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Abstract. A minimum segment drawing Γ of a planar graph G is a straight line
drawing of G that has the minimum number of segments among all straight line
drawings of G. In this paper, we give a linear-time algorithm for computing a
minimum segment drawing of a series-parallel graph with the maximum degree
three. To the best of our knowledge, this is the first algorithm for computing
minimum segment drawings of an important subclass of planar graphs.

1 Introduction
A straight line drawing Γ of a planar graph G is a planar drawing where each vertex
u of G is mapped to a point p(u) in the plane and each edge e = (u, v) of G is drawn
as a line segment l(e) closed between the points p(u) and p(v). A line segment L in
a straight line drawing Γ is said to be a maximal line segment in Γ if L is formed
by a maximal set of line segments l1 , l2 , . . . , lk such that each pair li and li+1 has a
common end point in Γ (0 < i < k). In the remainder of this paper, we simply use
the term segment to refer a maximal line segment in a straight line drawing. A straight
line drawing Γ of G is called a minimum segment drawing of G if Γ has the minimum
number of segments among all possible straight line drawings of G. For example, the
graph G in Fig. 1(a) can be drawn with seven segments as shown in Fig. 1(b). Another
drawing of G with five segments is shown in Fig. 1(c). One can easily verify that unless
we change the embedding of G in Fig. 1(a), it is impossible to draw G with less than
five segments. However, if we consider the embedding shown in Fig. 1(d), then G can
be drawn with four segments as shown in Fig. 1(e). One can also verify that, it is not
possible to draw any embedding of G with less than four segments. Thus, the drawing
of G in Fig. 1(e) is a minimum segment drawing of G.
The problem of computing straight line drawings of planar graphs has been studied
for long with various application specific objectives [2,3,5,8,9,10]. Recently, Dujmović
et al. have studied this problem with a new objective of minimizing the number of
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Fig. 1. (a) The graph G, (b) a drawing of G on seven segments, (c) a drawing of G on five
segments, (d) another embedding of G, and (e) a minimum segment drawing of G

segments in a drawing [1], and the insightful results presented in their work have established a new line of research henceforth. However, as their results suggest, this problem is quite difficult for most of the non-trivial graph classes. For most of these cases,
bounds have been given on the number of segments in a drawing, but no algorithm is
known so far for computing a minimum segment drawing. For example, although Dujmović et al. have provided an algorithm for computing minimum segment drawings
of trees, no algorithm is known for biconnected and triconnected planar graphs. The
problem has also been studied for plane graphs. Although dealing with plane graphs is
typically easier than dealing with planar graphs, no algorithm is known for computing
minimum segment drawings of biconnected and triconnected plane graphs as well. Even
for degree restricted cases of plane graphs, e.g., for plane triconnected cubic graphs, no
algorithm has yet been devised for computing minimum segment drawings.
In this paper, we study the minimum segment drawing problem for series-parallel
graphs with the maximum degree three. For such a graph G, we give linear-time algorithms for choosing such an embedding of G that admits a straight-line drawing on the
minimum number of segments, and for computing a minimum segment drawing of G.
The rest of this paper is organized as follows. In Section 2 we give some definitions and
present our primary results. In Section 3 we give a linear-time algorithm for computing
a minimum segment drawing of a biconnected series-parallel graph with the maximum
degree three. In Section 4 we briefly illustrate how our idea from Section 3 can be extended to compute minimum segment drawing of a series-parallel graph which is not
necessarily biconnected. Finally Section 5 is a conclusion.

2 Preliminaries
In this section we give some relevant definitions and present our preliminary results.
For basic graph theoretic and graph drawing related definitions we refer to [4].
A graph G = (V, E) is called a series-parallel graph (with source s and sink t) if
either G consists of a pair of vertices s and t connected by a single edge, or there exist
two series-parallel graphs Gi = (Vi , Ei ), i = 1, 2, with source si and sink ti such that
V = V1 ∪ V2 , E = E1 ∪ E2 , and either (i) s = s1 , t1 = s2 and t = t2 , or (ii)
s = s1 = s2 and t = t1 = t2 [6]. A pair {u, v} of vertices of a connected graph
G is a split pair if there exist two subgraphs G1 = (V1 , E1 ) and G2 = (V2 , E2 ) such
that: (i) V = V1 ∪ V2 , V1 ∩ V2 = {u, v}; and (ii) E = E1 ∪ E2 , E1 ∩ E2 = ∅,
|E1 | ≥ 1, |E2 | ≥ 1. Thus every pair of adjacent vertices of G is a split pair of G. A
split component of a split pair {u, v} is either an edge (u, v) or a maximal connected
subgraph H of G such that {u, v} is not a split pair of H.
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Fig. 2. (a) A biconnected series-parallel graph G with Δ(G) = 3, (b) SP Q-tree T of G with
respect to reference edge (i, n), (c) SP Q-tree T of G with P -node z1 as the root, (d) the three
core paths of node z3 , and (e) the four core paths of node z2

