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Abstract. We consider mining unusual patterns from text T . Unlike existing
methods which assume probabilistic models and use simple estimation methods,
we employ a set B of background text in addition to T and compositions w = xy
of x and y as patterns. A string w is peculiar if there exist x and y such that
w = xy, each of x and y is more frequent in B than in T , and conversely w = xy
is more frequent in T . The frequency of xy in T is very small since x and y are
infrequent in T , but xy is relatively abundant in T compared to xy in B. Despite
these complex conditions for peculiar compositions, we develop a fast algorithm
to find peculiar compositions using the suffix tree. Experiments using DNA se-
quences show scalability of our algorithm due to our pruning techniques and the
superiority of the concept of the peculiar composition.

1 Introduction

As text data, such as Web documents and genome sequences, are becoming abundant in
various areas, it is becoming more important to analyze text data and to extract useful
knowledge from it. Hence, an increasing attention has been paid to text mining.

Exceptionality has attracted attention of researchers in various areas as an essential
property of discovered knowledge, since a discovery is often inspired by unusual events
which can not be explained by the current theory. In the field of data mining, the term
“unexpected” has been included as a mandatory property of the target patterns [1] from
the beginning of the field and various methods have been proposed for finding excep-
tions, such as outliers [2], rules [3], and other types of patterns [4]. Unusualness for
time series data has been also studied [5,6]. For text data, finding unusual text patterns
have been studied extensively, especially in bioinformatics [7,8,9,10].

For the definition of being unusual, it is natural to define usual states and to measure
unusualness by deviation from the states. In the z-score, which is a popular measure for
unusual patterns in text data [8,9,10], the popularity of a usual state for a pattern w is
an estimated expectation for w based on a given probability model. More formally, the
z-score z(w) for w is defined

z(w) =
f (w) − E(w)

N(w)
,

where f (w) > 0 denotes the observed frequency, E(w) its expectation and N(w) a nor-
malization factor. Given a threshold α, w is unusual if z(w) > α or z(w) < −α. In other
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words, an unusual pattern based on the z-score is a pattern whose frequency deviates
far from its estimate under the given probability model.

However, scores to measure unusualness borrowed from statistical testing, such as
the z-score, have the following problems: (1) they require an appropriate probabilis-
tic model in advance, (2) discovered unusual patterns lack of clear interpretations and
(3) an estimation based on the probabilistic model is inappropriate for sparse text data.

Firstly, such a score requires an appropriate probabilistic model. A simple model
is easy to compute the corresponding score but it can not describe details of given
data, while a sophisticated model well describes the given data but it is computationally
costly to obtain parameters for the model. When we assume the Bernoulli model, which
is a simple model, we obtain the ζ-score as a variant of the z-score [7,8], where the
expectation p̂(w) for a pattern w is given by p̂(w) =

∏
p(a), which is the product of

all probabilities p(a) for letters a in w. In this model, each letter is supposed to occur
independently. The Markov model is also considered for the probabilistic model of the
z-score [10]: the probability of the ith letter ai depends on the probability of the previous
k letters and therefore p̂(w) is estimated by a conditional probability p(ai|ai−1 · · · ai−k+1).
However, the value of k is fixed and must be given in advance, and it is difficult to decide
an appropriate value for k automatically.

Secondly, it is difficult for us to understand the meaning of patterns obtained by a
score based on statistical testing. Such a pattern is evaluated from only the view point
of the statistics. Therefore, we only know that the frequency of the pattern is rare or
abundant against its expectation but the frequency does not tell us about its meaning.

Finally, the estimation based on simple probabilistic models is inappropriate to find
unusual patterns from sparse text data because the models use short sub-patterns to esti-
mate longer patterns’ probabilities. Estimating probabilities for long patterns is critical
to find unusual patterns since unusual patterns must be long from the definition of being
unusual. However, the simple probabilistic models provide inaccurate estimates to all
long patterns as many long patterns do not appear in practical sparse data. Thus, we
need a better estimation method for sparse text data.

To overcome these problems, first, we introduce a background set in addition to a
target set of text data. From the background set, we find sub-patterns which compose
unusual patterns. In this sense, the background set is used as a mother population. In
practical usage, it is natural to compare a given data with other data, instead of com-
paring with the population. For example, to examine DNA sequences of a species, the
same or similar subsequences of other, well-known species can be a good hint.

