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Abstract. Local search algorithms for global optimization often suffer
from getting trapped in a local optimum. The common solution for this
problem is to restart the algorithm when no progress is observed. Al-
ternatively, one can start multiple instances of a local search algorithm,
and allocate computational resources (in particular, processing time) to
the instances depending on their behavior. Hence, a multi-start strat-
egy has to decide (dynamically) when to allocate additional resources
to a particular instance and when to start new instances. In this paper
we propose a consistent multi-start strategy that assumes a convergence
rate of the local search algorithm up to an unknown constant, and in
every phase gives preference to those instances that could converge to
the best value for a particular range of the constant. Combined with
the local search algorithm SPSA (Simultaneous Perturbation Stochastic
Approximation), the strategy performs remarkably well in practice, both
on synthetic tasks and on tuning the parameters of learning algorithms.

1 Introduction

Local search algorithms for global optimization often suffer from getting trapped
in a local optimum. Moreover, local search algorithms that are guaranteed to con-
verge to a global optimum under some conditions (such as Simulated Annealing
or SPSA) usually converge at a very slow pace in order to provide consistency.
On the other hand, if the algorithms are employed with more aggressive settings,
much faster convergence to local optima is achievable, but with no guarantee to
find the global optimum. The common solution to escape from a local optimum
is to restart the algorithm when no progress is observed. Alternatively, one can
start multiple instances of the local search algorithm, and allocate computational
resources, in particular, processing time, to the instances depending on their be-
havior. The moment of starting an instance can vary in time, and so the number
of instances can also grow over time depending on the allocation strategy.
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Running several instances of an algorithm or several algorithms in parallel
and selecting among the algorithms have been intensively studied in the area of
meta-learning [22]. The main problem here is to allocate time slices to particular
algorithms with the aim of maximizing the best result returned. This allocation
may depend on the intermediate performance of the algorithms.

A simplified version of this problem is the so called Maximum K-Armed Ban-
dit [6], where at each time instance exactly one algorithm (called arm in this
framework) can be run, and it is assumed that the intermediate results returned
by an instance of the algorithm are drawn independently from a particular dis-
tribution. Note, however, that this assumption is quite unrealistic, and usually
leads to oversimplification, as local search algorithms steadily improve their per-
formance, and thus the distribution from which the next value is drawn differs
significantly from the ones from which the values in the previous several itera-
tions were drawn.

Nevertheless, the Maximum K-Armed Bandit problem provides a convenient
framework, and is often used for the analysis of multi-start search strategies
[6,7,20]. A generic algorithm for this problem is provided in [1], where the, so
called, reservation price of an instance is introduced. If an instance achieves its
reservation price, it is useless to select it again. The computation of the reser-
vation price depends on a model of the algorithm that can be learned under
some specific constraints. Several algorithms [6,7,20] are based on the (general-
ized) extreme value theory: these algorithms are similar to standard multi-armed
bandit algorithms (see, e.g., [3]) except that the upper confidence bounds are
derived from different distributions (e.g., from Gumbel distribution). In [21]
a distribution free approach is proposed that combines a multi-armed bandit
exploration strategy with a heuristic selection among the available arms. The
resulting algorithm (called ThresholdAscent) appeared to have attractive prac-
tical performance compared to the ones based on extreme value theory. Finally,
a natural strategy is to probe the algorithm instances for a while, estimate their
future performance based on the results of this trial phase, and then use the
most promising algorithm for the time remaining. Simple rules were suggested
in [4] to predict the future performance of each algorithm, while [5] employs
Bayesian prediction.

Another related problem is the following. Several algorithm instances are
available that all produce the correct answer to a certain question if run for
a sufficiently long time. The time needed for an algorithm instance to find the
answer is a random quantity, and the goal is to combine the given algorithms
to minimize the expected running time until the answer is found. When the
distribution of the running time is known, an optimal time allocation strategy
to minimize the expected running time is to perform a sequence of runs with
a certain cut-off time that depends on the distribution [17]. If the distribution
is unknown, a particular running time sequence can be chosen that results in
an expected total running time that is only a logarithmic factor larger than the
optimum achievable if the distribution is known. We note that this strategy is
among the few that provide a schedule that increases the number of algorithm
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instances. For the same set-up, an allocation strategy is proposed in [16] based on
updating dynamically the belief over the run-time distribution. Finally, when a
set of time allocation strategies are available and the optimization problem is to
be solved several times, one can use the standard multi-armed bandit framework
as in [9,10,11].

