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Abstract. This paper starts the investigation of a constrained version of the
point-set embeddability problem. Let G = (V, E) be a planar graph with n ver-
tices, G′ = (V ′, E′) a subgraph of G, and S a set of n distinct points in the
plane. We study the problem of computing a point-set embedding of G on S sub-
ject to the constraint that G′ is drawn with straight-line edges. Different drawing
algorithms are presented that guarantee small curve complexity of the resulting
drawing, i.e. a small number of bends per edge. It is proved that: (i) If G′ is an
outerplanar graph and S is any set of points in convex position, a point-set em-
bedding of G on S can be computed such that the edges of E \ E′ have at most
4 bends each. (ii) If S is any set of points in general position and G′ is a face of
G or if it is a simple path, the curve complexity of the edges of E \ E′ is at most
8. (iii) If S is in general position and G′ is a set of k disjoint paths, the curve
complexity of the edges of E \ E′ is O(2k).

1 Introduction

The problem of computing a planar drawing of a graph on a given set of points in
the plane is a classical subject of investigation both in the graph drawing and in the
computational geometry literature. The input is a planar graph G with n vertices and a
set of n distinct points in the plane. The output is a drawing of G such that each vertex is
mapped to a distinct point of S and no two edges cross each other. Besides the intrinsic
theoretical interest of studying the interplay between the topology of the graph and the
geometry of the given set of points, the question is in part justified by the variety of
graph drawing applications where some or all of the vertices are constrained at fixed
locations (see, e.g., [17]).

Different versions of the problem have been investigated. In the point-set embed-
dability problem with given mapping the function that associates each vertex of G with
a distinct point of S is given as part of the input. Halton [10] shows that a planar graph
always admits a point-set embedding with given mapping on any set of n points but he
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does not give any result about the number of bends per edge. Pach and Wenger [16] de-
scribe an algorithm to compute a point-set embedding with given mapping of a planar
graph with at most 120n bends per edge; they also prove that m

403 bends per edge may
be necessary in some cases (m is the number of edges of the graph). Both the upper and
the lower bounds of Pach and Wenger have been recently reduced by Badent et al. [1]
to 3n + 2 and n

8 , respectively.
The point-set embeddability problem without mapping allows the drawing algorithm

to choose for each vertex v of G the point of S that represents v. Algorithms to com-
pute straight-line point-set embedding without mapping of trees [3,11,15] and outer-
planar graphs [2,9] have been presented. Since outerplanar graphs are the largest class
of graphs admitting a straight-line point-set embedding without mapping on any set of
points [9], Kaufmann and Wiese [14] study the point-set embeddability problem with
bends. They show that every planar graph admits a point-set embedding without map-
ping with at most two bends per edge and that this bound is worst-case optimal.

The above two versions of the problem have also been studied in a unifying frame-
work. In a k-colored point set embedding each vertex of G and each point of S is given
one of k colors and the drawing algorithm can map a vertex of color i to any point of S
having the same color. If k = 1 the problem coincides with the point-set embeddabil-
ity problem without mapping; if k = n we have the point-set embeddability problem
with mapping; if the input specifies a mapping of n1 vertices to n1 points while there
is no mapping for the remaining n − n1, we have a k-colored point-set embeddabil-
ity problem with k = n1 + 1. A limited list of papers about the k-colored point set
embeddability includes [1,4,5,8,11,12,13].

This paper studies a natural extension of the point-set embeddability problem without
mapping. It is assumed that a subgraph of G is given whose edges are required to be
drawn as straight-line segments. Our input is a graph G = (V, E) with n vertices, a set
S of n distinct points in the plane, and a subgraph G′ = (V ′, E′) of G. We want to
compute a point-set embedding of G with small curve complexity (i.e. a small number
of bends per edge) and such that G′ is drawn with straight-line edges. It may be worth
recalling that a recent paper [6] has proved that if G is a tree, G′ is a tree with k edges,
and a mapping from the vertices of G′ to a subset of the points of S is given, then
a point-set embedding where the edges of G′ are straight-line can have O(k) curve
complexity. A fundamental difference between the setting of [6] and this paper is that
here we do not assume that the mapping from the subgraph to the point set is given as
part of the input. A high level description of the results in the paper is as follows.