Let G be a biconnected series-parallel graph. The SP Q-tree T of G with respect
to a reference edge e = (s, t) is a recursive decomposition of G induced by its split
pairs [6]. T is a rooted ordered tree whose nodes are of three types: S, P and Q. Each
node x of T corresponds to a subgraph of G, called its pertinent graph G(x). Tree T is
recursively defined as follows.
(i) Trivial Case: In this case, G consists of two parallel edges e and e joining s and t.
The tree T consists of a single Q-node x. The pertinent graph G(x) consists of only the
edge e . (ii) Parallel Case: In this case, the split pair {s, t} has three or more split components G0 , G1 , . . . , Gk (k ≥ 2), and G0 consists of only a reference edge e = (s, t).
The root of T is a P -node x. The pertinent graph G(x) = G1 ∪ G2 ∪ · · · ∪ Gk . (iii)
Series Case: In this case, the split pair {s, t} has exactly two split components, and
one of them consists of the reference edge e. One may assume that the other split component has cut-vertices c1 , c2 , . . . ck−1 (k ≥ 2), that partition the component into its
blocks G1 , G2 , . . . , Gk in this order from s to t. Then the root of T is an S-node x. The
pertinent graph G(x) of node x is a union of G1 , G2 , . . . , Gk . In Fig. 2 we have illustrated the concept of representing the recursive decomposition of a given biconnected
series-parallel graph through an SP Q-tree. In each of the cases mentioned above, we
call the edge e the reference edge of node x. Except for the trivial case, node x of T has
children x1 , x2 , . . . , xk in this order; xi is the root of the SP Q-tree of graph G(xi ) ∪ ei
with respect to the reference edge ei , 1 ≤ i ≤ k. We call edge ei the reference edge
of node xi , and call the endpoints of edge ei the poles of node xi . The tree obtained
so far has a Q-node associated with each edge of G, except the reference edge e. We
complete the SP Q-tree T by adding a Q-node, representing the reference edge e, and
making it the parent of x so that it becomes the root of T . One can easily modify T to
an SP Q-tree T  with an arbitrary P -node as the root as illustrated in Fig. 2(e). In the
remainder of this paper, we consider SP Q-trees having P -nodes as their roots. Based
on the assumption that Δ(G) = 3, the following facts were mentioned in [6].
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Fact 1. Let (s, t) be the reference edge of an S-node x of T , and let x1 , x2 , . . . , xk be
the children of x in this order from s to t. Then the following (i)–(iii) hold. (i) Each
child xi of x is either a P -node or a Q-node; (ii) both x1 and xk are Q-nodes; and
(iii) xi−1 and xi+1 must be Q-nodes if xi is a P -node where 2 ≤ i ≤ k − 1.
Fact 2. The root P -node of T has exactly three children and each non-root P -node of
T has exactly two children. For a non-root P -node x in T , either both the children of
x are S-nodes, or one child of x is an S-node and the other child of x is a Q-node.
A node x in T is primitive if x does not have any descendant P -node in T . We define
the height of a primitive P -node to be zero. The height of any other P -node is (i + 1)
if the maximum of the heights of its descendant P -nodes is i. For two given P -nodes x
and z in T , we say that z is a child P -node of x if there is an S-node y in T such that
y is a child of x and z is a child of y in T .
Let G be a biconnected series-parallel graph with Δ(G) = 3. Let G be the plane
graph corresponding to a straight line drawing Γ of G. Let T  be an SP Q-tree of G ,
and r be such a P -node in T  that the poles of r appear on the outerface of Γ . An
SP Q-tree of G corresponding to Γ is the SP Q-tree obtained by considering T  rooted
at r. We use TΓ to denote an SP Q-tree of G corresponding to a drawing Γ of G. For a
node x in TΓ , let Px and Nx denote the number of P -nodes and primitive P -nodes in
the subtree of TΓ rooted at x. If x is a non-root P -node, then let y and y  denote the two
children of x in TΓ . Let p and q denote the number of child P - and Q-nodes respectively
of the node y in TΓ . Similarly, let p and q  denote the number of child P - and Q-nodes
respectively of y  in TΓ . Let zi denote the i-th child P -node of y in TΓ and ei denote the
edge corresponding to the i-th child Q-node of y in TΓ . Similarly, let zi denote the i-th
child P -node of y  in TΓ and ei denote the edge corresponding to the i-th child Q-node
of y  in TΓ . For each non-root P -node x of TΓ , we now define the core paths of G(x)
as follows. If x is a primitive P -node, then let q ≥ q  . We then define threecore paths
q
Pi (x) (1 ≤ i ≤ 3) of G(x) as P1 (x) = e1 , P2 (x) = G(y  ) and P3 (x) = i=2 ei , as
shown in Fig. 2(d). Otherwise, x is not primitive, and we consider the following two
subcases. If either of the two nodes y and y  has at least two child P -nodes then we
assume that y is such a node, otherwise we assume that p ≥ p and proceed as follows.
Let ej and ek denote the edges corresponding to the Q-nodes immediately preceding
z1 and zp , respectively in TΓ . We then define four core paths Pi (x) (1 ≤ i ≤ 4)
j
p
q
of G(x) as P1 (x) = P1 (z1 ) ∪ i=1 ei , P2 (x) = i=1 P2 (zi ) ∪ i=1 ei , P3 (x) =
q
p
k
P3 (zp ) ∪ i=k+1 ei , and P4 (x) = i=1 P2 (zi ) ∪ i=j+1 ei , as shown in Fig. 2(e). We
define a straight line drawing Γ of G to be a canonical drawing of G if the following
(a) and (b) hold for Γ . (a) For each non-root P -node x in TΓ , each core path Pi (x) of
G(x) is drawn on a different line segment Li (x); and (b) there is a primitive P -node w
in TΓ such that the poles of w appear on the outerface of Γ .
Let L(Γ ) denote the number of segments in the drawing Γ of G. We call a line
segment l1 in Γ to be collinear with another line segment l2 in Γ if l1 and l2 have
the same slope, and the perpendicular distance between l1 and l2 is zero. For a node x
in TΓ , we use Γ (x) to denote the drawing of G(x) in Γ , and Γ \ Γ (x) to denote the
drawing obtained by deleting Γ (x) from Γ . If Γ is a canonical drawing of G, then we
say that Γ (x) is a canonical drawing of G(x). We say that Γ (x) shares a line segment
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Fig. 3. All possible cases for computing Γc (x) when x is a primitive P -node