In this paper, we propose a new multi-start strategy, MetaMax, that assumes
a convergence rate of the local search known up to an unknown constant. In
every phase those instances are selected that may converge to the best value
for a particular range of the constant. The selection mechanism is analogous
to the DIRECT algorithm [15,8,14] for optimizing Lipschitz-functions with an
unknown constant, where preference is given to rectangles that may contain the
global optimum. The optimum within each rectangle is estimated in an optimistic
way, and the estimate depends on the size of the rectangle. In our algorithm we
use the function describing the convergence rate of the local search algorithms
in a similar way as the size of the rectangles are used in the DIRECT algorithm.

The rest of the paper is organized as follows. Basic definitions and assump-
tions are given in Section 2. The new multi-start local search strategies of this
paper, MetaMax(K) and MetaMax, are described and analyzed in Section 3:
in Section 3.1 we deal with a selection mechanism among a fixed number of
instances of the local search algorithm, while, in addition, a simple schedule for
starting new instances is also considered in Section 3.2. Simulation results on real
and synthetic data are provided in Section 4. Conclusions and possible further
work are described in Section 5.

2 Preliminaries

Assume we wish to maximize a nonnegative real valued function f on the d-
dimensional unit hypercube [0, 1]d, that is, the goal is to find a maximizer
x∗ ∈ [0, 1]d such that f(x∗) = maxx∈[0,1]d f(x). Without loss of generality, we
assume that f is non-negative, and suppose, for simplicity, that f is continuous
on [0, 1]d.1 The continuity of f implies the existence of x∗, and, in particular,
that f is bounded.

If the form of f is not known explicitly, search algorithms usually sample
f at several locations and return an estimate of x∗ and f(x∗) based on these
observations. There is an obvious trade-off between the number of samples used
and the quality of the estimate, and the performance of any search strategy may
be measured by the accuracy it achieves in estimating f(x∗) under a constraint
on the cost measured by the number of samples used.

Given a relatively good local search algorithm A, a general strategy for find-
ing a good approximation of the optimum x∗ is to run several instances of A
initialized at different starting points and approximate f(x∗) with the maximum
f value observed. We concentrate on local search algorithms A defined formally
by a sequence of possibly randomized sampling functions sn : [0, 1]d·n → [0, 1]d,
1 The results can easily be extended to (arbitrary valued) bounded piecewise contin-

uous functions with finitely many continuous components.
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n = 1, 2, . . .: A samples f at locations X1, X2, . . . where Xi+1 = si(X1, . . . , Xi)
for i ≥ 1, and the starting point X1 = s0 is chosen uniformly at random from
[0, 1]d; after n observations A returns the estimate of x∗ and the maximum f(x∗),
respectively, by

̂Xn = argmax
1≤k≤n−1

f(Xk) and f( ̂Xn).

It is clear that if the starting points are sampled uniformly from [0, 1]d and each
algorithm is evaluated at its starting point then this strategy is asymptotically
consistent as the number of instances tend to infinity (as in the worst case we
perform a random search that is known to converge to the maximum almost
surely). On the other hand, if algorithm A has some favorable properties then
it is possible to design multi-start strategies that still keep the random search
based consistency, but provide much faster convergence to the optimum in terms
of the number of evaluations of f .

In particular, we assume the following on the local behavior of the search
algorithms:

Assumption 1. The search algorithm A converges to a local maximum at a
guaranteed rate, that is,

(i) the limit limt→∞ ̂Xt exists and it is a deterministic function of the starting
point X1 for almost all values of X1 with respect to the Lebesgue measure;

(ii) for any 0 < δ < 1, there exists a function gδ(n) such that

P

(

lim
t→∞ f( ̂Xt) − f( ̂Xn) ≤ cgδ(n)

∣

∣X1

)

≥ 1 − δ (1)

where gδ(n) is a positive, monotone decreasing function of n that converges
to 0 for any 0 < δ < 1, that is, limn→∞ gδ(n) = 0, and c is a positive
constant that depends on f and gδ.

In certain cases gδ(n) = O(e−αn) or gδ(n) = O(n−α) for some α > 0, see, e.g.,
[12]. The constant c depends on certain characteristics of f , e.g., on the maximum
local steepness, or, if f is a random function, on the variance of f (note, however,
that in this paper we consider only deterministic functions). The above assumed
property of the local search algorithms will be utilized in the next section to
derive efficient multi-start search strategies.