– We prove that if S is a set of points in convex position, then G admits a point-set
embedding on S with the edges of G′ drawn straight-line if and only if G has a
planar embedding ψ such that the embedding of G′ induced by ψ is outerplanar
and each vertex of V \ V ′ is on the external face of G′ in ψ. Furthermore we show
that, when the drawing exists, it can be computed in such a way that the edges of
E \ E′ have at most 4 bends each.

– We extend the above investigation to sets of points in general position. If either G′

is a face of G or if it is a simple path, a point-set embedding of G on any set of
points in general position exists such that the edges of G′ are straight-line edges
and the edges of E \ E′ have at most 8 bends each.
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– We finally consider the situation where G′ is a set of k disjoint paths and S is any
set of points in general position. In this case a point-set embedding exists where the
edges of G′ are straight-line edges and the edges of E \E′ have O(2k) bends each.

In the remainder of the paper some proofs are omitted for reasons of space.

2 Preliminaries

Let G = (V, E) be a graph. A drawing Γ of G maps each vertex v of G to a distinct
point p(v) of the plane and each edge e = (u, v) of G to a simple Jordan curve con-
necting p(u) and p(v). Drawing Γ is planar if no two distinct edges intersect except at
common end-vertices. Graph G is planar if it admits a planar drawing. A planar draw-
ing Γ of G partitions the plane into topologically connected regions called the faces
defined by Γ . The unbounded face is called the external face. The boundary of a face
is its delimiting cycle described by the circular list of its edges and vertices. A face is
simple if its boundary is a simple cycle.

An embedding of a planar graph G is an equivalence class of planar drawings that
define the same set of faces, that is, the same set of face boundaries. A planar graph G
together with the description of a set of faces F is called an embedded planar graph. A
maximal embedded planar graph is such that all faces are triangles, that is, the boundary
of each face has three vertices and three edges. Given any embedded planar graph G,
it is easy to add edges that split the faces of G in order to obtain a maximal embedded
planar graph that includes G. A graph G is outerplanar if it admits an embedding such
that all vertices of G belong to a common face, which we can always choose as the
external face.

A subdivision of a graph G is a graph obtained from G by replacing each edge by a
path with at least one edge. Internal vertices on such a path are called division vertices,
the edges of such path are called sub-edges.

Let G = (V, E) be a planar graph with n vertices and let S be a set of n points in
the plane. We say that the points of S are in general position if no three points of S
lie on the same line. A point-set embedding of G on S, denoted as Γ (G, S), is a planar
drawing of G such that each vertex is mapped to a distinct point of S. Γ (G, S) is called
a geometric point-set embedding if all edges are drawn straight-line. Let G′ = (V ′, E′)
be a subgraph of G. A point-set embedding of G on S with straight-line subgraph G′,
denoted as Γ (G, G′, S), is a point-set embedding of G on S such that the edges of G′

are drawn as straight-line segments. The edges of G can be partitioned, with respect to
G′, in the following four sets:

Blue Edges. Eblue = E′;
Red Edges. Ered = {(u, v) ∈ E \ E′ | u �∈ V ′ ∧ v �∈ V ′};
Black Edges. Eblack = {(u, v) ∈ E \ E′ | u ∈ V ′ ∧ v �∈ V ′};
Green Edges. Egreen = {(u, v) ∈ E \ E′ | u ∈ V ′ ∧ v ∈ V ′}.

Let G = (V, E) be a planar graph. A 2-page book embedding of G is a planar
drawing of G such that all vertices of G are represented as points of a horizontal line �
called the spine and each edge is drawn in one of the two half-planes defined by �. The
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half-plane above � is called the top page, while the half-plane below the spine is called
the bottom page. An edge of a 2-page book embedding is completely contained either
in the top page or in the bottom page. Let e1 = (u1, v1) and e2 = (u2, v2) be two edges
in the same page of a 2-page book embedding. Assume, without loss of generality, that
u1 is to the left of v1 on �, that u2 is to the left of v2 on �, and that u1 is to the left
of u2 on �. A crossing between e1 and e2 can be avoided only if u1, u2, v1, and v2 do
not appear in this order along the spine. On the other hand, if u1, u2, v1, and v2 do not
appear in this order along the spine the two edges can easily be drawn without crossing
(for example they can be drawn as circular arcs). Thus, the fact that two edges in a same
page cross or not depends only on the relative position of their endvertices.

