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Abstract. Widespread use of efficient and successful solutions of Com-
puter Vision problems based on pairwise Markov Random Field (MRF)
models raises a question: does any link exist between the pairwise and
higher order MRFs such that the like solutions can be applied to the
latter models? This work explores such a link for binary MRFs that
allow us to represent Gibbs energy of signal interaction with a polyno-
mial function. We show how a higher order polynomial can be efficiently
transformed into a quadratic function. Then energy minimization tools
for the pairwise MRF models can be easily applied to the higher or-
der counterparts. Also, we propose a method to analytically estimate
the potential parameter of the asymmetric Potts prior. The proposed
framework demonstrates very promising experimental results of image
segmentation and can be used to solve other Computer Vision problems.

1 Introduction

Recently, discrete optimizers based on e.g. graph cuts [1,2], loopy belief propa-
gation [3,4], and tree reweighted message passing [5,6] became essential tools in
Computer Vision. These tools solve many important Computer Vision problems
including image segmentation, restoration, and matching, computational stereo,
etc. (see [7] for more detail). Conventional framework for such problems is the
search for Maximum A Posteriori (MAP) configurations in a Markov Random
Field (MRF) model where the MAP problem is formulated as minimizing an
interaction energy for the model. In this work, we focus only on binary MRFs
that play an important role in Computer Vision since Boykov et al. [1] proposed
an approximate graph-cut algorithm for energy minimization with iterative ex-
pansion moves. The algorithm reduces the problem with multivalued variables
to a sequence of subproblems with binary variables.

Most of the energy-based Computer Vision frameworks represent the MRF
energy on an image lattice in terms of unary and pairwise clique potentials.
However, this representation is insufficient for modeling rich statistics of natu-
ral scenes [8,9]. The latter require higher order clique potentials being capable
to describe complex interactions between variables. Adding potentials for the
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higher order cliques could improve the image model [10,11]. However, optimiza-
tion algorithms of these models have too high time complexity to be practicable.
For example, a conventional approximate energy minimization framework with
belief propagation (BP) is too computationally expensive for MRFs with higher
order cliques, and Lan et al. [8] proposed approximations to make BP practi-
cal in these cases. However, the results are competitive with only simple local
optimization based on gradient descent technique. Recently, Kohli et al. [12]
proposed a generalized Pn family of clique potentials for the Potts MRF model
and showed that optimal graph-cut moves for the family have polynomial time
complexity. However, just as in the standard graph-cut approaches based on the
α-expansion or αβ-swap, the energy terms for this family have to be submodular.

Instead of developing efficient energy minimization techniques for higher order
MRFs, this paper chooses an alternative strategy of reusing well established
approaches that have been successful for the pairwise models and proposes an
efficient transformation of an energy function for a higher order MRF into a
quadratic function. It is worth to mention that Kolmogorov and Rother [13]
referred to a similar transformation [14] in their future work. In order to reduce
an energy function for a higher order MRF into a quadratic function, first we
convert the potential energy for higher order cliques into a polynomial form
and show explicitly when this form can be graph representable and how this
graph can be constructed for such an energy. Then we reduce the higher-order
polynomial to a specific quadratic one. The later may have submodular and/or
nonsubmodular terms, and few approaches have been proposed to minimize such
functions. For instance, Rother et al. [15] truncate nonsubmodular terms in order
to obtain an approximate submodular function to be minimized. This truncation
leads to a reasonable solution when the number of the nonsubmodular terms is
small. Recently, Rother et al. [16] proposed an efficient optimization algorithm
for nonsubmodular binary MRFs, called the extended roof duality. However, it
is limited to only quadratic energy functions. Our proposal expands notably the
class of the nonsubmodular MRFs that can be minimized using this algorithm.
Below, we use it to minimize the proposed quadratic version of the higher order
energy. To illustrate potentialities of the higher order MRFs in modeling complex
scenes, the performance of our approach has been assessed experimentally in
application to image segmentation. The potential parameter of the asymmetric
Potts prior that has been used in the experiments is analytically estimated. The
obtained results confirm that the proposed optimized MRF framework can be
efficiently used in practice.