Next, we introduce a new form of a pattern, called a composition, which is defined
as the concatenation of two frequent substrings x and y. The lengths of x and y are not
restricted and hence they can be long. Thus, we can expect x and y help us to understand
implications of xy because x and y are enough long and frequent. For example, three
nucleotides in genome sequences compose a codon and thus we might try to understand
a sequence of nucleotides using the codon table in a bottom up manner.

Finally, we define a composition to be peculiar using two ratios of frequencies for
both target and background sets. That is, w = xy is peculiar if both x and y are more
frequent in B than in T and conversely their composition xy is more frequent in T than
in B. Therefore, the frequency of w is small in the target set since both x and y are
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infrequent in T , and the frequency of w is larger than its expectation of f (x) f (y) in B. In
this sense, peculiar compositions are unusual. Hence, we only need to provide simple
parameters to a data mining algorithm instead of a complicated probabilistic model.

Our problem definition raises a new challenging problem: we have to find frequent
components as well as infrequent unusual patterns. Therefore, it is computationally
hard to find peculiar compositions, compared to just finding substrings. We develop
an algorithm, FPCS (Finding Peculiar Compositions), which exploits the generalized
suffix tree and find peculiar compositions in O(N2) time, where N is the total length of
input strings. The generalized suffix tree enables FPCS to find simultaneous discovery
of a peculiar composition xy, its prefix x, and suffix y.

This paper is organized as follows: related work is surveyed in section 2. We de-
fine the problem in section 3 and then propose our main algorithm FPCS in section 4.
Section 5 is devoted for experimental evaluation. Section 6 concludes.

2 Related Work

The z-score has attracted attention of bioinformatics researchers as a measure to find
unusual patterns in strings. For a threshold α, if z(w) > α (resp. z(w) < −α) then w
is said to be overrepresented (resp. underrepresented). In [7,8], the Bernoulli model is
assumed as a probabilistic model in estimating the expectations and the Markov model
or the so called n-gram model is considered in [10]. The χ2-score is also used to measure
interestingness [9].

Many supervised learning algorithms, e.g., those for formal languages, and text min-
ing algorithms [11,12,13,14] also use another set of text data in addition to a target set.
However, they discover a pattern which satisfies many examples in a set but few in the
other set. Therefore, patterns output by them are usual.

Indexing scores in information retrieval also consider a background set. For example,
TF/IDF marks a high score to a word which appears frequently in a document but not
in the background set. This criteria is similar to our notion of being peculiar. However,
indexing scores are not for compositions of words but for single words, and the target
set for TF/IDF is a single document not a set of documents like in our setting.

x=v x=v’

Y

Z

Fig. 1. Venn diagram of a discovered
pattern in the simultaneous discovery of
exception rules

The concept of the peculiar composition bor-
rows its essential idea from the simultaneous dis-
covery of exceptional rules [15,16,17,18]. It tries
to discover a set of rule pairs each of which cor-
responds to Y → x = v and YZ → x = v′, where
each of Y and Z represents a conjunction of “at-
tribute = value”s, x is an attribute, v and v′ are
different values, and YZ is the conjunction of Y
and Z. [15,16,18] assume that Z → x = v′ does
not hold and in this case a rule pair corresponds
to a situation that an ensemble of two conditions
result in an atypical result as shown in Fig. 1. Dis-
covered rule pairs are shown to be valid, useful,
novel, and unexpected in a medical application [18]. Our work can be considered as a
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text mining version of the simultaneous discovery of exception rules. It is difficult for
algorithms in [15,16,17,18] to discover long patterns because the algorithms generate
candidate patterns and then check their frequencies. One of our contributions lies in
FPCS which exploits the generalized suffix tree in a sophisticated manner and hence
the time complexity of FPCS does not depend on the lengths of x and y in discovered
patterns.

3 Peculiar Composition Discovery Problem

We first define mandatory notions for dealing string data, introduce the peculiar com-
position, and its discovery problem.

Let Σ be a finite set of characters. We call Σ an alphabet. The set of all the finite
sequences of zero or more characters is denoted by Σ∗. An element of Σ∗ is called a
string. We denote the length of a string x by |x|. The empty string, which is a string of
zero character, is denoted by ε. The set of sequences each of which is composed of at
least one character is denoted by Σ+ i.e. Σ+ = Σ∗ − {ε}.

For strings x, y ∈ Σ+, the concatenation of x and y is denoted by xy. We call xy
the composition of x and y. For instance, if x = “every” and y = “thing” then xy =
“everything”. Conversely, a pair of two strings (x, y) is called a division of w if w = xy.