A monotone topological book embedding of a planar graph G is a 2-page book em-
bedding of a subdivision of G such that each edge (u, v) of G has at most one division
vertex d and: (i) u, d, and v appear in this order along the spine; (ii) sub-edge (u, d) is
in the bottom page; (iii) sub-edge (d, v) is in the top page.

In [7] an algorithm to compute a monotone topological book embedding of a planar
graph was presented. The next lemma, that will be used as a basic tool for the algorithms
presented in the next sections, can be proved by exploiting the algorithm of [7] for
computing a monotone topological book embedding.

Lemma 1. Let G = (V, E) be an embedded planar graph. If G contains a cycle C =
v1, v2, . . . , vh whose interior is triangulated with edges (v1, vi) for 3 ≤ i ≤ h−1, then
there exists a monotone topological book embedding γ such that the linear order of the
vertices of C in γ is v1, vh, vh−1, . . . , v2; also, all edges of C and all edges (v1, vi)
(3 ≤ i ≤ h − 1) are in the bottom page of γ.

3 Points in Convex Position

Let G be a planar graph and let G′ be a subgraph of G. In this section we give a
necessary and sufficient condition on the embedding of G and G′ that guarantees that
G has a point-set embedding on any set of points in convex position with straight-line
subgraph G′. We start by giving some technical lemmas.

Lemma 2. Let G = (V, E) be an embedded simply connected outerplanar graph.
There exists a graph Ga = (Va, Ea) such that: (i) Va = V and E ⊂ Ea; (ii) Ga

is biconnected and outerplanar; (iii) every edge in Ea \ E is on the external face.

Lemma 3. Let S be a set of points in convex position. It is possible to connect any two
points p and q of S with a 1-bend polyline that does not intersect the interior of the
convex hull of S.

Lemma 4. Let G = (V, E) be a planar graph, let S be any set of points in convex
position and let G′ = (V ′, E′) be a biconnected subgraph of G. Let G admit a planar
embedding ψ such that: (i) the embedding of G′ induced by ψ is outerplanar; and (ii)
all vertices of V \ V ′ are on the external face of G′ in the embedding ψ. Then G admits
a point-set embedding on S with straight-line subgraph G′.
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Proof. Refer to Fig. 1 for an illustration. Since G′ is biconnected, the boundary of its
external face is a cycle C. Maintaining the embedding ψ we change the external face in
such a way that an edge (u, v) of C is on the external face. Since the embedding of G′

induced by ψ is outerplanar, then no vertex of G′ is inside C; also no vertex of V \V ′ is
inside C. Thus, C contains only blue edges. Let v1 = u, v2 = v, . . . , vh be the vertices
of C according to their circular ordering. Remove all blue edges inside C and replace
them with blue edges of the type (v1, vi) for 3 ≤ i ≤ h − 1. We denote the graph
obtained from this transformation as G and its subgraph consisting of C and of the blue
edges inside it as G′. By Lemma 1, the graph G admits a monotone topological book
embedding γ such that the linear order of the vertices of C in γ is v1, vh, vh−1, . . . , v2
and all the edges of C along with the blue edges inside it are in the bottom page of γ.