3 Multi-start Search Strategies

Standard multi-start search strategies run an instance of A until it seems to
converge to a location where there is no hope to beat the current best approxi-
mation of f(x∗). An alternative way of using multiple instances of local search
algorithms is to run all algorithms parallel, and in each round we decide which
algorithms can take an extra step. This approach may be based on estimating
the potential performance of a local search algorithm A based on Assumption 1.
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Note that if c were known, an obvious way would be to run each instance as long
as their possible performances become separated with high probability. Then we
could just pick the best instance and run it until the end of our computational
budget (this would be a simple adaptation of the idea of choosing the best al-
gorithm based on a trial phase as in [4,5]). However, if c is unknown, we cannot
make such separation. On the other hand, using ideas from the general method-
ology for Lipschitz optimization with unknown constant [15], we can get around
this problem and estimate, in a certain optimistic way, the potential performance
of each algorithm instance, and in each round we can step the most promising
ones.

The main idea of the resulting strategy can be summarized as follows. Assume
we have K instances of an algorithm A, denoted by A1, . . . , AK satisfying As-
sumption 1. Let Xi,n, i = 1, . . . , K denote the location at which f is sampled by
Ai at the nth time it can take a sample, where Xi,1 is the starting point of Ai.
The estimate of the location of the maximum by algorithm Ai after n samples
is

̂Xi,n = argmax
1≤t≤n

f(Xi,t)

and the maximum value of the function is estimated by f̂i,n = f( ̂Xi,n). Now if
Ai observes ni,r samples by the end of the rth round, by Assumption 1 we have,
with probability at least 1 − δ,

f(X̄i) − f̂i,ni,r ≤ cgδ(ni,r)

where X̄i = limn→∞ ̂Xi,n is the point where Ai converges. Thus, an optimistic
estimate of the maximum of f for a constant ĉ, based on Ai, is

f̂i,ni,r + ĉgδ(ni,r).

Then it is reasonable to choose, in each round, those algorithms to take another
step that provide the largest estimate for some values of ĉ (in this way we can
get around the fact that we do not know c).

3.1 Constant Number of Instances

The above idea can be translated to the algorithm MetaMax(K) shown in
Figure 1. Here we consider the case when we have a fixed number of instances,
and our goal is to perform (almost) as well as the best of them (in hindsight),
while using the minimum number of evaluations of f . Note the slight abuse of
notation that in the MetaMax(K) algorithm ̂Xr and f̂r denote the estimates
of the algorithm after r rounds (and not r samples).

In each round, the strategy MetaMax(K) selects the local search algorithms
Ai for which the point (gδ(ni,r−1), f̂i,ni,r−1) lies on the upper convex hull of the
set

Pr = {(gδ(nj,r−1), f̂j,nj,r−1) : j = 1, . . . , K} ∪ {(0, max
1≤j≤K

f̂j,nj,r−1)}. (3)



710 L. Kocsis and A. György

MetaMax(K): A multi-start strategy with K algorithm

instances.

Parameters: K > 0, 0 < δ < 1, gδ(n).
Initialization: For each i = 1, . . . , K, let ni,0 = 0, f̂i,0 = 0.

For each round r = 1, 2, . . .

(a) For i = 1, . . . , K select algorithm Ai if there exists a ĉ > 0 such
that

f̂i,ni,r−1 + ĉgδ(ni,r−1) > f̂j,nj,r−1 + ĉgδ(nj,r−1) (2)

for all j �= i such that ni �= nj . If there are several values of i
selected that have the same sample number ni,r−1 then keep only
one of these selected uniformly at random.

(b) Step each selected Ai, and update variables. That is, set ni,r =
ni,r−1 +1 if Ai is selected, and ni,r = ni,r−1 otherwise. For each se-
lected Ai sample f(Xi,ni,r ) and compute the new estimates ̂Xi,ni,r

and f̂i,ni,r .

(c) Let Ir = argmaxi=1,...,K f̂i,ni,r denote the index of the algorithm
with the currently largest estimate of f(x∗), and estimate the

location of the maximum with ̂Xr
̂XIr ,nIr,r and its value with

f̂r = f̂Ir ,nIr,r .

Fig. 1. The MetaMax(K) algorithm

Note that it is guaranteed that in each round we sample at least two algorithms,
one with the largest estimate f̂ni,r−1 , and one with the smallest sample size
ni,r−1. Thus, at most half of the total number of samples can be used by any
optimal local search algorithm.