2 Preliminaries

The goal image labeling x in the MAP approach is a realization of a Markov-
Gibbs random field (MGRF) X defined over an arithmetic 2D lattice V =
{1, 2, · · · , n} with a neighborhood system N . The system explicitly specifies
neighboring random variables that have spatial interaction. Let X denote a set
of all possible configurations of an MGRF. Then the probability of a particular
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configuration x ∈ X is given by a Gibbs probability distribution: P (x) =
1
Z e−E(x), where Z denotes a normalizing constant (the partition function) and
E(x) is the Gibbs energy function. The latter sums Gibbs potentials supported
by cliques of the interaction graph. As defined in [17], a clique is a set of sites
i ∈ V (e.g. pixels in an image) such that all pairs of sites are mutual neighbors
in accord with N . The maximal clique size determines the Gibbs energy order.

Energy functions for an MGRF with only unary and pairwise cliques can be
written in the following form:

E(x) =
∑

i∈V
ϕ(xi) +

∑

{i,j}∈N
ϕ(xi, xj) , (1)

where ϕ(.) denotes the clique potential. The energy minimum E(x∗) = minx E(x)
corresponds to the MAP labeling x∗. For a binary MGRF, the set of labels
consists of two values, B = {0, 1}, each variable xi is a binary variable, and the
energy function in (1) can be written in a quadratic form:

E(x) = a{�} +
∑

i∈V
a{i}xi +

∑

{i,j}∈N
a{i,j}xixj , (2)

where the coefficients a{�}, a{i} and a{i,j} are real numbers depending on ϕ(0),
ϕ(1), . . . , ϕ(1, 1) in a straightforward way.

Generally, let Bn = {(x1, x2, · · · , xn)| xi ∈ B; ∀ i = 1, · · · , n}, and let E(x) =
E(x1, x2, · · · , xn) be a real valued polynomial function of n bivalent variables
and real coefficients defining a Gibbs energy with higher order potentials (in
contrast to the above quadratic function E). Such function E(x) is called a
pseudo-Boolean function [18] and can be uniquely represented as a multi-linear
polynomial [14] as follows:

E(x) =
∑

S⊆V
aS

∏

i∈S

xi , (3)

where aS are non-zero real numbers, and the product over the empty set is 1 by
definition.

3 Polynomial Forms of Clique Potentials

To be transformed into a quadratic energy, the higher order energy function
should be represented in a multi-linear polynomial form (3). Hereafter, we will
consider how the clique potentials can be represented in a polynomial form. An
unary term has an obvious polynomial form ϕxi = ϕ(xi) = (ϕ1−ϕ0)xi+ϕ0 where
ϕ1 and ϕ0 are the potential values for the labels 1 and 0 for the variable xi ∈ B,
respectively. A clique of size k has a potential energy ϕ(xi, xj , · · · , xk), where
k ≤ n. The coefficients of the polynomial that represents the energy of a clique
of size k can be estimated using Algorithm 1 below. It is worth mentioning that
many works tried to compute these coefficients, such as the formula proposed
by Freedman and Drineas [19], an observation in [20], and Proposition 2 in [14].
However, these works are somewhat complicated and are not explicit, and we
believe Algorithm 1 is much easier for implementation.
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Algorithm 1. Computing coefficients aS of energy (3). H denotes the set of
pixels in a clique which its potential represented by (3), S ⊆ H, Z = H−S, and
W is a labeling of the pixels in Z. Initially, W = �.
1. aS
2. if (S = �) Return ϕ(xH = 0) end if
3. Z = H− S
4. if (W = �) W = {wi = 0 | i = 1, 2, . . . , |Z|} end if
5. if (|S| = 1) then
6. Return ϕ(xS = 1, xZ =W)− ϕ(xS = 0, xZ =W)
7. else
8. Select first element i ∈ S . Then: S ← S−{i},W1 ← {1}+W andW0 ← {0}+W
9. Let W =W1 and compute t1 = aS . Then, let W =W0 and compute t0 = aS