with Γ \ Γ (x) if there is a line segment l1 in Γ (x) and a line segment l2 in Γ \ Γ (x)
such that l1 and l2 are collinear and have a common end point.

3 Biconnected Series-Parallel Graphs
In this section we give our algorithm for computing a minimum segment drawing of a
biconnected series-parallel graph G with Δ(G) = 3. We first show that any drawing Γ
of G can be transformed into a canonical drawing Γc such that L(Γc ) ≤ L(Γ ). We then
give a lower bound of L(Γ ), and describe our drawing algorithm.
We have the following lemma on transformation of a drawing into canonical
drawing.
Lemma 1. Let G be a biconnected series-parallel graph with Δ(G) = 3. Then for any
straight-line drawing Γ of G, a canonical drawing Γc of G can be computed such that
L(Γc ) ≤ L(Γ ).
Proof. Let x be a non-root P -node having poles u and v in TΓ . By Fact 1, there is
a sibling Q-node of x preceding it and a sibling Q-node of x following it in TΓ . Let
e(x) = (u , u) and e (x) = (v  , v) denote the two edges corresponding to these two Qnodes respectively. Let h(x) denote the height of x in TΓ . Using induction on h(x) we
now prove that for each non-root P -node x of TΓ , we can compute a canonical drawing
Γc (x) of G(x) such that replacing Γ (x) with Γc (x) in Γ does not increase L(Γ ).
For h(x) = 0, we compute Γc (x) by first drawing a triangle with three segments
Li (x) (1 ≤ i ≤ 3), and then drawing the core path Pi (x) on Li (x) (1 ≤ i ≤ 3).
Considering all possible orientations of l(e(x)) and l(e (x)), computation of Γc (x) is
shown in Fig. 3. In each case, we choose the line segment closed between α and β as
L1 (x), the one closed between β and γ as L2 (x), and the one closed between α and γ
as L3 (x). We now show that, L(Γ ) will not increase if we replace Γ (x) with Γc (x).
Since G(x) is a simple cycle, any straight line drawing of G(x) would require at least
three line segments. Again, in any straight line drawing of G, Γ (x) may share at most
two line segments with Γ \ Γ (x). Except for the case where l(e(x)) and l(e (x)) are
parallel (as in Fig. 3(g) and (i)) or diverging (as in Fig. 3(e)), we have not reduced the
number of line segments that might have been shared between Γ (x) and Γ \ Γ (x) as
shown in Fig. 3(a)–(d). If l(e(x)) and l(e (x)) are parallel or diverging as illustrated in
Fig. 3(e)–(j), our drawing might have reduced this number by at most one if Γ (x) had
shared both the line-segments l(e(x)) and l(e (x)). However, if Γ (x) had shared both
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Fig. 4. All possible cases for computing Γc (x) when h(x) > 0

