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Abstract. We present a linear algorithm for c-planarity testing of clustered graphs, in which every cluster has at most four outgoing edges.
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Introduction

Clustered planarity is one of the challenges of contemporary Graph Drawing.
It arises naturally when we want to draw the graph with further constraints
on embedding of the vertices. This includes for example visualizing a computer
network with the computers of the same department, faculty and institution
being grouped together. Another application is in designing an integrated circuit
with the connectors of each components being close to each other and the logical
parts of the circuit being grouped together. There are many other applications
including visualizations of process interaction, social networks etc.
The concept of the clustered graph—a graph equipped with a system of subsets of vertices (called clusters), that can be recursive— was ﬁrst introduced
by Feng et al. in [7]. In the same paper they also proved that clustered planarity (shortly c-planarity) can be tested in polynomial time for c-connected
clustered graphs (where each cluster induces a connected subgraph of the underlying graph). This was later improved by Dahlhaus [4] to a linear time algorithm. The paper [7] also contains a useful characterization of the c-planar
graphs: Graph is c-planar if and only if there is a set of edges (usually called
a saturator) that can be added to this graph to obtain a c-connected c-planar
clustered graph.
Since then many algorithms for testing the c-planarity were based on searching
for a saturator. These include an O(n2 )-time algorithm for ”almost” c-connected
clustered graphs by Gutwenger et al. in [9,10]. An eﬃcient algorithm for clusters
with cyclic structure on a cycle was developed in [3]. The case of disjoint clusters
on an embedded graph with small faces was recently addressed in [5]. Very similar
result was at the same time independently published by Jelı́nková et al. [12].
The paper [12] also contains an O(n3 )-time algorithm for clusters of size at most
three on a rib-Eulerian graph. This is an Eulerian graph that is obtained from
a constant size 3-connected graph by multiplying and then subdividing edges.
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Another approach is to mimic the original proof of Feng et al. [7] where the
behavior of the connected clusters is described by special trees. In this way a
slight generalization to extrovert clustered graphs was given by Goodrich et al.
[8]. In an extrovert clustered graph the parent cluster of any disconnected cluster
is connected and every component of any disconnected cluster is incident to an
edge which leads outside of its parent cluster.
We should also mention that every c-planar graph can be drawn by straight
lines with clusters represented by convex polygons [6]. Another interesting contribution is the characterization of completely connected clustered graphs (where
each subgraph induced by a cluster and its complement are connected) [1]: A
completely connected clustered graph is c-planar if and only if the underlying
graph is planar. More results on c-planarity can be found in [2]. Despite the
number of results the complexity of testing the c-planarity for general instances
remains open.
In this paper we focus on the situation where the number of outgoing edges of
each cluster is small. We notice that in this case the behavior of the clusters can
be simulated by special graphs, no matter whether the subgraph induced by the
cluster is connected or not. We use these ideas to develop a linear time algorithm
to test such graphs for c-planarity. As far as we know this is the ﬁrst algorithm
that can be used in the cases where the underlying graph is not connected at all
or has very few edges in total. In particular we prove the following theorem:
Theorem 1. Clustered planarity can be decided in linear time for instances,
where each cluster has at most 4 outgoing edges.
Section 2 is devoted to the basic deﬁnitions. We also show there that if there is a
cluster with no outgoing edges, then the instance could be split into an instance
formed by the subclusters of the cluster and one formed by the rest. In Section 3
we show how to replace the clusters by special graphs with the same behavior
and prove that this does not aﬀect the c-planarity. The algorithm is described
in Section 4, together with the proofs of the correctness and the running time.
In Section 5 we show that the approach cannot be generalized this way to the
case of ﬁve or more outgoing edges.