The randomization in step (a) that precludes sampling multiple instances with
the same sample size is motivated by the following example. Assume that A1 con-
verges to the correct estimate, while all the other algorithms A2, . . . , AK produce
the same estimate in each round, independently of their samples, that is inferior
to the estimates of A1. If we use the randomization, half of the calls to compute
f will be made by A1, but without the randomization this would drop down to
1/K as in each round we would sample each algorithm. The randomization is
used to exclude such pathological cases.

The following proposition shows that the algorithm is consistent.

Proposition 1. Assume that gδ(n) is positive and monotone decreases to 0 as
n → ∞. Then the MetaMax(K) algorithm is consistent in the sense that f̂r ≤
f(x∗) for all r, and

f(x∗) − lim
r→∞ f̂r = min

i=1,...,K

{

f(x∗) − lim
n→∞ f̂i,n

}

.

Proof. The proof follows trivially from the fact that each algorithm is selected
infinitely often, that is, limr→∞ ni,r = ∞. To see the latter, we show that in
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every K rounds the number of samples received by the least used algorithm,
that is, mini=1,...,K ni,r, is guaranteed to increase by one. That is, for all k ≥ 0,

min
i=1,...,K

ni,kK ≥ k. (4)

As described above, in each round we select exactly one of the algorithms with
minimal sample size. Thus, if there are k such algorithms, the minimal sample
size will increase in k steps, which completes the proof. �	
Let f̂∗

i = limr→∞ f̂i,ni,r be the asymptotic estimate of algorithm Ai for f(x∗),
and let f̂∗ = max1≤i≤K f̂∗

i denote the best estimate achievable using algorithms
A1, . . . , AK . Let O ⊂ {1, . . . , K} be the set of optimal algorithms that converge
to the best estimate f̂∗ (for these algorithms), and let |O| denote the cardinality
of O (i.e., the number of optimal algorithm instances). The next lemma shows
that if i �∈ O, then Ai is not sampled at a round r if it has been sampled too
often so far.

Lemma 1. Suppose Assumption 1 holds, and let

Δ = f̂∗ − max
i�∈O

f̂∗
i

denote the margin between the estimates of the best and the second best algo-
rithms. Then there is an R(δ) > 0 such that Ai is not sampled by MetaMax(K)

at a round r + 1 > R(δ) with probability at least 1−Kδ given the starting points
Xi,1, i = 1, . . . , K, if

ni,r > g−1
δ

(

gδ(min
j

nj,r)

(

1 − f̂∗
i + Δ/2

f̂∗

))

(5)

simultaneously for all i �∈ O.

Proof. For each i = 1, . . . , K, the conditions of Assumption 1 and (4) imply that
there exists an R

(δ)
i > 0 such that for all r > R

(δ)
i

P

(

f̂∗
i − f̂i,ni,r ≤ Δ/2

∣

∣ Xi,1

)

≥ 1 − δ.

Note that the above inequality holds simultaneously for all r > R
(δ)
i since the

difference f̂∗
i − f̂i,ni,r is a non-increasing sequence in r. By the union bound, for

any r > R(δ) = max{R(δ)
1 , . . . , R

(δ)
K }

P

(

f̂∗
i − f̂i,ni,r ≤ Δ/2 for all i = 1, . . . , K|X1,1, . . . , XK,1

)

≥ 1 − Kδ. (6)

This implies that after R(δ) rounds the algorithm will pick, with high probability,
the estimate of one of the best algorithms. It is easy to see that, given the starting
points Xi,1, i = 1, . . . , K, if (6) holds then an algorithm Ai with i �∈ O cannot be
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sampled at round r + 1 if ni,r ≥ nIr,r (that is, if it has been sampled more than
an algorithm with a better maximum estimate). Furthermore, if ni,r < nIr,r, it
is easy to see that Ai is not sampled at a round r + 1 if

f̂r − f̂i,r

gδ(ni,r) − gδ(nIr ,r)
>

f̂r − 0
gδ(minj nj,r) − gδ(nIr ,r)

since the line connecting (gδ(minj nj,r), 0) and (gδ(nIr ,r), f̂Ir ,nIr,r ) is a lower
bound to the upper convex hull of Pr+1 (defined by (3)). Since f̂r − f̂i,r ≥
f̂∗ − f̂∗

i −Δ/2 and f̂∗ ≥ f̂r, given the starting points Xi,1, Ai is not selected at
round r + 1 simultaneously for all i, with probability at least 1 − Kδ, if

f̂∗ − f̂∗
i − Δ/2

gδ(ni,r) − gδ(nIr ,r)
>

f̂∗

gδ(minj nj,r) − gδ(nIr ,r)
. (7)

The latter is equivalent to the upper bound

gδ(ni,r) < gδ(min
j

nj,r)

(

1 − f̂∗
i + Δ/2

f̂∗

)

+ gδ(nIr ,r)
f̂∗

i + Δ/2
f̂∗ .