10. Return t1 − t0
11. end if

To verify the correctness of Algorithm 1, let us use it to estimate the polyno-
mial coefficients of the potential ϕ(xi, xj , x�, xk); xi, xj , x�, xk ∈ B, for a clique
of size 4. This polynomial can be represented as follows1:

ϕxixjx�xk
= aij�kxixjx�xk + aij�xixjx� + aijkxixjxk + ai�kxix�xk + aj�kxjx�xk

+ aijxixj + ai�xix� + aikxixk + aj�xjx� + ajkxjxk + a�kx�xk

+ aixi + ajxj + a�x� + akxk + a� , (4)

where the coefficients can be computed using Algorithm 1. Examples of these
coefficients’ computations are (here H = {i, j, �, k}):

a� = ϕ0000, ai = ϕ1000 − ϕ0000, aij

{
+aj (with W = {100})
−aj (with W = {000})

= ϕ1100 − ϕ1000
+ϕ0000 − ϕ0100

,

aij�

⎧
⎨

⎩
+aj� (with W = {10})

j
+a� (with W = {110})
−a� (with W = {100})

−aj� (with W = {00})
j

−a� (with W = {010})
+a� (with W = {000})

= ϕ1110 − ϕ1100
+ϕ1000 − ϕ1010
+ϕ0100 − ϕ0110
+ϕ0010 − ϕ0000

, and

aij�k

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

+aj�k (W = {1})

8>><
>>:

+a�k (W = {11})
j

+ak (W = {111})
−ak (W = {110})

−a�k (W = {10})
j

−ak (W = {101})
+ak (W = {100})

−aj�k (W = {0})

8>><
>>:

−a�k (W = {01})
j

−ak (W = {011})
+ak (W = {010})

+a�k (W = {00})
j

+ak (W = {001})
−ak (W = {000})

= ϕ1111 − ϕ1110
+ϕ1100 − ϕ1101
+ϕ1010 − ϕ1011
+ϕ1001 − ϕ1000
+ϕ0110 − ϕ0111
+ϕ0101 − ϕ0100
+ϕ0011 − ϕ0010
+ϕ0000 − ϕ0001

. (5)

In a similar way, the potential function ϕ(xi, xj , x�); xi, xj , x� ∈ B, of a 3rd

order clique can be represented as follows:

ϕxixjx�
= ((ϕ111 + ϕ100 − ϕ110 − ϕ101) − (ϕ011 + ϕ000 − ϕ001 − ϕ010))xixjx�

+ (ϕ011 + ϕ000 − ϕ001 − ϕ010)xjx� + (ϕ101 + ϕ000 − ϕ001 − ϕ100)xix�

+ (ϕ110 + ϕ000 − ϕ100 − ϕ010)xixj + (ϕ010 − ϕ000)xj + (ϕ100 − ϕ000)xi

+ (ϕ001 − ϕ000)x� + ϕ000 . (6)
1 For brevity, hereafter, the notation is simplified: e.g. a{i,j,�,k} becomes aij�k and

ϕ(xi, xj , x�, xk) becomes ϕxixjx�xk .
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Indeed, representing potentials in polynomial forms (e.g. (6)) has many ad-
vantages. It implies an algebraic proof of the Kolmogorov–Zabih’s submodularity
condition [2]. As we will explain in Section 5, the first(cubic) term in (6) will be
reduced to be a quadratic term with the same coefficient. Thus, and according
to a combinatorial optimization theorem [19], such energy can be minimized via
graph cuts if and only if

(ϕ111 + ϕ100 − ϕ110 − ϕ101) − (ϕ011 + ϕ000 − ϕ001 − ϕ010) ≤ 0,

ϕ011 + ϕ000 − ϕ001 − ϕ010 ≤ 0, ϕ101 + ϕ000 − ϕ001 − ϕ100 ≤ 0,

and ϕ110 + ϕ000 − ϕ100 − ϕ010 ≤ 0 . (7)

These inequalities represent all the projections of the ϕxixjx�
on 2 variables and

follow Definition 1.