Let u1, u2, . . . , un′ be the linear ordering of the (real and division) vertices of G in γ.
We enrich the set S with extra points so that the resulting set S has n′ points in convex
position. Let p1, p2, . . . , pn′ be the points of S according to their clockwise circular
ordering. The points of S \ S are positioned in such a way that pi is an extra point if
and only if ui is a division vertex (1 ≤ i ≤ n′). Vertex ui is mapped to pi (1 ≤ i ≤ n).
All the subedges of G that are in the bottom page of γ will be drawn inside the convex
hull CH(S) of S as straight-line segments between their end-vertices. The subedges
of G that are in the top page of γ are drawn outside CH(S) with one bend. More
precisely, let Et be the set of sub-edges in the top page of γ. We start drawing an edge
e1 ∈ Et such that, when drawn with the technique of Lemma 3, it leaves the points of
S representing the end-vertices of the edges of Et not yet drawn, on the convex hull of
S ∪{q}, where q is the bend point of e1. We now can apply the same drawing technique
to the set of subedges Et \ {e1} and to the set of points S ∪ q.

Let Γ be the drawing obtained after replacing the division vertices with bends. We
prove now that Γ is a point-set embedding of G on S with straight-line subgraph G′.
By construction, each vertex of G is mapped to a point of S. Let e1 = (u1, v1) and
e2 = (u2, v2) be two sub-edges of G; we prove that e1 and e2 do not cross. If they
are in different pages in γ then one of them is inside CH(S) and the other one is
outside CH(S) and therefore they do not cross. Suppose they are both in the bottom
page; since they do not cross in γ then the order of their end-vertices in γ is either
u1, v1, u2, v2 or u1, u2, v2, v1. Since the circular ordering of the points representing
u1, v1, u2, v2 is coherent with the linear ordering that these vertices have in γ, then e1
and e2 do not cross. If e1 and e2 are both in the top page, then they are drawn with one
bend. Without loss of generality assume that e1 is drawn before e2. By construction,
the polyline representing e2 does not intersect the interior of the convex hull of S ∪
{qi | qi is the bend point of an edge drawn before e2} and therefore it does not cross
e1. By Lemma 1 all edges of G′ are in the bottom page of γ and therefore they are
drawn straight-line.

We prove now that the drawing Γ obtained from Γ by restoring the original blue
edges inside C is a point-set embedding of G on S with straight-line subgraph G′.
Since C is drawn straight-line and the points are in convex position, then C is drawn as
a convex polygon P . Also, by Lemma 1 the linear order of the vertices v1, v2, . . . , vh

of C in γ is v1, vh, vh−1, . . . , v2; it follows that their circular order on the boundary of
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Fig. 1. (a) A maximal embedded planar graph G; the bold edges highlight a biconnected outer-
planar subgraph G′. (b) The subgraph G′ is transformed into a new subgraph G′ with all chords
incident on vertex 1. (c) A set S of 9 points in convex position. (d) A point-set embedding of G
on S with straight-line subgraph G′; S is a set of points obtained from S by adding two extra
points. (d) A point-set embedding of G on S with straight-line subgraph G′.

P is v1, v2, . . . ,vh, i.e. the same ordering they have in the embedding of ψ. Hence the
original blue edges can be restored without creating any crossing. �	

Theorem 1. Let G = (V, E) be a planar graph, let S be any set of points in convex
position and let G′ = (V ′, E′) be a connected subgraph of G. G admits a point-set
embedding Γ (G, G′, S) on S with straight-line subgraph G′ if and only if G admits a
planar embedding ψ such that: (i) the embedding of G′ induced by ψ is outerplanar;
(ii) all vertices of V \ V ′ are on the external face of G′ in the embedding ψ.

Also, if Γ (G, G′, S) exists, it can be computed so that: If G′ is biconnected, then
every edge not in G′ has at most 2 bends per edge; If G′ is simply connected, then every
edge not in G′ has at most 4 bends per edge.