the line segments l(e(x)) and l(e (x)), then in every case, any straight line drawing of
G(x) would require at least four segments, and we have reduced this number by at least
one. Hence, replacing Γ (x) with Γc (x) would not increase L(Γ ) in any of the cases.
We now assume that h(x) > 0 and Γc (w) has been computed for all the descendant
P -nodes w of x. To compute Γc (x), we first draw a quadrangle with four line segments
Li (x) (1 ≤ i ≤ 4), in such a way that L2 (x) is the line segment closed between
p(u) and p(v). Based on different orientation of l(e(x)) and l(e (x)), the quadrangle is
illustrated in Fig. 4. In every case, we choose the line segment closed between α and
β as L1 (x), the one closed between β and γ as L2 (x), the one between γ and δ as
L3 and the one between α and δ as L4 (x). We then draw the core path Pi (x) along
Li (x) (1 ≤ i ≤ 4). Finally, for each child P -node w of y, we add Γc (w) by making
L2 (w) and L4 (x) collinear. Similarly, for each child P -node w of y  , we draw Γc (w)
by making L2 (w) and L2 (x) collinear. The fact that replacing Γ (x) with Γc (x) does
not increase L(Γ ) can be understood as follows. Let Γ  (x) denote the drawing obtained
by considering Γc (x) and the two line segments l(e(x)) and l(e (x)). Let G (x) denote
the underlying graph of Γ  (x). If l(e(x)) and l(e (x)) are collinear or converging as
illustrated in Fig. 4(a)–(d), then for each degree two vertex v  of G (x), the two incident
edges of v  are collinear in Γ  (x) with the exception that for each primitive P -node, the
incident edges of exactly one degree two vertex are non-collinear. Again for each degree
three vertex v  of G (x), exactly two of the three incident edges are collinear in Γ  (x).
Thus, Γ  (x) has the maximum possible sharing between the drawings of the edges of
G (x), and replacing Γ (x) with Γc (x) will not increase L(Γ ). Similarly, if l(e(x)) and
l(e (x)) are parallel with the angle between them being 0◦ as shown in Fig. 4(h)–(j),
and if x has a child S-node with at least two child P -nodes, then Γ  (x) will have the
maximum possible sharing between the drawings of the edges of G(x), and replacing
Γ (x) with Γc (x) will not increase L(Γ ). On the other hand, if each child S-node of
x has at most one child P -node, then the three incident edges of v are pairwise noncollinear in Γ  (x) as shown in Fig. 4(j) and Fig. 5(c). However, L(Γ ) will not increase
even in this case. If both the line segments l(e(x)) and l(e (x)) were shared by some
line-segment in Γ (x), then either of the following (a) and (b) will hold. (a) There is at
least one descendant non-primitive P -node x of x such that at either of the two poles
of x , all the three incident edges are pairwise non-collinear as shown in Fig. 5(a); and
(b) there is at least one descendant primitive P -node x of x such that Γ (x ) uses
four line-segments as shown in Fig. 5(b). In both the cases, replacing Γ (x) with Γc (x)
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Fig. 5. (a) and (b) Two drawings of G(x) that shares both the line segments l(e(x)) and l(e (x))
with the rest of the drawing, (c) a canonical drawing Γc (x) of G(x)

