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Abstract. The Four Color Theorem is equivalent with its dual form
stating that each 2-edge-connected 3-regular planar graph is 3-edgecolorable. In 1968, Grünbaum conjectured that similar property holds
true for any orientable surface, namely that each 3-regular graph with
a polyhedral embedding in an orientable surface has a 3-edge-coloring.
Note that an embedding of a graph in a surface is called polyhedral if its
geometric dual has no multiple edges and loops. We present a negative
solution of this conjecture, showing that for each orientable surface of
genus at least 5, there exists a 3-regular non 3-edge-colorable graph with
a polyhedral embedding in the surface.

1

Introduction

Edge-coloring of cubic (3-regular) graphs is an important topic in graph theory
and theoretical computer science. By Tait [11], a cubic planar graph is 3-edgecolorable if an only if its geometric dual is 4-colorable. Since geometric dual of
a 2-edge-connected planar cubic graph is a planar triangulation, the Four Color
Theorem (see [2]) is equivalent to the statement that every 2-edge-connected
planar cubic graph has a 3-edge-coloring.
Nonplanar cubic graphs do not need to be 3-edge-colorable. The best know
example is the Petersen graph (see Fig. 1). In fact, by Holyer [8], the problem
to decide whether a cubic graph is 3-edge-colorable is NP-complete.
An embedding of a graph in a surface is called polyhedral if its dual has no
multiple edges and loops. In 1968, Grünbaum [7] presented a conjecture that
each 3-regular graph with a polyhedral embedding in an orientable surface has
a 3-edge-coloring. If this is true, it would generalize the dual form of the Four
Color Theorem for any orientable surface.
In this paper we disprove the Grünbaum’s conjecture and for every orientable
surface of genus at least 5, we construct non 3-edge-colorable cubic graphs with
a polyhedral embedding in the surface.
Note that Petersen graph has a polyhedral embedding in projective plane.
Thus Grünbaum’s conjecture has a sense only for orientable surfaces. More details about this conjecture and related results can be found in [1,3,4,12]. Basic
facts about embeddings of graphs into surfaces can be found in [5,6].
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2

Snarks and Superposition

By a snark we mean a cubic graph without a 3-edge-coloring. It is well known
(see, e.g., [10]) that any cubic graph with a bridge (1-edge-cut) is a snark. Such
snarks are considered to be trivial. A nontrivial snark is the Petersen graph (see
Fig. 1).
Suppose v is a vertex of a graph G. Let G arise from G in the following
process. Replace v by a graph Hv so that each edge e of H having one end v has
one end from Hv . If e is a loop having both ends v, then both ends of e become
vertices of Hv . Then G is called v-superposition or a vertex superposition of G.
Suppose e is an edge of G with ends u and v. Let G arises from G in the
following process. Replace e by a graph He having at least two vertices, i.e., we
delete e, pick up two distinct vertices u , v  of He and identify u with u and
v  with v. Then G is called an e-superposition or an edge superposition of G.
Furthermore, if He is a snark, then G is called a strong e-superposition or a
strong edge superposition of G.
We say that a graph G is a (strong) superposition of G if G arises from
G after ﬁnitely many vertex and (strong) edge superpositions. The following
statement was proved in [10, Lemma 4.4] (see [9,10] for more details).
Lemma 1. Let G be a snark and G be a strong superposition of G. Furthermore,
suppose that G is cubic. Then G is a snark.

3

Constructions

Clearly, a graph has an embedding in an orientable surface of genus n if and
only if it has an embedding in the plane with n handles. In parts (a) and (b) of
Fig. 1 are embeddings of the Petersen graph in the torus and in the plane with
one handle, respectively. (If we identify the opposite segments of the square in
part (b) of Fig. 1, we get a handle on the plane.)
Replacing edge e by another copy of Petersen graph we get graph G18 from
Fig. 2. Replacing in G18 the vertices of degree 5 by paths of length 2, we get a
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cubic graph G indicated in Fig. 3. By Lemma 1, G is a snark. The boundary of
the inﬁnite face f0 is a circuit, composed from paths P1 and P2 with ends u and
v. The following holds true.
(1) any two faces fi , fj , i, j ∈ {1, . . . , 8}, share at most one edge,
(2) the inﬁnite face f0 share exactly two edges with each fi , i ∈ {1, . . . , 8} so
that P1 and P2 contain exactly one of them.
Properties (1) and (2) are important. We can take a nonpolyhedral embedding
of a snark in an orientable surface, and replacing some of its edges by copies
of G and some vertices by suitable graphs, we can get snarks with polyhedral
embeddings in orientable surface. By replacing an edge of a copy of G, we identify
the ends of e by u and v, respectively. For example, in Fig. 4 is a snark constructed
in [4, Fig. 8]. Let us note that this is not a polyhedral embedding in the torus,
because the pairs of faces a1 , a2 and b1 , b2 have two edges in common (i.e., its
geometric dual has two pairs of parallel edges). In order to remove this obstacle,
we replace edges e1 and e2 by two copies of G and we get graph G66 indicated
in Fig. 5. Replacing in G66 the vertices of degree 5 by paths of length 2 we get
the graph indicated in Fig. 6. By Lemma 1, this is a snark. Furthermore, by (1)
and (2), any two faces of this graph have at most one edge in common (i.e., the
pairs of faces a1 , a2 and b1 , b2 are “separated” by the copies of graph G). Thus
the geometric dual has no parallel edges and loops, i.e., we have a polyhedral
embedding of a snark in orientable surface of genus 5.
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In order to get snarks with embeddings in orientable surfaces of genus > 5,
it suﬃces to replace a vertex of degree 5 from G66 by suitable graphs with
embeddings in a plane with handles. For example, consider the three vertices of
the graph from Fig. 6 contained inside of the disc C indicated by dotted line.
Replacing them by the graph indicated in Fig. 7, we get a snark with polyhedral
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embedding in surface of genus 7. This snarks is a strong superposition of the
snark from Fig. 4. In this way we can prove the following statement.
Theorem 1. For any orientable surface of genus ≥ 5, there exists a 3-regular
non-3-edge-colorable graph with a polyhedral embedding in this surface.
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