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Abstract. In this paper we consider the problem of placing a unit
square on a face of a drawn graph bounded by n vertices such that the
area of overlap is maximized. Exact algorithms are known that solve this
problem in O(n2 ) time. We present an approximation algorithm that—
for any given  > 0—places a (1+)-square on the face such that the area
of overlap is at least the area of overlap of a unit square in an optimal
placement. The algorithm runs in O( 1 n log2 n) time. Extensions of the
√
algorithm solve the problem for unit discs, using O( log(1/)
n log 2 n) time,
 
and for bounded aspect ratio rectangles of unit area, using O( 12 n log2 n)
time.

1

Introduction

The annotation of drawn graphs comes in diﬀerent forms. Vertices can be labeled with their name or index, edges may be labeled with extra information, or
faces of the embedded graph may receive a label. The analogy with cartographic
label placement is clear: Here we have point feature labels, linear feature labels,
and areal feature labels. Areal features are for instance lakes, national parks,
provinces, and countries.
A related cartographic question is that of annotating regions of a map with
extra information instead of names. These can be text boxes, pie charts, histograms, or other diagrams that show statistics about that region. If the annotation does not ﬁt inside the region, it must obviously overlap parts of other
regions. To achieve the best possible association of the correct region and the
annotation, it is desirable to have the largest possible overlap in area of the
annotation and that region. A possible positive side eﬀect is that not too much
of the region boundaries is covered by the annotation, and if more regions are
annotated, that their annotations usually do not overlap.
One can abstract an annotation by a rectangle, square, or circle of some given
size, which represents the bounding shape of the annotation. A region on a map
is typically a simple polygon (although sometimes it has holes). The algorithmic
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Fig. 1. Left, annotation of two faces by text boxes. Right, annotation in the outer face
of a drawn graph.

question that arises is: How do we compute the placement of a simple shape with
a simple polygon to maximize area of overlap eﬃciently? Van Kreveld et al. [16]
studied this problem (along with some related problems) in the context of placing
diagrams on maps. It was shown that the maximum overlap placement of a unit
square on a simple polygon P with n vertices can be computed in O(n2 ) time.
It was also shown that the placement problem with one degree of freedom—for
example, the y-coordinate of the top of the unit square is ﬁxed—can be solved
in O(n log n) time.
The faces of a drawn graph are also simple polygons, and the annotation of
a face is the same problem as the annotation of a region on a map. Hence, the
problem we address in this paper is motivated by both automated cartography
and graph drawing. Figure 1 gives two examples where faces are annotated,
and maximizing overlap with a face appears reasonable for the best text box
positioning. Annotation—or label placement—has been studied in the context
of graph drawing various times, see for instance [6,7,14,19].
If one considers a quadratic time solution to the area of overlap maximization
problem to be too slow, there are several approaches to deal with this. Firstly,
one can argue that faces in typical graphs do not have large complexity, so an
algorithm that takes time quadratic in the number of vertices of the face is
no problem. In some cases this is obviously true, like drawings of triangulated
graphs. In other cases it is not true, like drawings of trees with a few additional
edges or other sparse planar graphs.
Secondly, one can make realistic input assumptions that allows one to show
that for inputs satisfying those assumptions, a provably more eﬃcient solution
exists. This idea has led to a large body of research in computational geometry.
For our problem, this idea does not seem to work. For standard deﬁnitions of
realistic input polygons [8,20,15], the so-called placement space of a unit square
remains combinatorially quadratic in size.
Thirdly, one can use approximation. For example, one could try to ﬁnd the
unit square placement that has area overlap with P of at least c · A, for some
ﬁxed c ≤ 1, where A is the area of overlap of the optimal placement. Then we
have a c-approximation algorithm (which is the optimal algorithm if c = 1).
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An approximation scheme is an algorithm that, for any  > 0, computes a
placement with area overlap of at least (1 − )·A. Approximation algorithms and
approximation schemes only make sense if they are signiﬁcantly more eﬃcient
than the corresponding exact algorithm.
It appears hard to develop a subquadratic time approximation algorithm for
our problem, due to the fact that the optimal overlap can be very close to 0.
However, we can show that if the overlap is at least some constant Â > 0, then
we can compute a placement that guarantees an overlap of (1 − ) · Â, for any
ﬁxed  > 0. The algorithm runs in O( 1 n log2 n) time. Note that assuming that
the area of overlap is at least a constant is in a sense a realistic assumption: For
instances where the optimal overlap is very small, the solution to the problem
is not suitable for a good annotation anyway.
We solve our problem via a detour. We show that for any ﬁxed δ > 0, we can
compute a placement of a square of size 1 + δ whose area of overlap with the
simple polygon P is at least Aopt , where Aopt is the maximum area of overlap
that can be achieved for the placement of a unit square. When we shrink the
(1 + δ)-square to a unit square, we can lose an area of overlap of at most 2δ + δ 2 .
Hence, given  > 0 and Â > 0, we choose δ = Â · /3 and compute a placement
of a (1 + δ)-square with the algorithm we present in this paper. Any unit square
inside the (1 + δ)-square we found will have area of overlap at least (1 − ) · Aopt,
so this implies a (1 − )-approximation algorithm.
Our algorithm can be extended to compute the placement of a unit disc with
√
maximum area of overlap approximately in O( log(1/)
n log2 n) time, again as 
suming that the area of overlap is at least some constant. We note that for
this case, no exact algorithm exists at all, due to the algebraic complexity of
maximizing the analytic form of the area-of-overlap function. The algorithm
can also be extended to place a unit area rectangle with bounded aspect ratio
in O( 12 n log2 n) time (for rectangles with fixed aspect ratio one can use the
algorithm for squares after scaling). This can be useful for elastic labels, an abstraction for text boxes of a ﬁxed length text where the width of the text box is
also free proposed by Iturriaga and Lubiw [12,13].
In computational geometry, there is a large body of research on optimal matching of two shapes [21]. One measure for similarity is the area of overlap, and
hence, research has been done on maximizing this measure under various transformations. For translations only, Mount et al. [17] gave a O((nm)2 ) time algorithm for the maximum overlap of a simple n-gon and a simple m-gon. For two
convex polygons, an ((n + m) log(n + m)) time algorithm exists [2].
There are also several papers that use approximation to ﬁnd a unit square or
disc that covers the maximum number of points of a given point set [9,10]. A
main diﬀerence with our problem is that we optimize a (continuous) area measure
instead of a (discrete) point count measure. Other related research is on ﬁnding
a largest area rectangle inside a simple polygon, for which Daniels et al. [5] give
an O(n log2 n) time algorithm, and ﬁnding the largest similar copy of a convex
polygon inside a simple polygon [1]. This would correspond to scaling such that
the annotation just ﬁts inside the face. For text boxes this implies changing the
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Fig. 2. Example of a simple polygon P intersecting a square Q; the area of intersection
can be decomposed into trapezoids