2

Preliminaries

Let Sr denote the set of all permutations of the set {1, 2, . . . , r}. A permutation
π ∈ Sr is represented by r-tuple (π(1) . . . π(r)).
Regarding the graph notations, we follow the standard notation on ﬁnite loopless graphs. A graph is an ordered pair G = (V, E), where V is the set of vertices
and E is the set of edges i.e. pairs of vertices. We simply write uv instead of {u, v}
for edges. If U ⊆ V , then G[U ] is the induced subgraph of G on vertices U and
G \ U = G[V \ U ]. Let n denote the number of vertices |V | of the graph G.
A cluster set on the graph G = (V, E) is a set C ⊆ P(V (G)) such that for all
C, D ∈ C, either C and D are disjoint or they are in inclusion; the pair (G, C)
is called a clustered graph. The elements of C are called clusters. A clustered
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planar embedding of (G, C) is a planar embedding emb of G together with a
mapping embc that assigns to every cluster C ∈ C a planar region embc (C)
whose boundary is a closed Jordan curve and such that
– for each vertex v ∈ V and every cluster C ∈ C, it holds that emb(v) ∈
embc (C) if and only if v ∈ C,
– for every two clusters C and D, the regions embc (C) and embc (D) are disjoint
(in inclusion) if and only if C and D are disjoint (in inclusion, respectively),
and
– for every edge e ∈ E and every cluster C ∈ C the curve emb(e) crosses the
boundary of embc (C) at most once.
A clustered graph is called clustered planar (shortly c-planar ) if it allows a
clustered planar embedding.
The following observation is a trivial consequence of the deﬁnition:
Remark 1. A pair (G, ∅) is c-planar if and only if the graph G is planar.
We say that C ∈ C is a cluster of the bottom-most level if there is no C  ∈ C
such that C  ⊂ C.
An edge e = uv is an outgoing edge of a cluster C if u ∈ C, v ∈ V \ C or vice
versa.1 Let r(C) = |{e = uv|e ∈ E, u ∈ C, v ∈ V \ C}| denote the number of
outgoing edges of a cluster C. If the cluster is clear from context we will just use
notation r instead of r(C).
Lemma 1. If C has no outgoing edges then (G, C) is c-planar if and only if
(G \ C, C1 ) and (G[C], C2 ) are c-planar, where C1 = {A \ C|A ∈ C, A = C, A ⊃
C} ∪ {A|A ∈ C, A ∩ C = ∅} and C2 = {B|B ∈ C, B = C, B ⊂ C}.
Proof. The direction from left to right is easy, we just omit from the embedding
the parts that are no longer necessary.
So suppose that we have a c-planar embedding emb1 of (G \ C, C1 ) and a
c-planar embedding emb2 of (G[C], C2 ). Take an arbitrary point x in the plane,
such that for all clusters A ∈ C1 the following holds: x lies inside the region
(emb1 )c (A) if and only if C ⊆ A. Suppose that there is neither vertex nor edge
of G \ C nor border of a cluster of C1 in distance less than  from x in emb1 . Now
shrink the embedding emb2 so that it ﬁts into the 2 -disc centered in x. Then
take this disc as the embedding of C.
It is easy to check that we obtain a c-planar embedding of (G, C), since the
embeddings emb1 and emb2 cross neither each other nor the embedding of C,
the inclusions of the clusters are preserved and the embedding of the cluster
C contains exactly the embedding of the vertices, edges and clusters it should
contain.
1

Such an edge is called edge incident with C in [1,3,7,9] and extrovert edge in [8].
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Fig. 1. The test graph T and the graph TCπ from Deﬁnition 1