Taking into account that gδ is non-increasing and positive, this is surely satisfied
if (5) holds. �	
A simple corollary of the above lemma is that if the local search algorithm
converges fast enough (exponentially with a problem dependent rate, or faster
than exponential) then half of the samples taken from f correspond to optimal
algorithm instances.

Corollary 1. Assume that the performance of the algorithms Ai, i = 1, . . . , K
are not all the same, that is, |O| < K, and that the conditions of Assumption 1
hold. Furthermore, suppose that

lim sup
n→∞

gδ(n + 1)
gδ(n)

< min
i�∈O

{

1 − f̂∗
i + Δ/2

f̂∗

}

. (8)

Then asymptotically at least half of the sampling of f in MetaMax(K) corre-
sponds to an optimal algorithm. That is,

P

(

lim inf
r→∞

∑

i∈O ni,r
∑K

i=1 ni,r

≥ 1
2

∣

∣

∣

∣

X1,1, . . . , XK,1

)

≥ 1 − Kδ.

Proof. We show that Ai is not chosen for large enough r if ni,r > minj nj,r. By
Lemma 1, it is sufficient to prove that, for large enough r,

min
j

nj,r + 1 > g−1
δ

(

gδ(min
j

nj,r)

(

1 − f̂∗
i + Δ/2

f̂∗

))

.

The latter is clearly satisfied by (8) as limr→∞ minj nj,r = ∞ by (4). This fact
finishes the proof. �	



Efficient Multi-start Strategies for Local Search Algorithms 713

MetaMax: A multi-start strategy with infinitely many

algorithm instances.

Parameters: 0 < δ < 1, gδ(n).
Initialization: Set K = 0. For each round r = 1, 2, . . .

(a) Increase the value of K by 1. Initialize algorithm AK by setting
nK,r−1 = 0, f̂K,0 = 0.

(b) For i = 1, . . . , K select algorithm Ai if there exists a ĉ > 0 such
that

fi,ni,r−1 + ĉgδ(ni,r−1) > fj,nj,r−1 + ĉgδ(nj,r−1) (9)

for all j �= i such that ni,r−1 �= nj,r−1. If there are several values
of i selected that have the same sample number ni,r−1 then keep
only one of these selected uniformly at random.

(c) Step each selected Ai, and update variables. That is, set ni,r =
ni,r−1 +1 if Ai is selected, and ni,r = ni,r−1 otherwise. For each se-
lected Ai sample f(Xi,ni,r ) and compute the new estimates ̂Xi,ni,r

and f̂i,ni,r .

(d) Let Ir = argmaxi=1,...,K f̂i,ni,r denote the index of the algorithm
with the currently largest estimate of f(x∗), and estimate the lo-

cation of the maximum with ̂Xr = ̂XIr ,nIr,r and its value with

f̂r = f̂Ir ,nIr,r .

Fig. 2. The MetaMax algorithm

The above corollary immediately yields the following result on the rate of con-
vergence of the MetaMax(K) algorithm.

Corollary 2. Assume the conditions of Corollary 1 hold. Then for any δ > 0
and ε > 0 there exists a threshold Tδ,ε > 0 depending on the starting points
X1,1, . . . , X1,K such that if the MetaMax(K) algorithm is run for r rounds
such that the total number of samples T =

∑K
i=1 ni,r satisfies T > Tδ,ε, then,

with probability at least (1 − (K + |O|)δ),

f̂∗ − f̂r ≤ cgδ

(

T

(2 + ε)|O|
)

.

3.2 Unbounded Number of Instances

It is clear that if the local search algorithms are not consistent, then, despite its
favorable properties, the MetaMax(K) strategy is inconsistent, too. However, if
we increase the number of algorithms in each round, then we get the consistency
from random search, while still keeping the reasonably fast convergence rate
from MetaMax(K). This results in the multi-start strategy MetaMax, shown
in Figure 2.
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Since the MetaMax strategy includes a random search (the number of algo-
rithms tends to infinity as the length of each round is finite), the algorithm is
consistent:

Proposition 2. The strategy MetaMax is consistent. That is,

lim
r→∞ f̂r = f(x∗).