For a string x = a1 · · · an (ai ∈ Σ), if there exist u, v,w ∈ Σ∗ such that x = uvw then
u (resp. v and w) is a prefix (resp. substring and suffix) of x.1 For instance, if uvw =
“amazingly” then u=“amaz” is a prefix, v=“ing” is a substring, and w=“ly” is a suffix.
The notion of suffix will be crucial in introducing data structures in section 4.2. An
occurrence of v in x is a positive integer i such that ai · · · ai+|v|−1 = v. The occurrence
of “ing” in “amazingly” is 5, and “a” has two occurrences: 1 and 3. The frequency of v
in x is the number of occurrences of v in x.

For x, y ∈ Σ∗, we consider that the frequency of x in y represents a kind of popularity
of x in y. To treat this notion for a set D of strings, we use f(x|D) to denote the add-sum
of the frequencies of x in all strings in D. Since the frequency is affected by the absolute
size for D, we use relative frequencies or empirical probabilities P(x|D) = f(x|D)/#D,
where #D is the add-sum of frequencies of all substrings in D. For examplle, since AG
appears 4 times in D = {CT AGAG,CT AGCT AG} and #D = 6 · 7/2 + 8 · 9/2 = 57,
f(AG|D) = 4 and P(AG|D) = 4/57.

We assume two sets T and B of strings, and we call T the target set and B the back-
ground set. Given a threshold θ > 1, x is contrastive w.r.t. θ in target (resp. background)
if P(x|T ) > θP(x|B) (resp. P(x|B) > θP(x|T )). θ represents the minimum ratio of the
probability of x in one document set to that in the other set.2 If it is clear from the con-
text, we omit the threshold and simply say that x is contrastive in target or background.
For instance, if T and B represent the sets of e-mails of A and B, respectively, and only
A lives in Kyushu then “Kyushu” is likely to be contrastive w.r.t a relatively large θ.

Let x, y ∈ Σ+. Given θT and θB, a composition xy is said to be peculiar in T against B
if xy is contrastive in target w.r.t θT , and both x and y are contrastive in background

1 A prefix or suffix is a substring because u or w can be the empty string.
2 An appropriate value of θ in practice is decided by a trial and error process.
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w.r.t θB. If it is clear from the context, we omit the string sets and simply call xy a
peculiar composition.

In addition to the notion of being contrastive defined by the proportion of the rela-
tive frequencies, we also use the minimum support which is a minimum threshold for
frequencies. For a set D of strings, we denote the minimum support by ηD, and we say
that a string x is ηD-frequent in D if x appears more than ηD times in D. ηD represents
the minimum support for the frequency of peculiar compositions.

If “Kyushu University” is a peculiar composition then its prefixes, such as “Kyushu
Universi”, are likely to be peculiar. These prefixes increase the number of patterns dis-
covered by mining algorithms, but can be considered as irrelevant. Several pattern dis-
covery algorithms discover only closed patterns which are maximal among equivalent
patterns [19,20]. We define that two composition xy and x′y′ (|xy| > |x′y′|) are equiv-
alent if x = x′, y′ is a prefix of y, and f(y|D) = f(y′|D) (D = T, B). We say that xy is
maximal of equivalent compositions if xy is longest in the equivalent compositions.

The peculiar composition discovery problem is formally defined as follows:

Definition 1. The peculiar composition discovery problem is, given two sets T and B
of strings and threshold values θT , θB and ηT , to find all maximal, ηT -frequent, peculiar
compositions in T against B.

Example 1. Let B = {CT AGAG,CT AGCT AG} and T = {AGCT, AGCT, AAAAAAA}.
While AG and CT are popular but AGCT is rare in B, AGCT is popular in T . Thus
AGCT is a peculiar composition of AG and CT for θT = 1.2, θB = 2.3 and ηT = 2
because #T = 48, #B = 57, f(AGCT |T ) = 2 and f(AG|B) = f(CT |B) = 3.

It is easy to solve the problem if we neglect time-efficiency or if we limit the maximal
length of the strings in the discovered patterns to a trivially-small number. A straightfor-
ward solution would be to count substrings and check if x, y and xy are contrastive. The
number of possible substrings is O(N2), where N is the total length of input strings.
For a substring of the form xy, we have to check O(|xy|) compositions since there
exist O(|xy|) divisions. For each string w (or composition), O(|w|) time is required to
check if a string is contrastive. Thus the time complexity of this naive algorithm is
O(N2 × N × N) = O(N4). Certainly this solution is prohibitive for real problems.