3

Replacement of Clusters by Graphs

Through this section we suppose, that we have some ﬁxed cluster C ∈ C of
bottom-most level, that has at most 4 outgoing edges. Having Lemma 1 in hand
we assume that 1 ≤ r = r(C) ≤ 4.
We denote the outgoing edges by {e1 , . . . , er }. We also suppose that ei = vi wi
for all i, where vi ∈ C and wi ∈ V \ C (maybe wi = wj or vi = vj for some
i = j).
We denote by T the following test graph T = ({u0 , u1 , u2 , u3 , u4 }, {u0u1 , u0 u2 ,
u0 u3 , u0 u4 , u1 u2 , u2 u3 , u3 u4 , u4 u1 }) (see Fig. 1).
Deﬁnition 1. We say that the cluster C admits a permutation π ∈ Sr if and
only if the graph TCπ created from T ∪ G[C] by adding edges ui vπ(i) , 1 ≤ i ≤ r is
planar.
Lemma 2. If the cluster C admits the permutation π ∈ Sr then there exists
a planar embedding of the graph TCπ such that the vertices of C are embedded
inside and the vertex u0 outside the cycle u1 , . . . , u4 , u1 of T . Moreover we can
prescribe this cycle to be oriented clockwise in the embedding.
Proof. First we take some planar embedding of the graph TCπ . Now we take
the edges incident with u0 in the clockwise order u0 ui1 , u0 ui2 , u0 ui3 , u0 ui4 . For
every u0 ui and u0 uj two consecutive of them (either {i, j} = {ik , ik+1 } for some
k = 1, 2 or 3 or {i, j} = {i1 , i4 }) we can draw a new curve from ui to uj along
the curve ui u0 and then u0 uj so that it does not cross any other edge and area
surrounded by the curves ui u0 , u0 uj and the new curve contains no vertex (see
Fig. 2).
Suppose for a contradiction that some of the newly drawn curves connects
two non-adjacent vertices, for example u1 and u3 (the case of u2 and u4 being
similar). Since the new curves connect u1 to at most one of the vertices u2 and
u4 and we drew two curves from each ui , we also connected u2 and u4 . But
this means that the newly drawn curves together with the original edges form
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a planar embedding of K5 , which is a contradiction. So we know that all the
curves that we drew newly connect two already adjacent vertices of the cycle.
Now we take these newly drawn curves as the embedding of the edges of the
cycle. Then there is just u0 inside the cycle and it remains to change the outer
face to one of the newly obtained empty triangles, such that the vertex u0 will
be on the boundary of the outer face.
If the cycle is embedded in wrong direction, then we take the axis symmetry
of the embedding.
Lemma 3. If (G, C) is c-planar, then C admits some permutation.
Proof. We suppose that (G, C) is c-planar and we ﬁx a planar embedding emb.
Let f be the boundary of embC (C) (so f is a closed Jordan curve). Now we can
start in an arbitrary point of this curve and move along this curve in the clockwise direction and we cross the edges e1 , e2 , . . . , er in some order ei1 , ei2 , . . . , eir .
Denote the crossing points as P1 , P2 , . . . , Pr (in the same order). If r < 4 then
we can choose new points Pr+1 , . . . , P4 in such a way, that we meet the points
P1 , . . . , P4 in this order when we move along the curve f in the clockwise direction and all these points are distinct.
Now we consider the planar embedding emb of G[C] which corresponds to
the embedding emb of the graph G, place new vertices u1 , . . . , u4 to the points
P1 , . . . , P4 and a vertex u0 outside of the region bounded by the curve f . Clearly
we can add edges (u1 , vi1 ), . . . , (ur , vir ) and embed these edges on curves which
corresponded to edges e1 , . . . , er inside of the region embC (C) and we can also