Under Assumption 1 we can prove, similarly to Lemma 1, that any suboptimal
algorithm is selected only finitely many times.

Lemma 2. Suppose Assumptions 1 holds, and assume that an instance Ai is
suboptimal, that is, f̂∗

i = limr→∞ f̂i,ni,r < f(x∗). Let

Δi = f(x∗) − f̂∗
i .

Then, for sufficiently large r, Ai is not sampled at a round r+1, with probability
at least 1 − 2δ, if

ni,r > max

{

g−1
δ

(

gδ(0)

(

1 − f̂∗
i + Δi/2
f(x∗)

))

, g−1
δ

(

Δi

2c

)

}

.

Proof. By the assumptions of the lemma there exists a positive integer R > 0
such that f(x∗)− f̂R < Δi/2 with probability at least 1−δ. (A crude estimate of
R can be obtained by considering the probabilities that Xr,1 falls in a sufficiently
small neighborhood of x∗. Better values of R can be calculated by considering the
probability of choosing a starting point such that the corresponding algorithm
converges to a global optimum, and then considering the rate of convergence of
this local search algorithm.) By Assumption 1, f̂∗

i − f̂i,n < Δi/2 with probability
at least 1−δ for all n > ni = g−1

δ

(

Δi

2c

)

. Thus, by the union bound, for any round
r + 1 > R such that ni,r > g−1

δ

(

Δi

2c

)

, we have, with probability at least 1 − 2δ,
simultaneously

f(x∗) − f̂r < Δi/2 and f̂∗
i − f̂i,ni,r < Δi/2. (10)

Now a similar argument as in Lemma 1 finishes the proof. Note that compared
to (5) we replaced mini ni,r with 0 since a new algorithm is started in every
round with nr+1,r = 0. �	
Experimental results in Section 4 show that K, the number of algorithm in-
stances, increases sublinearly: in all simulations K was of the order T/ ln(T )
with K < 2T/ lnT . It is interesting to note that this is roughly the same as
the number of algorithm instances introduced by the algorithm Luby [17] (see
Section 4 for more details). If Assumption 1 is satisfied with δ = 0 and there are
only finitely many local maxima of f , this fact gives rise to the following heuris-
tic derivation for the convergence rate of MetaMax. Let p be the probability
that a random starting point is chosen such that the resulting algorithm con-
verges to a global optimum. Then, for T large enough, there are approximately
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(1− p)T/ lnT suboptimal algorithms, and, after some initial phase with S sam-
ples, each of them can be sampled at most N times for some integer N . Then the
pT/ lnT optimal algorithms are sampled at least T −N(1−p)T/ lnT −S times,
so one of them is sampled at least (T−N(1−p)T/ lnT−S)/(pT/ lnT ) = O(ln T )
times, resulting in a convergence rate of cg0(κ ln T ) for some κ > 0.

4 Experiments

In the experiments we compared the two versions of the MetaMax algorithm
with four algorithms including two with fixed (K), and two with variable number
of algorithm instances (arms). We used the SPSA ([18], Simultaneous Perturba-
tion Stochastic Approximation) as the base local search algorithm in all cases.
SPSA is a local search algorithm with a sampling function that uses gradient
descent with a stochastic approximation of the derivative: at the actual location
Xt = (Xt,1, . . . , Xt,d), SPSA estimates the derivative of f by

f̃t,l(Xt,l) =
f(Xt + φtBt) − f(Xt − φtBt)

2φtBt,l
,

where the Bt,l are i.i.d. Bernoulli random variables that are the components of
the vector Bt, and then uses the sampling function st(Xt) = Xt + atf̃t(Xt) to
choose the next point to be sampled, that is,

Xt+1,l = Xt,l + atf̃t,l(Xt,l)

for l = 1, . . . , d.
In the implementation of the algorithm we have followed the guidelines pro-

vided in [19], with the gain sequence at = a/(A + t + 1)α, and perturbation
size φt = φ/(t + 1)γ , where A = 60, α = 0.602 and γ = 0.101. The values of a
and φ vary in the different experiments. Next to the two evaluations required
at the perturbed points, we also evaluate the function at the current point Xt.
The starting point is chosen randomly, and the function is evaluated first at this
point.