The suffix tree [21,22], which is a popular data structure for text data, reduces this
time complexity. Although there exist O(N2) possible substrings, we only need to check
O(N) substrings which correspond to nodes in a suffix tree, and it is done in constant
time to check if a string is contrastive by storing frequencies on nodes of the tree. Thus,
the time complexity is reduced to O(N2).

However, this is larger than the time complexity to compute z-score, which is calcu-
lated in O(N) time [7]. The main difficulty arises from the fact that being contrastive
does not satisfy anti-monotonicity because our problem is defined over two string sets
instead of a single set. For a string w, there exist O(|w|) divisions (xi, yi), where w = xiyi.
Even if xi, yi and xiyi are contrastive for some division (xi, yi), we do not conclude that,
for another division (x′i , y

′
i), x′i , y′i and x′i y

′
i are contrastive. Thus we need to check all

divisions.
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4 Our Algorithm FPCS

In this section, we present our main algorithm FPCS (Finding Peculiar Compositions).

4.1 Overview of FPCS

FPCS exploits the generalized suffix tree, which is a well-known data structure for text
data. First FPCS constructs the generalized suffix tree for all input strings. A node of
the tree corresponds to a substring, called a branching string, of the given strings. Then
FPCS counts the frequencies for branching strings in both background and target sets
simultaneously. As the result, the algorithm finds all nodes such that their branching
strings are contrastive in target and, for such a node, there exists an ancestor node
whose branching string is contrastive in background. Such a branching string xy is a
candidate for a peculiar composition because xy is contrastive in target and x is con-
trastive in background. Finally FPCS checks if y is contrastive in background for all
possible divisions (x, y) of xy efficiently using suffix links, which are pointers to nodes
of the generalized suffix tree.

4.2 Generalized Suffix Tree

In this section, we briefly explain the generalized suffix tree used in FPCS. The gener-
alized suffix tree is a suffix tree for a set of strings. The tree can be used to count all the
frequencies of substrings in O(N), where N is the total length of input strings. First we
explain the suffix tree [21,22] for a single string and then extend it to the generalized
suffix tree [23].

Let $ be a special character such that $ � Σ. For a string x ∈ Σ∗, A = x$ and an
integer p (1 ≤ p ≤ |A|), Ap denotes A’s suffix starting at the pth character of A. The
special character $ is used to guarantee any suffix of x is not a prefix of another suffix,
and hence Ap is uniquely identified.

A trie for strings is the tree in which there is one node for every common prefix. A
suffix trie for x is the trie for Ap1 , Ap2 , . . . , Apn , where Ap1 , Ap2 , . . . , Apn are all suffixes
of A in lexicographic order. The suffix tree for x is the compact trie for Ap1 , Ap2 , . . . , Apn ,
where all nodes with one child are merged with their parents. The number of nodes in a
suffix tree is O(N), since the number of internal nodes is O(N) due to the compactness
of the tree and the number of leaves is exactly N.

For each node v of the tree, BS(v) denotes the string obtained by concatenating all
strings labeled on the edges on the path from the root to v. We call BS(v) a branching
string.

Example 2. Fig. 2 is the suffix tree for “mississippi$”. For nodes u and v, we have
BS(u) = issi and BS(v) = i.

A suffix tree is often used with suffix links to speed up related procedures. A suffix link
is a pointer from a node u to another node w, where |BS(w)| + 1 = |BS(u)| and BS(w)
is a suffix of BS(u). In other words, BS(w) is obtained by deleting the first character of
BS(u). Suffix links are generated simultaneously during the construction of the suffix
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Fig. 2. The suffix tree for “mississippi$”. A dotted line denotes a suffix link.

tree. In the above example, we have a suffix link from u to w because BS(u) = issi and
BS(w) = ssi.

For a node of the suffix tree of a string x, its branching string appears in x as many
times as the number of leaves below the node. Node v of Fig. 2 has four leaves below,
and so we find that BS(v) = i appears four times in mississippi.

Let u be a child node of v. Then BS(v) is a proper prefix of BS(u) from the definition
of the branching string. In Fig. 2, BS(v) = i is a proper prefix of BS(u) = issi. Moreover,
for a prefix s of BS(u) which includes BS(v) as a prefix, the frequency of s is the same
as that of BS(u). For example, BS(u) = issi appears twice, and so do two of its prefixes
is and iss. Therefore, when we count substring frequencies, all we have to do is to
count only branching strings, i.e., to count leaves bellow nodes. Thus counting substring
frequencies is completed in O(N) time.

Now we introduce the generalized suffix tree to deal with a set D of strings instead
of a single string. Let D = {x1, x2, . . . , xm}. The generalized suffix tree is the suffix tree
for a string x1$1x2$2 . . . xm$m.