does not increase L(Γ ). The reasoning for the cases where line segments l(e(x)) and
l(e (x)) are parallel with the angle between them being 180◦ (as shown in Fig. 4(k)
and (l)), or where l(e(x)) and l(e (x)) are diverging (as shown in Fig. 4(e)–(g)) follows
from similar arguments.
It now remains for us to show that we can obtain a primitive P -node w in TΓ such
that the poles of w appear on the outerface of Γc . One can observe that for each nonroot P -node x of TΓ , there is a primitive P -node w in the subtree of TΓ rooted at x
such that the poles of w appear on the outerface of Γc (x). Let r denote the root of T .
Let y1 , y2 and y3 denote the three children of r in T . We first consider the nodes y1
and y2 as the two children of a temporary P -node x and compute Γc (x ) in the same
way as described in the inductive step above. We then replace Γ (x ) with Γc (x ), and
this does not increase L(Γ ). We then take a single line segment and draw on it all the
edges corresponding to the child Q-nodes of y3 along with all the paths P2 (z) for each
child P -node z of y3 . Let Γ  (y3 ) denote this drawing of G(y3 ). We then compute Γc
by merging Γc (x ) with Γ  (y3 ). The details of the proof that the merging of Γc (x ) and
Γ  (y3 ) does not increase L(Γ ) is omitted in this extended abstract since the arguments
are similar to those given in the induction step above. One can also observe that after
performing the merging of Γc (x ) and Γ  (y3 ), we will obtain the poles of a primitive
P -node in the outerface of Γc .


Lemma 1 implies that any straight line drawing Γ of G requires at least L(Γc ) line
segments where Γc is a canonical drawing obtained by transforming Γ . We therefore
give here a lower bound of L(Γc ). For clarity of notations, we use T instead of TΓc to
denote an SP Q-tree corresponding to Γc . Since there is always a primitive P -node w
in T such that the poles of w appear on the outerface of Γc , we assume that the root of
T has two child S-nodes that are primitive in T . We first have the following lemma.
Lemma 2. Let G be a biconnected series-parallel graph with Δ(G) = 3. Let Γc be a
canonical drawing of G. Let T be an SP Q-tree of G corresponding to Γc . Then for a
non-root P -node x in T , L(Γc (x)) ≥ Px + Nx + 1.
Proof. We use induction on Px . In the basis case, Px = 1, i.e., x is a primitive P -node.
Hence Nx = 1 and Px + Nx + 1 = 3. Since G(x) is a simple cycle when x is primitive
and any straight line drawing of a cycle requires at least three segments, the claim holds.
We now assume that Px > 0 and the claim holds for every P -node w in T having
Pw < Px . Hence L(Γc (w)) ≥ Pw + Nw + 1. We now take a child P -node w of x and
delete the drawing Γc (w) from Γc . Let G denote the underlying graph of this drawing
Γc \ Γc (w). The graph G is not necessarily a biconnected series-parallel graph. Let
u and v be the two poles of w in T . In order to ensure that we are working with a

Minimum Segment Drawings of Series-Parallel Graphs

(g)

(a)

(b)

(c)

(d)

(e)

(f)

(h)

(i)

(j)

(k)

415

(l)

Fig. 6. Cases in the induction step of the proof of Lemma 2. Γc (w) shown highlighted in each case.