Proof. Let Γ (G, G′, S) be a point-set embedding of G on S with straight-line subgraph
G′. Consider the drawing Γ ′ of G′ in Γ (G, G′, S). Since the points of S are in convex
position and Γ ′ is a straight-line drawing, all vertices of G′ are on the external face of
Γ ′ and therefore G′ is outerplanar. Also, all points distinct from those representing the
vertices of V ′ are on the external face of Γ ′. It follows that the embedding defined by
Γ (G, G′, S) is the desired embedding ψ.
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Assume now that G does admit an embedding ψ that satisfies the statement; we
prove that G admits a point-set embedding on S with straight-line subgraph G′. If G′

is biconnected, then this is true by Lemma 4. If G′ is not biconnected we apply the
biconnection procedure described in Lemma 2 to make it biconnected. The dummy
edges that are added to make G′ biconnected can cross black and green edges. Every
crossing between a dummy edge and a black/green edge is replaced with a division
vertex that splits both the dummy edge and the black/green edge. Each black edge can
be split at most once. Namely, let e = (u, v) be a black edge and assume that u ∈ V ′

and v ∈ V \ V ′. If a dummy edge e′ crosses e, then u is encountered between the two
end-vertices of e′ when walking clockwise along the external boundary of G′; we say
that e′ covers u. If e was crossed more than once then there would be at least two dummy
edges that cover u. In this case, however, one of the two dummy edges cannot be on
the external face of G′, which is impossible by Lemma 2. Each green edge e = (u, v)
can be split at most twice. Namely, with an analogous argument as in the case of black
edges, we have that there is at most one edge that covers u and at most one edge that
covers v.

All the dummy (sub-)edges are considered to be blue edges. Let e = (u, v) be a
black edge split by a division vertex d and assume that u ∈ V ′ and v ∈ V \ V ′

sub-edge (u, d) is considered a blue edge, while sub-edge (d, v) is considered a black
edge. Analogously, if e is a green edge split by two division vertices d1 and d2, the
sub-edges (u, d1) and (d2, v) are considered to be blue edges, while sub-edge (d1, d2)
is considered to be a green edge. The graph obtained after this transformation will be
denoted as Ĝ. This graph has as a subgraph the graph Ĝ′ that consists of G′ plus the
blue edges added as dummy edges or obtained by splitting a black/green edge of G. Ĝ′
is outerplanar and biconnected and by Lemma 2 Ĝ admits a point-set embedding on a
suitably augmented set of points Ŝ with straight-line subgraph Ĝ′. Since no edge of G′

is split with a division vertex, removing dummy edges and replacing division vertices
with bends we obtain a point-set embedding of G on S with straight-line subgraph G′.

We count now the number of bends along red, black, and green edges. If G′ is bicon-
nected, then each red, black, or green edge e is split by at most one division vertex in
the monotone book embedding γ. The two sub-edges obtained from e are in different
pages and thus one of them is drawn straight-line and the other one is drawn with one
bend. Since the division vertex that splits e is replaced at the end by an additional bend,
then the number of bends along e is two.

Suppose now that G′ is not biconnected and let e be a black edge. Edge e can be
split into a blue sub-edge e1 and a black sub-edge e2 during the biconnection proce-
dure. The drawing of the transformed graph Ĝ is computed like in the case when G′

is biconnected, and therefore e1 has no bends while e2 has at most two bends. Since
the division vertex that splits e into e1 and e2 is replaced by an additional bend, the
total number of bends along e is at most three. Let e′ be a green edge; edge e can be
split into a blue sub-edge e1, a green sub-edge e2, and a blue sub-edge e3 during the
biconnection procedure. The drawing of the transformed graph Ĝ is computed like in
the case when G′ is biconnected, and therefore e1 and e3 have no bends while e2 has at
most two bends. Since the division vertices that split e into e1, e2, and e3 are replaced
by two additional bends, the total number of bends along e is at most four. �	
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4 Points in General Position

In this section we consider points in general position and consider planar graphs whose
subgraph is either a cycle or a path or a set of disjoint paths. Before giving the main
results of this section we need to give some additional definitions and to prove a pair of
lemmas that will be used subsequently.

Let Γ be a drawing of a graph G and let v be a vertex of G; we say that v is visible
from below in Γ if Γ does not intersect the open vertical halfline below v. Analogously,
v is visible from above in Γ if Γ does not intersect the open vertical halfline above v.
Throughout this section we assume that the points of S have distinct x-coordinate; if
this is not the case we can achieve this condition by a suitable rotation of the plane.

Lemma 5. Let C be a cycle and let S be a set of points in general position. C admits a
geometric point-set embedding Γ on S such that each vertex of C is visible in Γ either
from above or from below.