For a generalized suffix tree, we assume that a node v of the tree stores a pair of the
frequencies for BS(v) in background and target sets. Formally, this is defined recursively
as follows: a leaf node v has (1, 0) (resp. (0, 1)) if BS(v) ∈ B (resp. T ), and an internal
node v has ⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎝

∑

u∈C(v)

f(BS(u)|B),
∑

u∈C(v)

f(BS(u)|T )

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

where C(v) is the set of the children of v. Note that BS(v) appears only once in the input
strings for a leaf node v due to $.

4.3 Details of FPCS

Now we explain the details of FPCS using Algorithm 1 and Algorithm 2. Algorithm 1 is
the main procedure which finds candidates for peculiar compositions, and Algorithm 2,
which is called from the main procedure, checks the conditions to be peculiar for each
of the candidates.

Given two string sets, first FPCS constructs the generalized suffix tree and stores a
pair (f(BS(v)|T ), f(BS(v)|B)) of the frequencies for BS(v) in background and target sets
on a node during a postorder traversal (see Algorithm 1).
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Algorithm 1. FPCS for discovery of all maximal, frequent peculiar compositions.
Input: T, B, θT , θB and ηT

Output: all maximal peculiar compositions in T against B
construct the generalized suffix tree ST for all strings in T, B
for v in postorder traversal of ST do

store (f(BS(v)|T ), f(BS(v)|B)) to v
end for
for v in postorder traversal of ST do

if BS(v) is contrastive in target and f(BS(v)|T ) ≥ ηT then
for an ancestor u of v do

if BS(u) is contrastive in background then
isContrast(S T,u, v, θB) {find appropriate divisions for xy}

end if
end for

end if
end for

Next FPCS performs a postorder traversal again, and calls isContrast() (see Al-
gorithm 2) for nodes whose branching strings are candidates for peculiar compositions.
The branching string BS(v) is a candidate for a peculiar composition xy = BS(v). The
subroutine isContrast() checks if y is contrastive in background or not for all divi-
sions (x, y) of xy. If so, it outputs xy as a peculiar composition. To check these combi-
nations, the suffix link plays an important role in isContrast().

Theorem 1. FPCS finds all maximal peculiar compositions in T against B.

Proof. FPCS traverses all nodes of the suffix tree constructed from T and B in postorder
(the outer for loop in Algorithm 1) and then checks if the branching string is peculiar
or not. We do not need to check a substring w which is not a branching string of the
suffix tree since there exists a branching string w′ such that it is peculiar and its prefix
is w and we have to find only maximal if the substring is peculiar. Let v be a node in
the traversal. BS(v) is a candidate for a peculiar composition if it is contrastive in target
and BS(v) ≥ ηT .

Next we check if there exists a division (x, y) of BS(v) such that both x and y are
contrastive in background (isContrast()). We do not have to check all |BS(v)| − 1
divisions. Let u be an ancestor of v such that BS(u) is contrastive in background (see
Fig. 3). In this case, we have to check for (x, y) = (a, bcdefgh), (ab, cdefgh), because a
longer prefix of BS(v), such as abc, is not contrastive in background.3 Now we know
that BS(u) is contrastive in background and so the next problem is bcdefgh or cdefgh is
contrastive in background or not.

Consider that FPCS visits a node w in Fig. 3 after some suffix link traversal. If BS(w)
is contrastive in background then FPCS outputs BS(u)BS(w) as a peculiar composi-
tion. If not, then FPCS visits nodes above w because branching strings of these nodes
might be contrastive in background, and if FPCS finds such a node w′ then outputs
BS(u)BS(w′) as a peculiar composition.

3 However, we have to check for (x, y) = (abcde, fgh), (abcdef , gh) when u = parent(v).
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Algorithm 2. The subroutine isContrast()
Input: ST: generalized suffix tree, u, v: node, θB: ratio
Output: true or false

if v = root(T ) then return end if {root(T ) returns the root of ST}
x := BS(u) {we know that x (resp. xy) is contrastive in background (resp. target)}
y := edge(u, v) {edge(u, v) returns the string label between u and v}
w := v {w is the start node of suffix link traversal}
for l := 1 to |BS(u)| do

w := node pointed by the suffix link of w;
if BS(w) is contrastive in background then

print BS(u)BS(w) {Found!}
else

w′ := w {w′ is the start node of upword traversal}
for k := 1 to |edge(v, u)| do

k := k + |edge(parent(w′),w′)| {parent(u) returns the parent node of u}
w′ := parent(w′)
if k > |edge(v, u)| then break end if
if w′ is contrastive in background then

print BS(u)BS(w′) {Found!}
break {since upword nodes are not maximal}

end if
end for

end if
end for

This procedure corresponds to the check for y = cdefgh, and then FPCS visits the
next node followed by the suffix link and check for y = bcdefgh. Thus all possible
divisions are checked. 	