biconnected series-parallel graph, we now add an edge (u, v) to G , and a new line
segment between the points p(u) and p(v) in Γc . We then replace the node w in T with
a Q-node representing the edge (u, v), and rename the node x as x . Let Γ  denote this
newly computed drawing of G(x ). Since Px < Px , we have L(Γc (x ) ≥ Px +Nx +1.
We now have the following two cases to consider.
Case 1. Γ  is canonical.
This case may occur in either of the following two subcases. (i) p > 2 and w = zi
(2 ≤ i ≤ p − 1), as illustrated in Fig. 6(a) and (b); and (ii) p ≥ 1 and w = zi
(1 ≤ i ≤ p ), as illustrated in Fig. 6(a) and (c). In both the subcases, Γc (w) had
exactly one line segment shared with Γc (x). Thus, L(Γ  ) = L(Γc (x)) − L(Γc (w)) + 1.
Again, since Γ  is canonical, L(Γ  )) = L(Γc (x )). By induction hypothesis we have
L(Γc (x)) ≥ Px + Nx + 1 + Pw + Nw + 1 − 1 = Px + Nx + 1.
Case 2. Γ  is not canonical.
Here we have the following three subcases.
(i) p > 2 and either w = z1 or w = zp , as illustrated in Fig. 6(d) and (e), (ii) p = p = 1
and w = z1 , as illustrated in Fig. 6(g) and (h); and (iii) p = 1, p = 0 and w = z1 , as
illustrated in Fig. 6(j) and (k). We omit the proofs for the second and third subcase in
this extended abstract. For the subcase 2(i), Γc (w) had exactly two line segments shared
with Γc (x). Thus, L(Γ  ) = L(Γc (x)) − L(Γc (w)) + 2. Since Γ  is not canonical, we
now make it canonical by making L1 (z2 ) collinear with L1 (x ) if w = z1 or, by making
L3 (zp−1 ) collinear with L3 (x ) if w = zp as illustrated in Fig. 6(f). One can observe
that, in both the cases, the number of line segments decreases by exactly one in Γc (x ).
Thus, L(Γc (x )) = L(Γ  ) − 1. By induction hypothesis we then have L(Γc (x)) ≥
Px + Nx + 1 + Pw + Nw + 1 − 1 = Px + Nx + 1.


We now have the following theorem.
Theorem 1. Let G be a biconnected series-parallel graph with Δ(G) = 3. Let Γc be a
canonical drawing of G. Let T be an SP Q-tree of G corresponding to Γc . Let PT and
NT denote the number of P -nodes and the number of primitive P -nodes respectively
in T . Then the following (a) and (b) hold. (a) L(Γc ) ≥ PT + NT + 2, if every S-node
in T has at most one child P -node; and (b) L(Γc ) ≥ PT + NT + 1, otherwise.
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G(x )

G(z)
G(y1 ) ∪ G(y2 )

G(y1 ) ∪ G(y2 )

p(v)

p(u)
G(y1 ) ∪ G(y2 )

α

(a)

(b)

(c)

(d)

Fig. 7. (a) The drawing of G(y1 ) ∪ G(y2 ), (b) Γc if y3 is primitive, (c) Γc if y3 has exactly one
child P -node, and (d) Γc if y3 has at least two child P -nodes

Proof. Let r be the root of T . Let y1 , y2 and y3 be the three children of r in T . Since
Γc is a canonical drawing, we assume that y1 and y2 are primitive in T . Since G is a
simple graph, exactly one of y1 , y2 and y3 can be a Q-node in T . Thus, if there is a
Q-node among y1 , y2 and y3 , then we assume that y2 is the Q-node. The proofs of the
claims (a) and (b) are given below.
(a) We have the following two cases to consider here.
Case 1. y3 is primitive in T .
Since G(y1 ) ∪ G(y2 ) is a cycle, at least three line segments are required to draw
G(y1 )∪G(y2 ) in Γc as illustrated in Fig. 7(a). Since G(y3 ) is a path, at least one new line
segment is required to draw G(y3 ) along with G(y1 )∪G(y2 ) in Γc as illustrated through
the thick line segment in Fig. 7(b). Since PΓ = 1, NΓ = 1, and PΓ + NΓ + 2 = 4, we
thus have L(Γc ) = 4 ≥ PΓ + NΓ + 2.
Case 2. y3 is not primitive in T .
Let z denote the child P -node of y3 in T . By Lemma 2, L(Γc (z)) ≥ Pz + Nz + 1.
One can observe that G(y1 ) ∪ G(y2 ) is connected with G(y3 ) through the two edges
incident to the two poles of G(y3 ). Hence, any drawing of G(y1 ) ∪ G(y2 ) can share
at most two segments with the drawing Γc (z). However, as shown in the proof of
Lemma 1, since each S-node in T has at most one child P -node, we cannot draw
the line segments L1 (z) and L3 (z) as converging in the exterior of Γc (z) without increasing L(Γc (z)). Since L1 (z) and L3 (z) are converging in the interior of Γc (z), at
least two new segments are required to draw G(y1 ) ∪ G(y2 ) along with G(y3 ) as shown
through the thick line segments in Fig. 7(c). Thus, L(Γc ) ≥ Pz + Nz + 1 + 2. Since
PΓ = Pz + 1, NΓ = Nz , we thus have L(Γc ) ≥ PΓ + NΓ + 1.
(b) In this case y3 has at least two child P -nodes in T . We consider y2 and y3 as the
two S-nodes of a temporary P -node x , and compute Γc (x ) as described in the proof of
Lemma 1. By Lemma 2, L(Γc (x )) ≥ Px +Nx +1. As shown in the proof of Lemma 1,
since at least one S-node in T has two child P -nodes, we can draw the line segments
L1 (x ) and L3 (x ) as converging in the exterior of Γc (x ) as illustrated in Fig. 7(d). Let
α denote the point where L1 (x ) and L3 (x ) converges. Let u and v denote the poles of
r. Since y3 is not a Q-node, we can now complete the drawing of G(y3 ) on the two line
segments closed between p(u), α and α, p(v) without requiring any new line segment.
Since Px = PΓ , Nx = NΓ , we have L(Γc ) ≥ Px + Nx + 1 = PΓ + NΓ + 1.