Proof. Let CH(S) be the convex hull of S and let pl and pr be the leftmost and the
rightmost point of CH(S), respectively. In CH(S) there are two paths from pl to pr:
the first one, that we call upper hull, has no point of S above, the other one, that we call
lower hull, has no point of S below. Let pl = p1, p2, . . . , ph = pr be the points in the
lower hull ordered from left to right. Let q1, q2, . . . , qk be the remaining points ordered
from right to left.

Let v1, v2, . . . , vn be the vertices of C ordered clockwise. Notice that n = h + k.
Vertex vi, for 1 ≤ i ≤ h, is mapped to point pi; vertex vh+i, for 1 ≤ i ≤ k, is mapped
to point qi. Cycle C can be divided into two paths with end-vertices in common: π1 =
v1, v2, . . . , vk and π2 = vk, vk+1, vk+2, . . . , vk+m, v1. Both π1 and π2 are represented
by a x-monotone polyline and therefore neither the drawing of π1 nor the drawing of
π2 has a crossing. On the other hand, all points of π2 are above those of π1 except for
the end-vertices that are in common. Hence there is no crossing between edges of π1
and edges of π2. Due to the monotonicity of π1 and π2, the vertices of π1 are visible
from below, and those of π2 are visible from above. �	

Lemma 6. Let G = (V, E) be an embedded planar graph and let S be a set of points
in general position. If G contains a cycle C = v1, v2, . . . , vh whose interior is triangu-
lated with edges (v1, vi) for 3 ≤ i ≤ h−1, then there exists a point-set embedding of G
on S such that: (i) each edge has at most two bends; and (ii) after removing the edges
of C and the edges (v1, vi) (3 ≤ i ≤ h − 1) all vertices of C are visible from below.

Proof. Let γ be a monotone topological book embedding of G computed according to
Lemma 1. Let w1, w2, . . . , wn′ be the real and division vertices of G in the order they
appear along the spine of γ. We enrich the set S with extra points so that the resulting
set S′ has n′ points and, denoted as p1, p2, . . . , pn′ the points of S′ according to their
order along the x-direction, pi is an extra point if and only if wi is a division vertex
(1 ≤ i ≤ n′).

We compute a point-set embedding of G on S′ with the following technique intro-
duced by Kaufmann and Wiese [14]. Vertex wi is mapped to point pi (1 ≤ i ≤ n′);
the edges between vertices that are consecutive along the spine of γ (and therefore
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drawn on consecutive points of S′) are drawn straight-line. Let σ be a value greater
than the maximum slope of a segment pipi+1 (1 ≤ i ≤ n′ − 1); the remaining edges
are drawn as polylines with two segments (and hence one bend) with slope σ and −σ.
Using segments with slope σ and −σ it is possible to draw an edge either above or
below the polyline π = p1p2, p2p3, . . . , pn′−1pn′ . If a sub-edge e is in the top page of
γ, then it is drawn above π; if e is in the bottom page of γ, then it is drawn below π.
The resulting drawing is planar except that 1-bend edges that are incident on the same
vertex may contain overlapping segments. To eliminate these overlaps, we perturb the
overlapping edges by decreasing the absolute value of their segment slopes by slightly
different amounts. The slope changes are chosen to be small enough to avoid creating
edge crossings while preserving the planar embedding. See [14] for details.

Via this technique, each sub-edge of G has at most one bend. Since γ is a monotone
topological book embedding, each edge of G is split into at most two sub-edges. Let
e = (u, v) be an edge of G subdivided into two sub-edges e1 and e2 by a division
vertex d(u, v). One of the two sub-edges is in the top page in γ and the other one is in
the bottom page in γ. Thus, the point p representing d(u, v) has two segments incident
on it: one from above and the other one from below; also, these two segments have the
same slope. Since these two segments are the only two incident on d(u, v) no rotation
is performed to remove overlaps and therefore, when d(u, v) is removed, no extra bend
is created at p. It follows that each edge of G has at most two bends.