add edges (u1 , u2 ), (u2 , u3 ), (u3 , u4 ) and (u4 , u1 ) and embed them on the curve
f in such a way that these edges may intersect only in vertices u1 , u2 , u3 or u4 .
It is clear that we can add edges (u0 , u1 ), . . . , (u0 , u4 ) and embed them in such a
way that these edges will be outside of the region bounded by f and every two
edges will cross only in the vertex u0 .
This way we obtain a planar embedding of the graph TCπ where π = (ai1 . . . air ).
Thus C admits the permutation π.
Lemma 4. If the cluster C admits a permutation π = (a1 a2 . . . ar ) then it also
admits permutations (ar a1 . . . ar−1 ) and (ar ar−1 . . . a1 ).
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Proof. We obtain the planar embedding of TCδ , δ = (ar a1 . . . ar−1 ) from the
planar embedding of TCπ simply by relabeling the vertices such that u1 becomes
u2 , u2 becomes u3 , u3 becomes u4 and u4 becomes u1 and if r < 4 then it is
necessary to replace the edge var ur+1 by a new edge var u1 which goes along the
edges var ur+1 , ur+1 ur+2 , . . . , u4 u1 such that it doesn’t cross any other edge.
For r ≥ 3 the second part can be done similarly – it is enough to relabel such
that u1 becomes u3 and u3 becomes u1 and if r = 4 then we use the ﬁrst part
to achieve permutation (ar ar−1 . . . a1 ). For r < 3 the ﬁrst part also proves the
second part.
We can now deﬁne a relation ∼ on the permutations from the set
Sr by (a1 a2 . . . ar ) ∼ (ar a1 . . . ar−1 ) and (a1 a2 . . . ar ) ∼ (ar ar−1 . . . a1 ). If we
take ∼ to be the transitive closure of ∼ , then it is easy to show that ∼ is also
reﬂexive and symetric. Thus ∼ is an equivalence. We will sometimes call the
equivalence classes of this equivalence circular permutations The sets S1 , S2 , S3
have just one equivalence class under ∼ while the set S4 is partitioned into following three equivalence classes (they can be distinguished by the number that
is ”opposite” to the number 1):
S42 = {(1324), (3241), (2413), (4132), (4231), (1423), (3142), (2314)},
S43 = {(1234), (2341), (3412), (4123), (4321), (1432), (2143), (3214)},
S44 = {(1243), (2431), (4312), (3124), (3421), (1342), (2134), (4213)}.
Deﬁnition 2. We deﬁne the corresponding graph for cluster C as follows (see
Fig 3).
1. If r ≤ 3 and C admits some permutation, then the corresponding graph for
C is Rr .
2. If there is a labeling of the outgoing edges such that C admits permutations
from S42 , S43 , S44 then the corresponding graph for C with this labeling is R4234 .
3. If there is a labeling of the outgoing edges such that C admits a permutation
from S42 and from S43 , but no permutation from S44 then the corresponding
graph for C with this labeling is R423 .
4. If there is a labeling of the outgoing edges such that C admits a permutation
from S42 , but no permutation from S43 ∪ S44 then the corresponding graph for
C with this labeling is R42 .
Clearly, if r ≤ 3 then the cluster C has unique corresponding graph. Since the
sets S42 , S43 , and S44 form a decomposition of S4 , from Lemma 4 we know that
the cluster C admits all permutations from some non-empty combination of sets
S42 , S43 , and S44 .
If the cluster C admits just permutations from the set S4i then by relabeling
of edge e2 by ei and incident vertices v2 by vi and w2 by wi (if i = 2 we don’t
need to do it) we get labeling of the cluster C which admits only permutations
from the set S42 . So the cluster C has unique corresponding graph.
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Fig. 3. The graphs R1 , R2 , R3 , R4234 , R423 and R42