Definition 1. [Kolmogorov–Zabih; 2004] A function of one binary variable is
always submodular. A function ϕ(xi, xj) from the family F2 is submodular if
and only if ϕ11 +ϕ00 ≤ ϕ01 +ϕ10. A function from the family Fk is submodular
if and only if all its projections on 2 variables are submodular.

Moreover, the polynomial representation can be explicitly related to the cor-
responding graph. For example potential ϕ(xi, xj); xi, xj ∈ B, for a clique of
size two can be generally represented as follows: ϕ(xi, xj) = (ϕ11 + ϕ00 − ϕ01 −
ϕ10)xixj +(ϕ01 −ϕ00)xj +(ϕ10 −ϕ00)xi +ϕ00. This expression explicitly shows
edges in the graph related to the polynomial coefficients. This construction is
similar to what has been introduced in [2] but here each term in the previous
expression excluding the constant, directly represents a part of the graph.

4 MGRF Parameter Estimation

The scaling parameter of a pairwise homogenous isotropic MGRF specifying
the symmetric Potts prior can be analytically estimated similarly to [21]. How-
ever, we focus on asymmetric pairwise co-occurrences of the region labels. The
asymmetric Potts model provides more chances to guarantee that the energy
function is submodular. The Gibbs potential governing the asymmetric pairwise
co-occurrences of the region labels is as follows:

ϕ(xi, xj) = γδ(xi �= xj) , (8)

where γ is the model’s parameter and the indicator function δ(C) equals 1 when
the condition C is true and zero otherwise. So that the MGRF model of region
maps is specified by the following Gibbs distribution:

P (x) =
1
Z

exp
(
−

∑

{i,j}∈N
ϕ(xi, xj)

)
=

1
Z

exp
(
− γ|T |fneq(x)

)
. (9)

Here, T = {{i, j} : i, j ∈ V ; {i, j} ∈ N} is a family of the neighboring pixel pairs
(second-order cliques) supporting the pairwise Gibbs potentials, |T | is the car-
dinality of the family, the partition function Z =

∑
x̂∈X exp

(
− γ|T |fneq(x̂)

)
,

and fneq(x) denotes the relative frequency of the non-equal label pairs over T :
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fneq(x) =
1
|T |

∑

{i,j}∈T
δ(xi �= xj) . (10)

To completely identify the Potts model, its potential can be estimated for a
given training label images x using a reasonably close first approximation of the
maximum likelihood estimate (MLE) of γ. It is derived in accord with [21] from
the specific log-likelihood L(x|γ) = 1

|V| log P (x) that can be rewritten as:

L(x|γ) = −γρfneq(x) − 1
|V| log

∑

x̂∈X
exp

(
− γ|T |fneq(x̂)

)
, (11)

where ρ = |T |
|V| . The approximation is obtained by truncating the Taylor’s series

expansion of L(x|γ) to the first three terms in the close vicinity of the zero
potential, γ = 0. Then, it is easily to show that the resulting approximate log
likelihood is:

L(x|γ) ≈ −|V| logK + ργ
(K − 1

K
− fneq(x)

)
− 1

2
γ2ρ

K − 1
K2

, (12)

where, K is generally the number of labels (classes) in multi-label MRFs (in
binary MRFs K = 2). For the approximate likelihood (12), let dL(x|γ)

dγ = 0. The
resulting approximate MLE of γ is:

γ∗ = K

(
1 − K

K − 1
fneq(x)

)
. (13)

We tested the robustness of the obtained MLE using label images having
been simulated with the known potential values. The simulated images were
generated using the Gibbs sampler [22] and four variants of the asymmetric
Potts model with 32 color labels (i.e. K = 32). Examples of the generated
images of the size 128 × 128 are shown in Fig. 1. To get accurate statistics, 100
realizations are generated from each variant, and the proposed MLE (13) for the
model parameter γ was computed for these data sets. The mean values and the
variances of γ∗ for the 100 realizations for each type are shown in Table 1.