The time complexity of the proposed algorithm is given in the following theorem.

ab

cd

v

u

gh

ef w

w

w′

Fig. 3. Dotted arrows are suffix
links and black nodes contain
branching strings which are con-
trastive in target

Theorem 2. The time complexity of FPCS is O(N2).

Proof. Construction and traversal of the suffix tree
are done in linear time with respect to the total length
of input strings [21,22].

To find appropriate divisions, we need to check u
which is an ancestor of v (see Fig. 3). u corresponds
to x of a peculiar composition. In addition to u, FPCS
visits other nodes w and w′. These three nodes are
different. Therefore, for each node v, FPCS visits at
most O(N) nodes.

At each node, FPCS tests if the corresponding
branching string is contrastive or not if it is ηT -
frequent. This tests can be done in constant time, using (f(v|B), f(v|T )) stored at all
nodes. Thus the time complexity of the algorithm is O(N2). 	
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5 Experiments

We have implemented FPCS in C and conducted experiments on DNA sequences. All
experiments were conducted on PowerMacG5 (OS: Mac OS X 10.5, CPU: 4×2.5GHz
PowerPC G5, Memory: 8GB, and Compiler: gcc 4.0.1 with -O3, -arch ppc64 and -fast
flags).

As input strings, we use DNA sequences. In particular, we often use the entire DNA
nucleotide sequence of Escherichia coli K-12 (RefSeq NC 00096, GI:50812173) and
Bacillus subtilis (RefSeq NC 00096, GI:50812173). In addition to a sequence of Gen-
Bank, we add the complementary strand of the sequence into an input set for FPCS.
For example, the input set of the entire DNA sequence of E. coli K-12 consists of two
strings, one is the original sequence and the other is its complementary strand. The sizes
of these sets are 9279350bp (E. coli K-12) and 8429260bp (B. subtilis). Other sequences
we used will be described at the corresponding experiments.

We first study the performance of FPCS with different data sizes or parameters in sec-
tion 5.1 and then examine peculiar compositions output by FPCS from DNA sequences
in section 5.2.

5.1 Performance Study

Firstly, we conduct two types of perfomance studies: one examines the relationship be-
tween the execution times and the number of peculiar compositions output by FPCS
with different parameters, such as ηT or θB, and the other the execution times with dif-
ferent data sizes. For all experiments in this subsection, the background and target sets
are fixed to the entire DNA sequence of E. coli K-12 and one of B. subtilis, respectively.

Performance on Different Parameters. We examine the execution times and the num-
ber of peculiar compositions with different parameters, such as ηT or θB, for FPCS.
Fig. 4 shows execution times of FPCS in second as ηT increase from 2 to 15, where
θT = 5 or 10 and θB = 1.5, 2.0, 2.5 or 3.0. For any pair of parameters in Fig. 4, an
execution time decreases as ηT increases. When θT or θB is large, the execution time
seems not to decrease even if ηT increases. In such a case, however, the execution time
does decrease drastically (see Fig. 5). Thus, pruning by ηT works effectively.

A decreasing rate becomes bigger as θT and θB decrease. These decreasing rates
basically depend on θB but not on θT . In fact, we see every two lines for two values
of θT with the same value of θB are close to each other.4 Although θT and θB are not
directly used to stop a traversal of FPCS, they can reduce the number of the candidates
of xy, x or y. However, since there does not exist so many candidates of xy, θT does not
decrease execution times effectively. On the other hand, we have many candidates for x
and y, and thus θB can reduce the number of these candidates and execution times.

From these observations, we have the assumption that the execution time is closely
related with the number of outputs. Two graphs in Fig. 5 show both the execution time
(y-axis at the left-hand side) and the number of peculiar compositions output by FPCS
(y-axis at the right-hand side), where θB = 1.5 or 2.5.

4 Exceptionally execution times are quite different when θB = 2.0 and 1 ≤ ηT ≤ 5.
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Fig. 4. Execution times of FPCS in second as ηT increases for various values of (θT , θB)

From these two graphs, we find that execution times are proportional to the number
of peculiar compositions and the differences between θT = 5 and 10 for a fixed ηT are
negligible.