By Lemma 1, all edges of C and all edges inside C are in the bottom page. Since
point-set embedding of G on S preserves the embedding of G, then there is no vertex
or edge inside the drawing of C. Thus, if all edges of C and all edges inside C are
removed, the vertices of C are visible from below. �	

Theorem 2. Let G be an embedded planar graph, let S be any set of points in general
position and let C be the boundary of a simple face of G. G admits a point-set embed-
ding on S with straight-line subgraph C such that every edge not in C has at most 8
bends per edge.

Proof. We describe how to compute a point-set embedding of G on S with straight-line
C. Maintaining the embedding of G we change the external face so that some edge
e = (u, v) of C is on the external face. Let v1 = u, v2 = v, . . . , vh be the vertices of C
according to their circular ordering. We add blue edges (v1, vi) (3 ≤ i < h) inside C.

Let S′ ⊆ S be the set containing the first h points along the x-direction. A point-
set embedding Γ ′ of C on S′ is computed as described in the proof of Lemma 5. The
drawing Γ ′ is computed so that the circular clockwise order of the vertices is preserved
and vertex v1 is placed at the leftmost point of S.

Let γ be a monotone topological book embedding of G computed according to
Lemma 1. Let w1, w2, . . . , wn′′ be the real and division vertices of G in the order they
appear along the spine of γ. We enrich the set S \ S′ with extra points so that the re-
sulting set S′′ has n′′ points and, denoted as p1, p2, . . . , pn′′ the points of S′′ according
to their order along the x-direction, pi is an extra point if and only if wi is a division
vertex or a vertex of C (1 ≤ i ≤ n′′). We compute a point-set embedding of G on
S′′ according to Lemma 6. After this point-set embedding is computed we remove the
edges of C and the blue edges inside C. Denote as Γ ′′ the resulting drawing.
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Fig. 2. An illustration for the proof of Theorem 2

Let vi (1 ≤ i ≤ h) be a vertex of C. Let p′i be the point representing vi in Γ ′, and
let p′′i be the point representing vi in Γ ′′. Notice that p′i is a point of S, while p′′i is not
a point of S; therefore vi will be represented by p′i in the final drawing. All black/green
edges incident to vi are incident on point p′′i . We add a polyline from p′i to p′′i , in order
to make these edges incident to p′i.

Let B′ be the bounding box of Γ ′ and let B′′ be the bounding box of Γ ′′. Let p′ be
the top-right corner of B′ and let p′′ be the bottom-left corner of B′′. Refer to Fig. 2 for
an illustration. Let � be the straight line through p′ and p′′. Let �′ be a half-line that is
completely above � and intersects all vertical lines that intersect B′; let �′′ be a half-line
that is completely below � and intersects all vertical lines that intersect B′′. Finally, let
�H be a horizontal line below B′.

Let q′i be the projection of point p′i either on line �′, if p′i is visible from above, or on
line �H , if p′i is visible from below. Notice that the leftmost and rightmost points of Γ ′

are visible both from above and from below. We project these two vertices on �′. Let q′′i
be the projection of p′′i on �′′. The polyline connecting p′i to p′′i is πi = p′iq

′
i, q

′
iq

′′
i , q′′i p′′i .

Notice that, if there are k > 1 black/green edges incident to a vertex vi, then all
these edges are represented with a portion in common: the polyline πi. It is possible
to separate these edges by replacing each of the three points q′i, q′′i , p′i with a set of k
points coherently ordered.

Since both Γ ′ and Γ ′′ are planar, planarity can be proved by showing that the poly-
lines πi (1 ≤ i ≤ h) cross neither Γ ′ nor Γ ′′ and do not cross each other.