font size, which may not be desirable. Finally, there are many papers on the
topic of label placement in the algorithms and automated cartography research
ﬁelds, but it is beyond the scope of this paper to review them.
We start with a brief description of the quadratic time exact algorithm from
[17,16] in Sect. 2 since we will need ideas from it. In Sect. 3 we present the approximation algorithm. We ﬁrst give a version whose running time is O( 1 n log3 n).
Then we show how to use Jordan sorting to improve the total running time
to O( 1 n log2 n). We present the extension for circles and bounded aspect ratio
rectangles in Sect. 4. Concluding remarks are given in Sect. 5.

2

An Exact Quadratic-Time Algorithm

In this section we sketch the approach from [17,16] to compute an exact solution
to the maximum overlap placement of a unit square on a simple polygon. It
is based on the fact that there are quadratically many combinatorially distinct
placements of a square Q on a simple polygon P .
The combinatorially distinct placements of Q on P are described by the diﬀerent pairs of edges—one from Q and one from P —that can intersect. We use the
top right corner of Q as a reference point q to characterize the possible positions
of Q. When the pairs of intersecting edges are ﬁxed, the reference point still has
a little freedom to move, see Fig. 2. As long as the intersecting edges of P and
Q remain the same, changing the position of q will change the area of P ∩ Q,
but in a prescribed manner. We can express the area of P ∩ Q as a quadratic
function in the x- and y-coordinates of the reference point q. Speciﬁcally, it has
the form:
ax2 + bxy + cy 2 + dx + ey + f .
This is true because the overlap can be decomposed into a set of trapezoids
whose vertices change linearly in x and y, see Fig. 2. Therefore the area changes
as a quadratic function. If Q were a circle, the area-of-overlap function would
have a non-constant description involving square roots, and maximizing the area
of overlap would not be possible exactly.
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Fig. 3. The 1-dimensional problem of placing a unit square to maximize area of overlap.
The ﬁrst four positions where the area-of-overlap function changes are shown.