The four reference algorithms the MetaMax(K) and MetaMax algorithms
are compared to are the following:

Unif: This algorithm selects from a constant number of instances of SPSA uni-
formly. In our implementation the instance It = t mod K is selected at time t,
where K denotes the number of instances.
ThrAsc: The ThresholdAscent algorithm of [21]. The algorithm begins with
selecting each of a fixed number of instances once. After this phase at each
time step t ThrAsc selects the best s estimates produced so far by all algo-
rithm instances Ai, i = 1, . . . , K in all the previous time steps, and for each
Ai it counts how many of these estimates were produced by Ai. Denoting the
latter value by Si,t, at time t the algorithm selects the instance with index
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It = argmaxi U(Si,t/ni,t, ni,t), where ni,t is the number of times the ith instance
has been selected up to time t,

U(μ, n) = μ +
α +

√

2nμα + α2

n

and α = ln(2TK/δ). s and δ are the parameters of the algorithm, and in the
experiments the best value for s appeared to be 100, while δ was set to 0.01.
Rand: The random search algorithm. It can be seen as running a sequence of
SPSA algorithms such that each instance is used for exactly one step, which is
the evaluation of the random starting point of the SPSA algorithm.
Luby: The algorithm based on [17]. This method runs several instances of SPSA
sequentially after each other, where the ith instance is run for ti steps, with ti
defined by

ti =
{

2k−1, if i = 2k − 1
ti−2k−1+1, if 2k−1 ≤ i < 2k − 1

The above definition produces a scheduling such that from the first 2k − 1 algo-
rithm instances one is run for 2k−1 steps, two for 2k−2 steps, four for 2k−3 steps,
and so on.

Both versions of the MetaMax algorithm were tested. Motivated by the fact
that SPSA is known to converge to a global optimum exponentially fast if f
satisfies some restrictive conditions [12], we chose a gδ(n) that decays expo-
nentially fast (recall that this is the rate of convergence to a local minimum).
Furthermore, to control the exploration of the so far suboptimal algorithm in-
stances heuristically, we allowed gδ(n) to be a time-varying function, that is, it
changes with t, the total number of samples seen so far. Thus, at round r we
used gδ(n) = e−n/

√
tr , where tr =

∑

i ni,r−1.
For the algorithms with a fixed number of arms (MetaMax(K), Unif, and

ThrAsc), the number of arms K was set to 100 in the simulations, which turned
out to be a good choice overall.

The multi-start algorithms were tested using two versions of a synthetic func-
tion, and by tuning the parameters of a learning algorithm on two standard data
sets.

The synthetic function was a slightly modified2 version of the Griewank func-
tion [13]:

f(x) =
d

∑

l=1

4π2x2
l

100
−

d
∏

l=1

cos
2πxl√

l
+ 1

where x = (x1, . . . , xl) and the xi were constrained to the interval [−1, 1]. We
show the results for the two-dimensional and the ten-dimensional cases.

The parameters of SPSA were a = 0.05 and φ = 0.1 for the two-dimensional
case, and a = 0.5 and φ = 0.1 for the ten-dimensional case. The performance

2 The modification was made in order to have more significant differences between the
values of the function at the global maximum and at other local maxima.



Efficient Multi-start Strategies for Local Search Algorithms 717

 1e-06

 1e-05

 1e-04

 0.001

 0.01

 0.1

 1

 10

 1  10  100  1000  10000  100000

av
er

ag
e 

er
ro

r

iteration

Rand
Luby
Unif

ThrAsc
MetaMax100

MetaMax
 1e-06

 1e-05

 1e-04

 0.001

 0.01

 0.1

 1

 10

 1  10  100  1000  10000  100000

av
er

ag
e 

er
ro

r

iteration

Rand
Luby
Unif

ThrAsc
MetaMax100

MetaMax

Fig. 3. The average error for the multi-start strategies on the two-dimensional (left)
and ten-dimensional (right) modified Griewank function
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Fig. 4. The average error for the multi-start strategies on tuning the parameters of
MultilayerPerceptron for the vehicle data set (left) and the letter data set (right)

of the search algorithms were measured by the error defined as the difference
between the maximum value of the function (in this case 1) and the best result
obtained by the search algorithm in a given number of steps. The results for the
above multi-start strategies for the two- and the ten-dimensional test functions
are shown in Figure 3. Each error curve is averaged over 10,000 runs, and each
strategy was run for 100,000 steps (or iterations). One may observe that in both
cases the two versions of the MetaMax algorithm converge the fastest. ThrAsc

is better then Unif, while Luby seems fairly competitive with these two. The
random search seems an option only for the low-dimensional function. Similar
results were obtained for dimensions between 2 and 10.