Consider a polyline πi (1 ≤ i ≤ h) and assume first that q′i is above B′. Segment
p′iq

′
i does not cross Γ ′ because p′i is visible from above and it does not cross Γ ′′ because

it is completely to the left of B′′. Segment q′′i p′′i does not cross Γ ′′ because p′′i is visible
from below and does not cross Γ ′ because it is completely to the right of B′. Since
point q′i is above � and point q′′i is below �, segment q′iq

′′
i crosses � between p′ and p′′

and therefore it crosses neither Γ ′ nor Γ ′′. Suppose now that q′i is below B′. In this case
segment p′iq

′
i does not cross Γ ′ because p′i is visible from below and it does not cross
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Γ ′′ because it is completely to the left of B′′. Segment q′′i p′′i does not cross Γ ′′ because
p′′i is visible from below and does not cross Γ ′ because it is completely to the right of
B′. Point q′i is below B′ by construction; point q′′i is below � and therefore below B′′.
It follows that segment q′iq

′′
i crosses neither Γ ′ nor Γ ′′.

Consider now two polylines πi and πj (1 ≤ i, j ≤ h). Assume first that q′i and q′j
are both above B′. Since the drawing Γ ′ preserves the clockwise circular order of C
and since v1 is represented by the leftmost point of Γ ′, the order of the projections on
�′ is q′1, q′h, q′h−1, . . . , q

′
h−k (k ≥ 1). This means that the order of q′i and q′j on �′ is

the same as the order of q′′i and q′′j on �′′ and therefore πi and πj do not cross each
other. Suppose now that q′i and q′j are both below B′. Since the drawing Γ ′ preserves
the clockwise circular order of C and since v1 is represented by the leftmost point of
Γ ′, the order of the projections on �H is q′2, q

′
3, . . . , q

′
h−k−1 (k ≥ 1). This means that

the order of q′i and q′j on �H is opposite to the order of q′′i and q′′j on �′′ and therefore πi

and πj do not cross each other. Finally, suppose that q′i is above B′ and q′j is below B′.
In this case q′′j is below and to the right of q′′i , and therefore a crossing is not possible.

We count now the number of bends per edge. Clearly the blue edges are drawn with
zero bends in Γ ′. The red edges are drawn with two bends in Γ ′′. Consider a black
edge e. Edge e is first drawn with two bends in Γ ′′ with one end-vertex at a point p′′i
(1 ≤ i ≤ h); the drawing of this edge is then modified with the addition of the polyline
πi. Since polyline πi has two bends and an extra bend can exist at point p′′i , then the
total number of bends on e is at most 5. Let e′ be a green edge. The two end-vertices of
e′ are vertices of C but e′ is not an edge of C. Thus edge e′ is first drawn with two bends
in Γ ′′ with one end-vertex at a point p′′i and the other one at a point p′′j (1 ≤ i, j ≤ h);
the drawing of this edge is then modified with the addition of the two polylines πi and
πj . Each of these polylines has 2 bends and two extra bends can exist at p′′i and p′′j . It
follows that e′ has at most 8 bends per edge. �	

With techniques similar to that of Theorem 2 the following theorems can be proved.

Theorem 3. Let G be an embedded planar graph, let S be any set of points in general
position and let P be a subgraph of G that is a simple path. G admits a point-set
embedding on S with straight-line subgraph P such that every edge not in C has at
most 8 bends per edge.

Theorem 4. Let G be an embedded planar graph, let S be any set of points in general
position and let P1, P2, . . . , Pk be a set of disjoint subgraphs of G each being a simple
path. G admits a point-set embedding on S with straight-line subgraph

⋃k
i=1 Pi such

that every edge not in
⋃k

i=1 Pi has O(2k) bends per edge.

5 Open Problems

1. Theorem 1 shows that for every set of points in convex position and for every out-
erplanar subgraph a point-set embedding can be computed such that the subgraph has
straight-line edges and the remaining edges of the graph have at most four bends each.
How hard is it to compute a point-set embedding with the minimum number of bends
in total?
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2. Extend Theorems 2 and 3 by considering the case that G′ is either a tree or a general
outerplanar graph. Note that the outerplanar graphs are the largest family of graphs that
admit a straight-line point-set embedding without mapping on any set of points [9].

3. We have studied constrained point-set embeddability on any given set of points.
Given a planar graph G with n vertices, a non outerplanar subgraph G′ of G, and a
set S of n distinct points in convex position, how hard is it to test whether G admits
a point-set embedding on S such that G′ is drawn with straight-line edges and the re-
maining edges have constant curve complexity?
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