We now present our main result on minimum segment drawing in the following
theorem.
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L4 (x)
L3 (x)

L1 (x)
L2 (x)

(a)

L3 (x)
L1 (x)
L2 (x)

(b)

(d)

(c)
p(v)

p(u)

p(v)

p(u)
α

(e)

(f)

(g)

(h)

α

Fig. 8. (a) Drawing of G(x) for a primitive P -node x, (b) the quadrangle for a non-root and
non-primitive P -node x, (c)–(f) completing the drawing Γ (x) for a non-root and non-primitive
P -node x, (g) Γ when there is a suitable root in T , and (h) Γ when there is no suitable root in T

Theorem 2. Let G be a biconnected series-parallel graph with Δ(G) = 3. Then a
minimum segment drawing of G can be computed in linear time.
Proof. We first compute a planar straight line drawing Γ of G in linear time and then
show that Γ is a minimum segment drawing of G.
Let T be an SP Q-tree of G rooted at an arbitrary P -node r. Let y1 , y2 and y3 denote
the three children of r in T . Since G is a simple graph, at most one of y1 , y2 and y3
can be a Q-node. Thus, if there is a Q-node among y1 , y2 and y3 , then we assume that
y2 is the Q-node. In order to compute a minimum segment drawing of G, we want the
following two conditions to hold for y1 , y2 and y3 in T . (a) y1 and y2 are primitive
in T ; and (b) y3 has at least two child P -nodes in T . If these conditions hold for the
three children of our arbitrarily chosen root r, then we are done. Otherwise, we search
for such a P -node r in T . If there is such a P -node r in T , then there is an S-node
x in T such that x has at least two child P -nodes, one of which is primitive. We can
search for such an S-node x in T in linear time. If we find such an S-node x in T ,
then the child primitive P -node r of x will be our desired root of T . If we fail to find
any such S-node x in T , then each S-node in T has at most one child P -node in T .
We then choose any primitive P -node r in T as the root of T . We now compute Γ
in a bottom up traversal of T . At first, in each non-root P -node x of T , we compute
a canonical drawing Γ (x) of G(x) from the previously computed canonical drawings
Γ (w) of G(w) for each child P -node w of x. Then we compute Γ = Γ (r) for the root
r of T . We describe this construction inductively. For a primitive P -node x in T , we
draw the three core paths Pi (x) (1 ≤ i ≤ 3) of G(x) on three line segments Li (x)
(1 ≤ i ≤ 3) such that each line segment Li (x) is closed between the end vertices
of Pi (x) (1 ≤ i ≤ 3), as illustrated in Fig. 8(a). For a non-root and non-primitive
P -node x in T , we first draw the four core paths Pi (x) (1 ≤ i ≤ 4) on four line
segments Li (x) (1 ≤ i ≤ 4) such that each line segment Li (x) is closed between the
end vertices of Pi (x) (1 ≤ i ≤ 4), as illustrated in Fig. 8(b). For each child P -node w
of x, we now add Γ (w) to this quadrangle and complete the drawing Γ (x) as follows.
At first, we draw Γ (z1 ) by making L1 (z1 ) collinear with L1 (x), and L2 (z1 ) collinear
with L4 (x) as shown in Fig. 8(c). Next we draw Γ (zp ) by making L3 (zp ) collinear with
L3 (x) and L2 (zp ) collinear with L4 (x) as shown in Fig. 8(d). Finally, for each w = zi
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(2 ≤ i ≤ p − 1), we draw Γ (w) by making L2 (w) collinear with L4 (x) as shown in
Fig. 8(e), and for each w = zi (1 ≤ i ≤ p ), we draw Γ (w) by making L2 (w) collinear
with L2 (x) as shown in Fig. 8(f). We finally assume that x is the root P -node of T . Let
u and v denote the poles of x in T . To compute Γ = Γ (x), we first consider y2 and y3
as the children of a temporary P -node x and compute the canonical drawing Γ (x ) in
the same way as described in the inductive case above. We now have the following two
cases to consider. We first consider the case where T has a suitable root as described
