t in (a)

non-planar in order to prove that (PA
4 )t+1 is level non-planar. That is, we show that the

modifications made to (PA
4 )t to obtain (PA

4 )t+1 do not affect the level non-planarity of the
new pattern.

Clearly, the addition of vertices and edges cannot affect the level non-planarity of a
tree, hence the addition of the path pt+1 does not make the pattern level planar. More-
over, since the chains a � b and e � d in (PA

4 )t are contained in the chains a � b
and e � d of (PA

4 )t+1, the change on the levels of a and d are simply addition of ver-
tices and edges that cannot affect the level non-planarity of the pattern. Finally, we
consider the change of level of vertex b. Notice that the crossing between the chain
a � b � y � x � f � g and the chain y � e � d in (PA

4 )t cannot be avoided
in (PA

4 )t+1 with the change of level of b. This is because as d is moved to the level of b
the chain f � g � · · · � xt+1 � ft+1 � ht+1 plays an analogous role in the pattern
(PA

4 )t+1 that the chain f � · · · � ht plays in the pattern (PA
4 )t. That is, the addition

of the chain ct+1 � ht+1 to the pattern (PA
4 )t+1 prevents the switch of side of the chain

a � b in order to avoid the crossing with y � e � d as this will produce a crossing
with the chain ct+1 � xt+1 (as in Fig. 9(d)). Therefore, by induction the pattern (PA

4 )t is
level non-planar for all non-negative integers t ≥ 0. �

We next show the minimality of the patterns generated with the method above.

Lemma 4. The removal of any edge in (PA
4 )t for any t ≥ 0, makes it level planar.

Proof. We consider the cases of edge removal in (PA
4 )t.

case 1) If any edge is removed from the chain a � b � y � e � d, then the self-
intersection is avoided as in Fig. 9(a).

case 2) If any edge is removed from the chain x� y, then the chain e� d can use the
gap to avoid the crossing as in Fig. 9(b).
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case 3) If any edge is removed from the chain xα � fα or gα � hα for any α = 0, . . . , t,
then chain a � b � y can use the gap to be drawn between the chains cα � xα and
fα � gα as in Fig. 9(c) or between gα and hα.

case 4) If any edge is removed from the chains cα � xα or fα � gα for any α = 0, . . . , t,
then the chain a � b can interchange sides with the chain hα � gα if α = t as in
Fig. 9(d). When α < t, all the chains cβ � xβ � fβ � gβ � hβ for β = α + 1, . . . , t are
moved along with the chain hα � gα. �

With the last two lemmas we now show that a pattern generated with the iterative
method described in this section is MLNP.

Theorem 2. Pattern (PA
4 )t for t ≥ 0, is a minimal level non-planar pattern for trees.

Proof. By Lemma 3, (PA
4 )t is level non-planar and by Lemma 4, (PA

4 )t is minimal. Mini-
mality implies that (PA

4 )t does not contain any MLNP pattern as a subgraph. In particular,
(PA

4 )t does not contain the previous pattern (PA
4 )t−1. To see this in Fig. 8(b), observe that

in the subgraph between levels i and j, the chain a� b� y is separated by level j into
two disjoint chains. Moreover, pattern (PA

4 )t does not match any of the previous patterns
(PA

4 )α for α = 0, . . . , t − 1 since (PA
4 )t contains an additional vertex of degree 3, xt. �

Theorem 2 implies that we can generate an arbitrary number of different MLNP patterns.
This gives our main result.
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Fig. 9. Different cases of removing an edge (dotted) from pattern (PA
4 )t
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Theorem 3. The set of minimal level non-planar patterns for trees is infinite.

6 Conclusions and Future Work

In this paper, we showed why two earlier attempts to characterize the set of level non-
planar trees in terms of minimal level non-planar patterns failed. In both cases, there
was an implicit assumption that the set of different MLNP patterns is small and finite.
However, it turns out that there are infinitely many different MLNP patterns, and an
altogether different approach might be needed for a complete characterization.

References

1. Braß, P., Cenek, E., Duncan, C.A., Efrat, A., Erten, C., Ismailescu, D., Kobourov, S.G., Lu-
biw, A., Mitchell, J.S.B.: On simultaneous planar graph embeddings. Computational Geom-
etry: Theory and Applications 36(2), 117–130 (2007)

2. Chimani, M., Gutwenger, C., Mutzel, P., Wong, H.-M.: Layer-free upward crossing mini-
mization. In: McGeoch, C.C. (ed.) WEA 2008. LNCS, vol. 5038, pp. 55–68. Springer, Hei-
delberg (2008)

3. Di Battista, G., Nardelli, E.: Hierarchies and planarity theory. IEEE Transactions on Systems,
Man, and Cybernetics 18(6), 1035–1046 (1989)

4. Eades, P., Feng, Q., Lin, X., Nagamochi, H.: Straight-line drawing algorithms for hierarchical
graphs and clustered graphs. Algorithmica 44(1), 1–32 (2006)

5. Estrella-Balderrama, A.: Simultaneous Embedding and Level Planarity. PhD thesis, Depart-
ment of Computer Science, University of Arizona (2009)

6. Estrella-Balderrama, A., Fowler, J.J., Kobourov, S.G.: Characterization of unlabeled level
planar trees. Computational Geometry: Theory and Applications 42(7), 704–721 (2009)

7. Fowler, J.J., Kobourov, S.G.: Minimum level nonplanar patterns for trees. In: Hong, S.-H.,
Nishizeki, T., Quan, W. (eds.) GD 2007. LNCS, vol. 4875, pp. 69–75. Springer, Heidelberg
(2008)

8. Healy, P., Kuusik, A., Leipert, S.: A characterization of level planar graphs. Discrete Mathe-
matics 280(1-3), 51–63 (2004)

9. Heath, L.S., Pemmaraju, S.V.: Stack and queue layouts of directed acyclic graphs. II. SIAM
Journal on Computing 28(5), 1588–1626 (1999)

10. Heath, L.S., Pemmaraju, S.V., Trenk, A.N.: Stack and queue layouts of directed acyclic
graphs. I. SIAM Journal on Computing 28(4), 1510–1539 (1999)
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14. Kuratowski, C.: Sur les problèmes des courbes gauches en Topologie. Fundamenta Mathe-
maticae 15, 271–283 (1930)

15. Sugiyama, K., Tagawa, S., Toda, M.: Methods for visual understanding of hierarchical system
structures. IEEE Transactions on Systems, Man, and Cybernetics 11(2), 109–125 (1981)


	On the Characterization of Level Planar Trees by Minimal Patterns
	Introduction
	Preliminaries
	Previous Work
	Characterization of Level Planar Trees by Healy et al.
	Characterization of Level Planar Trees by Fowler and Kobourov

	New Minimal Level Non-planar Patterns
	Variations of Patterns $P_3$ and $P_4$
	New Pattern $P_5$

	Infinite Minimal Level Non-planar Patterns
	Conclusions and Future Work



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