Suppose the reference point q and therefore the square Q translates in the
plane. The quadratic function giving the area of overlap stops to be valid when
the pairs of edges of Q and P that intersect change. Then a diﬀerent quadratic
function will describe the area of overlap, that is, the coeﬃcients a, b, c, d, e, f
are diﬀerent. This happens when:
– an edge of Q passes over a vertex of P , or
– a vertex of Q passes over an edge of P .
Let Π be the subdivision obtained from all positions of q where an edge of Q
coincides with a vertex of P , or vice versa. Π is called the placement space of
Q with respect to P . In each face of Π, some ﬁxed quadratic function describes
the area of overlap of Q and P .
Theorem 1. (Adapted from [17,16]) Given a simple polygon P with n edges and
a square Q, the placement space of Q with respect to P can be constructed in
O(n log n + N ) time, where N = O(n2 ) is the number of combinatorially distinct
placements.
It can also be shown that the quadratic function that is valid in each cell of
Π can be computed in quadratic time by a suitable traversal of the cells of Π.
Given Π and the quadratic function for each cell, we can compute the placement
of Q that maximizes the area of overlap in O(N ) = O(n2 ) time.
In case we are only interested in square placements where the reference point
is restricted to lie on a given line, the placement space is 1-dimensional and
there are only O(n) combinatorially distinct placements, see Fig. 3. The optimal
placement can now be solved by a sweep of the square with its reference point
on the line, and updating the quadratic function. Since we must sort the O(n)
events where the quadratic function changes, this takes O(n log n) time.

3

An Approximation Algorithm

In this section we compute a placement of a (1 + )-square on a simple polygon
P with n vertices so that the area of overlap is at least the maximum area of
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Fig. 4. If the optimal unit square intersects the split line , then one of the 1/ sweeps
will consider (1 + )-squares (like the one shown dotted) that contains it

overlap of a unit square and P . The solution is based on divide-and-conquer,
where dividing gives rise to running the 1-dimensional exact algorithm for a
(1 + )-square a number of times. The algorithm will at some point consider a
(1 + )-square that contains the unit square in its optimal placement. This leads
to the desired approximation guarantee.
Divide-and-conquer. The divide-and-conquer algorithm chooses vertical lines to
partition the simple polygon into pieces. This will give vertical slabs in the plane.
Every split will guarantee that the number of vertices in the interior of the slab is
at least halved. So we determine the median of the x-coordinates of the vertices
and choose a vertical line  through this vertex.
We would like to create two subpolygons and recurse on them, but it may be
that the optimal unit square intersects , and we must take this possibility into
account. This is done by running the 1-dimensional algorithm 1+1/ times.1 The
1-dimensional algorithm is run with the reference point q of the (1 + )-square
on , and on vertical lines at distances , 2, 3, . . . , 1 +  to the right of , see
Fig. 4. We observe:
Observation 1. If the optimal unit square intersects , then at least one of the
1 + 1/ sweeps with a (1 + )-square will give a position where a (1 + )-square
contains the optimal unit square.
1

With slight abuse of notation, we assume that 1 + 1/ is an integer, but technically
we should use rounding. Asymptotically the running time is not aﬀected.
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Fig. 5. Splitting a simple polygon by a line and repairing the parts into two simple
polygons

Hence, in O( 1 n log n) time, we ﬁnd a (1 + )-square whose area of intersection
with P is at least as large as the optimal unit square that intersects .
Splitting the polygon. Now we can divide the problem into two subproblems by
splitting the simple polygon. We may split the polygon into more than two parts,
but we can repair the situation while using only vertices on the splitting line, see
Fig. 5. The resulting polygons may have edges that coincide on the split lines,
but this degeneracy does not inﬂuence the algorithm. It is standard to perform
such a split and repair in O(n log n) time. Observe that the number of vertices
interior to each of the resulting slabs is at least halved. The divide-and-conquer
algorithm will ﬁnd a (1 + )-square strictly left of  recursively, a (1 + )-square
strictly right of  recursively, and a (1 + )-square that intersects . The one with
largest area of overlap with P is returned.
Recall that a 1-dimensional sweep has two types of events: An edge of Q
passes over a vertex of P , or a vertex of Q passes over an edge of P . In a slab,
a subpolygon of P has interior vertices and boundary vertices. We call an edge
of P that intersects a slab short if it has an endpoint that is an interior vertex,
and we call it long if both endpoints are boundary vertices. Long edges cross
the slab completely. The divide-and-conquer algorithm takes care of halving the
number of interior vertices, and therefore the number of short edges is bounded
as well. But the number of long edges can become large, and these also give
rise to events in the 1-dimensional sweeps. Ultimately, the divide-and-conquer
algorithm bottoms out when a slab has no more interior vertices, or when its
width is at most unit. The ﬁnal O(n) slabs may all be crossed by a linear number
of edges, leading to an algorithm that takes at least quadratic time in the worst
case.
Free splits. To control the number of long edges in recursive subproblems, we
use the concept of free splits, introduced by Patterson and Yao to prove bounds
on the size of binary space partitions [18]. We will take measures to eliminate
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Fig. 6. After splitting along , the free split along e2 is done in the left part, and then
free splits along e1 in the bottom left polygon and along e3 in the top left polygon.
Two free splits are performed in the right part as well. In the right ﬁgure, the sweeps
are shown by dashed segments parallel to e2 .