If the cluster C admits just permutations from two distinct sets S4i and S4j
then we make similar relabeling of outgoing edges and incident vertices such that
resulting relabeling makes the cluster C admit just permutations from the sets
S42 and S43 and the cluster C has unique corresponding graph.
As a consequence we get the following corollary.
Corollary 1. If C admits a permutation then there is a labeling of outgoing
edges of C such that C has a corresponding graph with this labeling.
For the rest of the paper we will use this new labeling.
Deﬁnition 3. Let C be a cluster of the bottom-most level with outgoing edges
e1 , . . . , er where 1 ≤ r ≤ 4, ei = vi wi for all i, where vi ∈ C and wi ∈ V \C. Let R
be a corresponding graph to the cluster C in this labeling. Then a replacement of
cluster C by a corresponding graph R in (G, C) is a clustered graph (G , C  ) such
that G is created from (G \ C) ∪ R by uniﬁcation of w1 , . . . , wr with s1 , . . . , sr
(respectively) and C  is created from C \ {C} by replacing every C  ⊇ C by
(C  \ C) ∪ (V (R) \ {s1 , . . . , sr }).
Proposition 1. Let (G , C  ) be the replacement of cluster C by a corresponding
graph R. Then (G, C) is c-planar if and only if (G , C  ) is c-planar.
Proof. (”⇒”:) We suppose that (G, C) is c-planar and we ﬁx some planar embedding emb. Without loss of generality we can suppose that embC (C) is a
disc (because this region is homeomorphic to a disc). Suppose that the edges
e1 , . . . , er cross the boundary of embC (C) in (clockwise) order ei1 , . . . , eir and
without loss of generality i1 = 1.
If r < 4 then we simply remove cluster C with edges e1 , . . . , er and draw the
graph Rr corresponding to C in a such way, that we identify vertex si with wi
for all i ∈ {1, . . . , r} and all other vertices of Rr draw inside embC (C) in such
a way, that edges of Rr don’t cross any other edge of original graph nor other
edge of Rr . This is clearly possible, it is enough to draw the edges outside the
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disc embC (C) along the deleted edges e1 , . . . , er and inside embC (C) we can draw
edges (or parts of edges) as noncrossing segments. This embedding of G shows
that (G , C  ) is c-planar.
If the corresponding graph for C is R4234 then we can construct a c-planar
embedding of C  in the same way as for r < 4.
If the corresponding graph for C is R42 then the ordered set (i1 , i2 , i3 , i4 ) must
be equal to (1, 3, 2, 4) or (1, 4, 2, 3) because C admits only permutations from S42
(otherwise we could ﬁnd a permutation π ∈
/ S42 such that TCπ is planar which is
a contradiction). Now we delete the cluster C and add the graph R42 in such a
way that all the vertices of R42 will be inside the disc embC (C) and we identify
vertices si with wi for all i ∈ {1, . . . , 4} and any edge of R42 will not cross any
original edge nor any new edge of R42 . This is also clearly possible, it is enough
to draw the edges outside the disc embC (C) along the deleted edges e1 , . . . , e4
and inside embC (C) we can draw the edges (or parts of the edges) as noncrossing
segments. This embedding of G shows that (G , C  ) is c-planar.
If the corresponding graph for cluster C is R423 then we continue similarly as
in the previous cases. The ordered set (i1 , i2 , i3 , i4 ) must be equal to (1, 3, 2, 4),
(1, 4, 2, 3), (1, 2, 3, 4) or (1, 4, 3, 2) so again it is easy to replace the vertices and
the edges of C by the graph R423 by identifying the vertices si with wi for all
i ∈ {1, . . . , 4} which proves that (G , C  ) is c-planar again.
(”⇐”:) Suppose we have a c-planar embedding of (G , C  ). Moreover suppose
that in the case R = R42 there is nothing embedded in any interior face of R.
This can be easily achieved in a similar way as in the proof of Lemma 2. We take
an arbitrary spanning tree of the graph R and let s0 denote its arbitrary vertex
diﬀerent from s1 , . . . , sr . Now draw the r curves connecting s0 to s1 , s2 , . . . , sr
along the unique paths connecting the vertices in the tree, so that they do not
cross each other nor anything in the embedding, except possibly for the edges
of R. Then remove the original edges of R.
Now take some  such that there are no edges, vertices nor clusters embedded
in distance less than  from s0 , except for the curves incident with s0 . Denote
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by O the circle of radius  with center s0 . Suppose Pi is the last intersection of
the curve s0 si with O . We can assume, that  is so small, that if we label these
curves clockwise s0 si1 , s0 si2 , . . . , s0 sir as they leave s0 , then Pi1 , Pi2 , . . . , Pir are
the points Pi in the clockwise order along O . (We can assume, that each curve
in the embedding is formed by ﬁnitely many straight line segments and circular
arcs.)
By case analysis we show, that C admits the permutation π = (i1 i2 . . . ir ).
This is clear if R = R1 , R2 , R3 or R4234 . The graph R42 \{s1 , . . . , s4 } is 3-connected
so the order of the edges is given in this case (up to the equivalence ∼) and
the permutation π is in S42 . If R = R423 and π ∈ S44 , then by connecting the
neigbouring edges we obtain a planar embedding of K3,3 — a contradiction.
So we take the planar embedding of TCπ guaranteed by Lemma 2 and remove
the vertex u0 . We can take a homeomorphic copy of this embedding of TCπ \
{u0 }, in which the cycle u1 , u2 , u3 , u4 , u1 coincides with a circle O and the
vertices u1 , u2 , . . . , ur are embedded at the points Pi1 , Pi2 , . . . , Pir , respectively.
We replace the interior of O by such an embedding.
We are ready to describe an embedding of (G, C). For every i the concatenation of the curve vπ(i) ui = Pπ(i) and Pπ(i) sπ(i) forms an embedding of the
edge vπ(i) wπ(i) that crosses no other edge of G or G[C]. Moreover, it crosses the
boundary of each cluster of C  at most once, since there were no cluster boundaries inside O , curve Pπ(i) sπ(i) was drawn along some edges of R and among
them only the one incident with sπ(i) could cross some cluster boundary and
also at most once, because we started with a c-planar embedding of (G , C  ). It
remains to take O as the boundary of the cluster C. It only crosses the edges
wi vi . Furthermore, since curve si Pi (recall that si = wi ) lies completely outside
O (except for Pi ), while Pi vi lies completely inside O (except for Pi ), O crosses
the edge wi vi exactly once (in the point Pi ). There are no other crossings, since
they would have to be in the original c-planar embedding of (G , C  ) too.