For tuning the parameters of a learning algorithm, we have used two standard
data sets from the UCI Machine Learning Repository [2]: vehicle and letter, and
the MultilayerPerceptron learning algorithm of Weka [23]. Two parameters were
tuned: the learning rate and the momentum, both in the range of [0, 1]. The
size of the hidden layer for the MultilayerPerceptron was set to 8, while the
number of epochs to 100. The parameters of the SPSA algorithm were a = 0.5
and φ = 0.1. The rate of correctly classified items on the test set for vehicle
using MultilayerPerceptron with varying values of the two parameters is shown
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Fig. 5. Classification rate on the vehicle data set. The rates are plotted by subtracting
them from 0.911112 and thus global optima are at the scattered black spots corre-
sponding to a value equal to 0.001.

Fig. 6. Classification rate on the letter data set. The rates are plotted by subtracting
them from .7515 and thus global optima are at the scattered black spots corresponding
to a value equal to 0.001.

in Figure 5, with the highest rate being 0.910112. Similarly, the classification
rate for letter is shown in Figure 6, with the highest rate being 0.7505.

The error rates of the optimized MultilayerPerceptron on the data sets vehicle
and letter are shown in Figure 4, when the parameters of the learning algorithm
were tuned by the multi-start strategies above. The error in these cases is the
difference between the best classification rate that can be obtained (0.910112 and
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0.7505, respectively) and the best classification rate obtained by the multi-start
strategies in a given number of steps. The results shown are averages over 1,000
runs. We observe that the MetaMax algorithm (with an increasing number of
arms) converged the fastest in average, the three strategies with a fixed number
of arms had nearly identical results, Luby was slightly worse than these, and
the random search was the slowest, although it did not perform as bad as for
the synthetic functions.

In summary, the MetaMax algorithm (with an increasing number of arms)
provided far the best performance in all tests, usually requiring an order of
magnitude less steps to find the optimum than the other algorithms. E.g., for
the letter data set only the MetaMax algorithm found the global optimum in
all runs in 100,000 time steps. We can conclude that MetaMax converged faster
than the other multi-start strategies investigated in all four test cases, with a
notable advantage on the difficult surfaces induced by the classification tasks.

5 Conclusions

We provided a multi-start strategy for local search algorithms. The method
assumes a convergence rate of the local search algorithm up to an unknown
constant, and in every phase it gives preference to those local search algorithm
instances that could converge to the best value for a particular range of the con-
stant. Two versions of the algorithm were presented, one that is able to follow the
performance of the best of a fixed number of local search algorithm instances, and
one that, with gradually increasing the number of the local search algorithms,
achieves global consistency. Some theoretical properties of the algorithms were
explored, although the methods used do not seem to fully explain the superior
behavior of the strategy in experiments, requiring further study of the problem.
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In: Régin, J.-C., Rueher, M. (eds.) CPAIOR 2004. LNCS, vol. 3011, pp. 50–64.
Springer, Heidelberg (2004)

5. Carchrae, T., Beck, J.C.: Low-knowledge algorithm control. In: Proceedings of the
19th National Conference on Artificial Intelligence (AAAI), pp. 49–54 (2004)

6. Cicirello, V.A.: The max k-armed bandit: A new model of exploration applied to
search heuristic selection. In: Proceedings of the Twentieth National Conference
on Artificial Intelligence, pp. 1355–1361 (2005)

7. Cicirello, V.A., Smith, S.F.: Heuristic selection for stochastic search optimization:
Modeling solution quality by extreme value theory. In: Wallace, M. (ed.) CP 2004.
LNCS, vol. 3258, pp. 197–211. Springer, Heidelberg (2004)



720 L. Kocsis and A. György

8. Finkel, D.E., Kelley, C.T.: Convergence analysis of the direct algorithm. Technical
Report CRSC-TR04-28, NCSU Mathematics Department (2004)

9. Gagliolo, M., Schmidhuber, J.: Learning dynamic algorithm portfolios. Annals of
Mathematics and Artificial Intelligence 47(3–4), 295–328 (2006); AI&MATH 2006
Special Issue

10. Gagliolo, M., Schmidhuber, J.: Learning restart strategies. In: Veloso, M.M. (ed.)
IJCAI 2007 — Twentieth International Joint Conference on Artificial Intelligence,
vol. 1, pp. 792–797. AAAI Press, Menlo Park (2007)

11. Gagliolo, M., Schmidhuber, J.: Algorithm selection as a bandit problem with un-
bounded losses. Technical Report IDSIA - 07 - 08, IDSIA (July 2008)
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