long edges when they appear after a split with a line , so that there are no long
edges when we choose a next split line.
Let S be a slab with no long edges. We determine the median x-coordinate
of the interior vertices, which deﬁnes a vertical split line , and perform 1 + 1/
sweeps as described above. Then we split the simple polygon P into two polygons
Pleft and Pright , as described above as well. For each resulting polygon, say, Pleft ,
we determine the long edges e1 , . . . , ek from bottom to top, see Fig. 6. We use
these edges to partition Pleft further, also in a divide-and-conquer fashion. So we
select ek/2 , perform a number of sweeps parallel to this edge and then split Pleft
at ek/2 into two subpolygons that are handled recursively. Since the diameter
√
√
of a unit square is 2, we must now perform up to 2/ sweeps with q on lines
that are a distance  apart, see Fig. 6. Free splits are performed in the same way
as splits along vertical lines; no additional cases occur.
Running time. To prove an upper bound on the running time of the algorithm,
we ﬁrst observe that the number of free splits is O(n log n) throughout the whole
algorithm. This is standard; see for instance Chapter 10 in [3], or [4,18].
Lemma 1. Assume that a slab contains m interior vertices and no long edges.
The time needed to perform the vertical split and all necessary free splits is
O( 1 m log2 m), including the time for the sweeps.
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Proof. We already argued that the vertical split takes O( 1 m log m) time. We
may have created O(m) long edges while doing this. For each free split, each of
the O(m) interior and boundary vertices appears in only one of the two new polygons that is created. Each vertex creates an event in O( 1 log m) 1-dimensional
sweeps, because the recursion depth of the free splits is O(log m). Hence, the
O( 1 m) sweeps due to free splits encounter O( 1 m log m) events together, leading to O( 1 m log2 m) time for all free splits.


The lemma can be used to prove an O( 1 n log3 n) time bound for the approximation problem: The recurrence that describes the eﬃciency of the algorithm is
given by T (n) = 2 · T (n/2) + O( 1 n log2 n) for n > 1 (and T (1) = O(1)), which
solves to O( 1 n log3 n) time. However, we can remove a logarithmic factor.
Jordan sorting. We next improve the overall running time to O( 1 n log2 n) by
applying Jordan sorting to the 1-dimensional problems. Jordan sorting is a linear
time algorithm which, given a simple polygon and a line, sorts their intersection
points along the line [11].
The 1-dimensional sweep algorithm to ﬁnd the (1 + )-square that has the
largest area of overlap with P takes O(n log n) time due to the sorting of the
events. If the events were sorted, we could update the quadratic function in
constant time because at most three trapezoids can appear or disappear during
an event. We only have to perform some simple additions to the coeﬃcients
a, b, c, d, e, and f based on these changed trapezoids to get the new quadratic
function that is valid. This fact was already used in [16] to generate the placement
space with all quadratic functions.
To obtain a sorted list of events, recall that there are two types of events: an
edge of Q crosses an vertex of P , and a vertex of Q passes a edge of P . The
former type will be obtained in sorted order by pre-sorting and maintaining two
sorted lists, the second type by Jordan sorting.
For the ﬁrst type, we perform preprocessing for the algorithm by sorting all
vertices of P by x-coordinate into a list Lx , and also by y-coordinate into a list
Ly . Whenever we perform a split, by a vertical line or a free split, we traverse
each list and generate two new sorted lists for the two subproblems that appear.
This will take time linear in the length of the list, which is linear in the number
vertices in the slab or trapezoid that is split.
For the second type, we compute the event just before performing the 1dimensional sweep. We perform Jordan sorting four times, once for each path of
a vertex of Q; this path is a line segment. We merge these sorted lists into one,
and also merge them with the events of the ﬁrst type. In total, we need six list
merges to obtain all events in sorted order. Hence, a 1-dimensional sweep can
be performed in linear time.
Summarizing the results of this section, we conclude:
Theorem 2. Given a simple polygon P with n vertices and a constant  > 0, an
O( 1 n log2 n) time algorithm exists that computes a placement of an axis-aligned
square with side length 1 +  of which the area of overlap with P is at least the
area of overlap of any axis-aligned unit square with P .
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Extensions to Circles and Rectangles