Scalability on Input Size. We examine the execution times with different data sizes.
All execution times we show in this section are the average execution times of 5 trials
on the same input.

As we increase the data size, we measure execution times of FPCS. To change the
data size, we automatically generate m sequences with the same length n from se-
quences of E. coli K-12 and B. subtilis, given m and n.

The graph on the left-hand side in Fig. 6 shows execution times of FPCS as n in-
creases from 100 to 5000, where m is fixed to 1000, while execution times when m
increases from 100 to 10000 in case n = 500 are given on the right-hand side.
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The execution times with 6 different sets of parameters, (θT , θB, ηT ) = (2, 1.5, 5),
(2, 1.5, 10), (2, 2, 5), (5, 2, 10), (2, 3, 5), and (2, 3, 10) are given. For any set of param-
eters, execution times in both graphs typically scale linearly with respect to the input
size, except for (θT , θB, ηT ) = (2, 1.5, 5), although the time complexity of FPCS is O(N2)
(see Section 4).

The increasing rate of the execution times in the right-hand side graph is larger than
those in the left-hand side. This fact indicates that the execution time depends heavily
on the depth of the suffix tree because the depth increases as the length n of the strings
increases.

5.2 Properties of Peculiar Compositions

Secondly, we examine peculiar compositions from the entire DNA sequence of E. coli
K-12 or B. subtilis, as a target set using different background sets.

Peculiar Compositions in B. Subtilis against E. Coli K-12. We examine peculiar
compositions in B. subtilis against E. coli K-12 with different parameters. First, we set
(θT , θB, ηT ) = (1.1, 5, 10) (see Table 1) and then (10, 2, 15) (see Table 2), where one of
θT or θB is small and the other is large.

Table 1 shows found peculiar compositions and related values, such as their frequen-
cies, in case (θT , θB, ηT ) = (1.1, 5, 10). The z-score for each composition is also given.

Table 1. Peculiar compositions in B. subtilis against E. coli K-12 with (θT , θB, ηT ) = (1.1, 5, 10).
From left to right, prefix x and suffix y of compositions of the form xy, their lengths, the frequen-
cies of xy, x, y in T and B, and z-scores are given. Probabilities of letters are computed over the
whole sequences of the target set to compute the z-score.

(x, y) length (f(xy|T ), f(xy|B)) (f(x|T ), f(y|B)) (f(y|T ), f(y|B)) z-score
(CGGCGTGG,ACT ACCAG) (8, 8) (10, 7) (66, 450) (19, 154)) 3.572e+02
(CTGGT AGT,CCACGCCG) (8, 8) (10, 7) (19, 154) (66, 450) 3.572e+02
(GCGTGG,ACT ACCAG) (6, 8) (10, 7) (529, 3845) (19, 154) 7.759e+01
(GGCGTGG,ACT ACCAG) (7, 8) (10, 7) (161, 1407) (19, 154) 1.666e+02
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Table 2. Peculiar compositions in B. subtilis against E. coli K-12 with (θT , θB, ηT ) = (10, 2, 15)

(x, y) length (f(xy|T ), f(xy|B)) (f(x|T ), f(y|B)) (f(y|T ), f(y|B)) z-score
(CAGCG,GCGCC) (5, 5) (17, 0)) (9816, 24161) (6759, 17014) 8.924
(GGCGC,CGCTG) (5, 5) (17, 0) (6759, 17014) (9816, 24161) 8.924
(CGCG,GCGCC) (4, 5) (16, 1) (16950, 56436) (6759, 17014) 2.235
(GGCGC,CGCG) (5, 4) (16, 1) (6759, 17014) (16950, 56436) 2.235

To compute the score, we use the Bernoulli model where probabilities of individual let-
ters, A, C, G, and T , are computed from the whole sequences of the target set and we
have p(A) = p(T ) = 0.282 and p(C) = p(G) = 0.218.

Four compositions are found as peculiar compositions and first two compositions are
complementary each other. The lengths of the compositions are about 15. All of them
appear 10 times in the target set while 7 times in the background set. These frequencies
in the two sets are close since the given value for θT is nearly 1. However the peculiar
compositions are unusual since frequencies of x and y in the background set are much
larger than those in the target set.

The z-score is a normalized score whose average value is zero and variance is one [9].
Therefore, z-scores in Table 1 seem to be quite large and these composition are also
unusual from the viewpoint of the z-score.

Next, we set (θT , θB, ηT ) = (10, 2, 15) for the same data sets. We have two pairs of
two peculiar compositions which are complementary each other (see Table 2). All of
found compositions appear 16 or 17 times in the target set while at most once in the
background set.