4

The Algorithm

The algorithm is described in Fig. 5.
Proposition 2. The algorithm correctly decides c-planarity for instances, where
each cluster has at most 4 outgoing edges.
Proof. We ﬁrst prove by the mathematical induction that for every 0 ≤ i ≤ |C|,
the pair (Gi , Ci ) is deﬁned and c-planar if and only if (G, C) is c-planar. This is
certainly true for i = 0. Now suppose that this is true for every i < i and let us
prove it for i.
In the case r(C) = 0 we have two possibilities. Either Gi−1 [C] is not planar,
then also G is not planar and (Gi−1 , Ci−1 ) is deﬁnitely not c-planar. Then the
algorithm correctly rejects (and Gj , Cj is not deﬁned for j ≥ i). Or Gi−1 [C] is
planar and by Lemma 1 and Remark 1 pair (Gi−1 , Ci−1 ) is c-planar if and only
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Input: Graph G and cluster set C, where each cluster has at most 4 outgoing edges.
Task: Accept (G, C) if and only if (G, C) is clustered planar.
1. Set G0 := G, C0 := C.
2. For i := 1 to |C| do:
(a) Let C be some cluster on the bottom-most level in Ci−1 .
(b) If r(C) = 0 then
i. If Gi−1 [C] is planar then set
Gi := Gi−1 \ C
Ci := {A \ C|A ∈ Ci−1 \ {C}, A ⊇ C} ∪ {A|A ∈ Ci−1 , A ⊇ C }
ii. else REJECT.
(c) else
i. For each permutation π ∈ Sr(C) test whether C admits π (whether TCπ
is planar)
ii. If C admits no permutation, then REJECT.
iii. Let (Gi , Ci ) be the replacement of cluster C by the corresponding graph
in (Gi−1 , Ci−1 ).
3. If G|C| is planar then ACCEPT, otherwise REJECT (C|C| = ∅).
Fig. 5. An overview of the algorithm