earlier. By construction, we will have two line segments in Γ (x ) in this case, namely
L1 (x ) and L3 (x ) that can be drawn as converging in the exterior of Γ (x ). Let α
denote the point where L1 (x ) and L3 (x ) converge. We then draw the graph G(y3 ) on
the two line segments closed between p(u), α and α, p(v), as shown in Fig. 8(g). We
next consider the case where T does not have a suitable root r as described earlier. In
this case, we take a point α in the exterior of Γ (x ) such that the points p(u), p(v) and
α form a triangle as shown in Fig. 8(h). We then draw the graph G(y3 ) on the two line
segments closed between p(u), α and α, p(v). Clearly, the drawing Γ described above
can be computed in linear time. We omit the details of this proof of time complexity in
this extended abstract.
We now prove that Γ has the minimum number of segments. We first prove that for
each non-root P -node x of T , we draw G(x) on Px +Nx +1 segments. We give here an
inductive proof by taking induction on the height h(x) of x. For h(x) = 0, Px + Nx +
1 = 3. We have drawn G(x) on three line segments, and our claim holds for h(x) = 0.
We now consider h(x) > 0 and x is a non-root and non-primitive P -node. While
computing Γ (x), we have drawn G(y  ) in such a way that all the edges corresponding
to the child Q-nodes of y  were drawn on a single segment, and L2 (zi ) for each G(zi )
was drawn on the same segment. Thus the number of segments in this drawing of G(y  )
is Py + Ny + p − (p − 1) = Py + Ny + 1. Similarly, G(y) was first drawn on
j
Py + Ny + 1 segments
q and then the path i=1 ei was drawn on the same segment as
L1 (z1 ) and the path i=k+1 ei was drawn on the same segment as L3 (zp ). Here ej and
ek are the two edges corresponding to the two Q-nodes immediately preceding z1 and
zp respectively in T . Since we had reused an already drawn segment, this last operation
did not increase the number of segments. We finally had merged these drawings of
G(y) and G(y  ) together to get a drawing of G(x) on Py + Ny + 1 + Py + Ny + 1 =
(Py + Py + 1) + Nx + 1 = Px + Nx + 1 segments. Finally, in the root node, we did not
draw any new line segment if a suitable root r was found for T , otherwise we had drawn
exactly one new line segment. Thus we had drawn Γ on Px +Nx +1 segments in the first
case, and on Px + Nx + 2 segments in the second case. Since PΓ = Px , NΓ = Nx ,
we have ultimately drawn Γ on PΓ + NΓ + 2 segments if each S-node in T had at
most one child P -node, and on PΓ + NΓ + 1 segments otherwise. Both these quantities
matches the bound given on L(Γ ) in Theorem 1, and this completes the proof.



4 Series-Parallel Graphs with Cut Vertices
So far we have dealt with biconnected series-parallel graphs with the maximum degree
three. However, the same idea can be adopted to compute a minimum segment drawing
of a series-parallel graph G that contains cut vertices. In this case, we first compute
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the blocks of G. Each block of G is either a single edge or a series-parallel graph G
which can be decomposed similarly to the pertinent subgraph G(x) of a P -node x in
the SP Q-tree of a biconnected series-parallel graph with the maximum degree three.
For each such graph G(x), we then compute a canonical drawing of G(x). Next we add
a single line segment aligned with the path P2 (x) of each block G(x) and complete the
drawing of G.

5 Conclusion
In this paper we have given a linear-time algorithm for computing minimum segment
drawings of series-parallel graphs with the maximum degree three. To the best of our
knowledge, this is the first result in this problem focusing on an important subclass
of planar graphs. It remains as our future work to achieve similar results for wider
subclasses of planar graphs.
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