Suppose we wish to place a circular annotation on a region of a map or a face
drawn graph, like a pie chart. We can adapt the approximation algorithm given
in previous section to this case. The idea is to choose a suitable integer k, and
adapt the algorithm for squares to work for regular k-gons.
We will use a regular k-gon that is inside a diameter (1 + )-disc but outside
a (1 + 2 )-disc. Instead of performing 1-dimensional sweeps with a distance  in
between, we must use a distance of /2 in between. Finally, we need to maintain
k sorted lists that give the order in which the edges of the regular k-gon will
cross the vertices of subpolygons of P . The extensions
are straightforward.
√
It is well known that the choice k = Θ(1/ ) satisﬁes our requirement of
approximating a disc well enough. Following the analysis for the square case, we
notice that merging k sorted lists with O(nk) events in total takes O(nk log k)
time. Hence, we conclude:
Theorem 3. Given a simple polygon P with n vertices and a constant  > 0,
√
an O( log(1/)
n log2 n) time algorithm exists that computes a placement of a disc
 
with diameter 1 +  of which the area of overlap with P is at least the area of
overlap of any unit disc with P .
Next we discuss the extension to placing an axis-aligned rectangle with aspect
ratio r : 1 or less and unit area (assuming r ≥ 1). If the aspect ratio were
ﬁxed, we could simply scale the input so that the problem reduces to placing an
axis-aligned square. Our algorithm will test a ﬁxed number of aspect ratios (depending on  and r), scale the input appropriately, and run the square placement
algorithm. We will asume that r = O(1) since this will be true in any practical
context.
Suppose that the optimal unit area rectangle is Ropt . Then we wish to ﬁnd a
rectangle with area at most 1 + , aspect ratio at most r : 1, and that has area
of overlap with P that is at least as much as the area of overlap of Ropt . We
must make sure to that our algorithm tries some rectangle during a sweep that
contains the optimal rectangle Ropt .
3
4
We will try the following rectangle widths (or heights): (1 + 5r
), (1 + 5r
), (1 +

6
),
(1
+
),
.
.
.
and
the
corresponding
heights
(resp.
widths)
to
get
an
area
of
r
5r
1 + ; these corresponding heights (resp. widths)
increase
by
less
than
/(5r).

We continue until the ﬁrst value greater than (1 + )r .
One of the rectangles we try will be larger by /(5r) in height and width
than Ropt but at most larger
Ropt has size
√ by 2/(5r). If the optimal rectangle
2
2
h × (1/h), then 1 ≤ h ≤ r, and a rectangle of size (h + 5r
) × ((1/h) + 5r
) has
area less than 1 + .
If we run the 1-dimensional sweeps with lines at distance /(5r) in between,
then we will encounter a rectangle with the desired properties that contains Ropt .
Since r is assumed to be constant, we run the algorithm for squares O(1/) times.
We conclude:
Theorem 4. Given a simple polygon P with n vertices, a constant  > 0, and a
value r ≥ 1, an O( 12 n log2 n) time algorithm exists that computes a placement
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of an axis-aligned rectangle with area 1 +  and aspect ratio bounded by r : 1 of
which the area of overlap with P is at least the area of overlap of any axis-aligned
unit area rectangle and aspect ratio bounded by r : 1 (assuming r = O(1)).

5

Concluding Remarks

We have studied the problem of annotating a region on a map or a face of a
drawn graph by a square, circular, or rectangular shape while maximizing the
area of overlap. This will give a good association between the face and the shape,
may avoid unnecessary covering of edges by the annotation, and if more faces are
annotated, may help to avoid overlap of diﬀerent annotations. It was known that
the problem can be solved in O(n2 ) time if the face has n boundary vertices. We
showed that a placement of a shape that is larger by a factor 1 +  can be found
in O(n log2 n) time that has at least the area of overlap of the optimal placement
of the original shape (ignoring factors depending on the constant  > 0).
With the same approach, we can compute a placement whose length of overlap
with the boundary of the face is minimized. For this problem to make sense, we
must restrict the space of all placements somehow, otherwise the optimum can
lie fully outside the face. We can for instance require that the center of the
shape lies inside the proper face. For each combinatorially distinct placement,
the length of overlap changes linearly in the coordinates of the reference point,
but otherwise, the solution approach is the same, and we get the same running
time bounds.
The main open problems are improvements in the running time. Firstly, we
suspect that it must be possible to remove one log-factor from the running time,
but it is even conceivable that both log-factors can be removed. For the disc and
rectangle versions, we may be able to improve the dependency on , or generalize
to rectangles of unbounded aspect ratio.
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