if (Gi , Ci ) is, since {B|B ∈ C \ {C}, B ⊆ C} is empty (C is on the bottom-most
level).
Now consider the case 1 ≤ r(C) ≤ 4. If C admits no permutation, then by
Lemma 3 the pair (Gi−1 , Ci−1 ) is not c-planar and the algorithm correctly rejects
(and does not deﬁne Gj , Cj for j ≥ i). Otherwise C has a corresponding graph
by Corollary 1 and from the Proposition 1 we know that (Gi−1 , Ci−1 ) is c-planar
if and only if (Gi , Ci ) is c-planar.
Since |Ci | = |Ci−1 | − 1 whenever deﬁned, we have |C|C| | = 0 and thus C|C| = ∅
if C|C| is deﬁned. But then (G|C| , C|C| ) = (G|C| , ∅) is c-planar if and only if G|C|
is planar due to Remark 1, which completes the proof.
Proposition 3. The algorithm works in time O(n).
Proof. The cycle is executed at most |C| times, in each time we delete one cluster
or reject. When we omit a planarity testing, complexity of each step of cycle in
the algorithm is bounded by constant. We add constant number of vertices and
if we have a suitable representation of clusters (for example tree representation)
we can ﬁnd cluster on the bottom-most level in constant time too. And then
for these operations we need |C| in complexity time. The algorithm touches each
vertex at most three times, when we add, test, and remove it. For vertices which
we added later we paid before, by constant in each iteration. And for the original
vertices we need extra n for planarity testing. Each vertex from the original graph
we touch only once, because if we touch it we remove it or reject whole graph.
Since |C| is bounded by O(n), the complexity of our algorithm is O(n).
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Fig. 6. Two clusters with 5 outgoing edges that cannot be represented by any connected
graph

5

The Limits of the Approach

Let us consider clusters with more than 4 outgoing edges. Deﬁnition 1, Lemmas
2 and 4 easily generalize to this case as well as Lemma 3. The problem with
the generalization is that there are disconnected clusters with 5 outgoing edges
that admit a combination of permutations which cannot be represented by a
connected graph. In particular it can be shown that the two clusters from Fig. 6
have this property.
Let us try to formalize the result. Consider a graph R that is supposed to
be corresponding to some cluster C. Hence it has some distinguished vertices
s1 , . . . , sr of degree 1 that are supposed to be identiﬁed with the vertices of G\ C
when the cluster C is replaced by R in a graph G. Let R = V (R) \ {s1 , . . . , sr }.
We say that the graph R admits a permutation π, if the cluster R of the clustered
graph (R, {R }) admits a permutation π.
Proposition 4. There is no connected graph that admits the same number of
permutations as the cluster D1 from Fig. 6.
Proof. We will count the circular permutations. In total there are 12 circular permutations on 5 elements, each representing 10 (standard) permutations. Observe
ﬁrst that D1 admits 8 circular permutations. Now assume for a contradiction
that there is a connected graph R (with distinguished vertices s1 , . . . , s5 ) that
admits also 8 circular permutations.
We observe that whenever we take a subgraph Q of the graph R, s1 , . . . , s5 ∈
V (Q), then the graph Q admits at least the same number of permutations, since
we can just ommit the unnecessary parts from the appropriate embedding. Now
consider a subtree T of R with leaves of T being exactly the vertices s1 , . . . , s5 .
It is clear that R has such a subgraph since R is connected.
Since T has 5 leaves, it has at most 3 vertices of degree at least 3 — either
it has 3 vertices of degree 3, or one of degree 3 and one of degree 4, or just one
of degree 5. It is not hard to check that in the ﬁrst two cases T admits 4 and 6
circular permutations, respectively. Thus in this cases R cannot admit 8 circular
permutations. The tree with just one vertex of degree 5 (among the vertices of
degree at least 3) admits all 12 circular permutations. Thus we know that T
must be some subdivision of K1,5 .
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If R contains no path connecting two diﬀerent branches of T , then clearly R
admits the same permutations as T i.e. all 12 circular permutations. On the other
hand, if R contains a path between two branches of T , then there is another tree
T  , subgraph of R, that has one vertex of degree 4 and one vertex of degree 3.
But this means that R admits at most 6 permutations — a contradiction.
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