Compared to those in Table 1, frequencies of x or y are quite large in Table 2 since
we set a large value for θT and a small one for θB in Table 2 conversely. Compared to
those in Table 1, the absolute values of the z-scores of found peculiar compositions are
small. This means that, when we use the z-score to measure unusualness, it is difficult
to find these compositions as unusual patterns because of the following reason. Since
the z-score is a normalized score, we can calculate, for a positive number a, the number
of substrings such that the absolute values of their z-scores are greater than a = aσ,
where σ = 1. For example, in case a = 3, that number is 0.3% of the all substrings
in given input data. Lengths of sequences used in the previous experiments, except for
the performance study, are at least N = 106 and then we can estimate the number of
all substrings by O(N2) = 1012. Hence, there exist a huge number of substrings whose
z-scores are greater than a = 2.235.

Peculiar Compositions against Saccharomyces Cerevisiae. Now we examine com-
positions from the same data, B. subtilis, as a target set but against a set of sequences of
Saccharomyces Cerevisiae, where we use sequences of Saccharomyces cerevisiae chro-
mosome I–XVI (complete sequences) and Saccharomyces cerevisiae mitochondrion
(complete genome) with their complementary strands. The total size of these sequences
is about 24Mbp. The values of the parameters are set as (θT , θB, ηT ) = (20, 5, 20). 34
peculiar compositions are found from the target set and their lengths are about 14,
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ranging from 12 to 16. The z-scores for them are in the order of 101 or 102. We have
many compositions with different divisions among 34 compositions. For example, we
have three divisions, (x, y)=(AAAACT AA, ACAAGACA), (AAAACT AAA, CAAGACA)
and (AAAACT AAAC, AAGACA) for xy = AAAACT AAACAAGACA.

Next we try to find peculiar compositions from E. coli K-12 against the same back-
ground set. 26 peculiar compositions are found, their lengths are about 13, the shortest
one is 12 and the longest one is 16, and the z-scores are also in the order of 101 or 102.
No composition of them is included in above 36 compositions.

Distribution of Lengths of Peculiar Compositions. In the previous experiments under
many parameter settings, found peculiar compositions have similar lengths for some
fixed parameter setting. Now we examine a distribution of their lengths.

Fig. 7 shows three probability distributions for lengths of found peculiar composi-
tions under (θT , θB, ηT )=(10, 2, 10), (10, 2, 2) and (5, 2, 4). Here, the probability means
the relative frequency. We see that these distributions form bell shaped curves.

When we consider the z-score to measure unusualness, there exist many substrings
whose lengths are quite small, such as 4 or 5. On the other hand, there are no short pecu-
liar compositions of them. In fact, 9 is the shortest length of the peculiar compositions
in Fig. 7. Moreover, this fact also holds when we found the small number of peculiar
compositions while we have many short substrings according to the z-score even if we
found the small number of substrings given a large threshold for the score. In fact, the
number of found peculiar compositions is small and their lengths are not short in the
previous experiments.

We think that FPCS collaterally discovers an appropriate model in which frequent
substrings have similar lengths for a set of fixed parameters. This model is similar to
the Markov model in which the estimation is calculated by substrings with length k.
However, it is required to decide k in advance in the Markov model. On the other hand,
FPCS simultaneously decides appropriate lengths in addition to finding peculiar com-
positions and their frequent components. Moreover, in our setting, substrings of peculiar
compositions are not strictly restricted to have the same length k.
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6 Conclusion

We have defined the peculiar composition discovery problem and then developed our
algorithm, called FPCS, which runs in O(N2) time. Despite of its quadratic complexity,
we have shown that FPCS typically runs linearly for many sets of parameters. We have
also conducted experiments using DNA sequences and found, without assuming a prob-
abilistic model, peculiar compositions which seem to be difficult to be found according
to the z-score.

It is an important future work to apply our algorithm to other real data and to eval-
uate found peculiar compositions by domain experts. It is a challenging future work to
consider more sophisticated patterns instead of compositions since a composition is de-
fined by concatenation of only two strings without overlaps and hence we assume these
strings occur independently. We think the MO method, introduced in [24], is promising
for such a pattern. Using this method, we can estimate a probability of a given word w
as follows: p(w) = p(w1)p(w2|w′1) · · · p(wk |w′k−1), where w′i is a suffix of wi. Note that
the length of w′i is variable. In [25], a linear time algorithm is presented to construct the
model and to estimate probabilities for all given documents.
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