(a) γ = 0.5 (b) γ = 5 (c) γ = 10 (d) γ = 25

Fig. 1. Samples of synthetic images of the size 128× 128
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Table 1. Accuracy of the proposed MLE in (13): its mean (variance) – for the 100
synthetic images of the size 128 × 128

Actual parameter γ 0.5 5 10 25

Our MLE γ∗ 0.51 (0.03) 5.4 (0.05) 10.1 ( 0.06) 25.7 (0.11)

5 Energy Reduction – The Proposed Approach

We showed so far how MGRF parameters can be estimated and how the Gibbs
energy can be represented in the polynomial form (3) for any clique size. Now
let us discuss the minimization of such energies. Quite successful optimization
techniques for graphical models have been proposed to minimize quadratic en-
ergies with submodular terms (e.g. [1]) and nonsubmodular terms (e.g. [16,13]).
We intend to apply the same techniques to minimize higher order Gibbs en-
ergies by transforming the latter to the quadratic ones. The transformation is
based on adding dummy variables, each one substituting the product of two
initial variables. Some known theoretical works [18,14] consider the reduction of
optimization of a general pseudo-Boolean function E(x) in polynomial time to
optimization of a quadratic pseudo-Boolean function. In contrast to [18], Algo-
rithm 2 guarantees that the goal quadratic function has the same minimum and
at the same variables as the initial general pseudo-Boolean function. Also, as
distinct from what has been proposed in [14], we present both a detailed proof
to verify the introduced algorithm and an efficient implementation of the lat-
ter on a relevant graph. To obtain the quadratic pseudo-Boolean function from
the pseudo-Boolean function E(x) (3), we replace the occurrence of xixj by the
dummy variable xn+1 and adding the term N ·(xixj+3xn+1−2xixn+1−2xjxn+1)
to E(x): This gives the following function E(x1, x2, · · · , xn+1):

E(x) = N · (xixj + 3xn+1 − 2xixn+1 − 2xjxn+1) +
∑

S∗⊆V∗
aS∗

∏

i∈S∗
xi , (14)

where
S∗ =

{
(S − {i, j}) ∪ {n + 1} if{i, j} ⊆ S

S if{i, j} � S ,

and V∗ = {S∗|S ∈ V}. To compute the constant N , (3) is rewritten first as
follows:

E(x) = a{�} +
∑

S1⊆V
a−

S1

∏

i∈S1

xi +
∑

S2⊆V
a+

S2

∏

i∈S2

xi , (15)

where a{�} is the absolute term, a−
S1

’s are the negative coefficients, and a+
S2

’s are
the positive coefficients. Then let A = a{�} +

∑
S1⊆V a−

S1
be the sum of all the

negative coefficients in (15) plus the absolute term. Note that A ≤ minx∈Bn E(x).
Also, denote r a real number being greater than the minimal value of E(x) on
Bn (i.e. r > minx∈Bn E(x)). Practically, r can be any number being greater than
a particular value of E(x) on Bn. Finally, the chosen value N has to satisfy the
relationship N ≥ r − A.
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This replacement is repeated until we get a quadratic pseudo-Boolean func-
tion. Algorithm 2 shows these steps in detail. At each step, E(x1, x2, · · · , xn+1)
must satisfy the following.

Algorithm 2. Transforming to Quadratic
Input: general pseudo-Boolean function E(x) (3).

set A = a{�} +
P

S1⊆V a−
S1

, set r > minx∈Bn E(x) (e.g., r = E(0) + 1), and set
N ≥ r − A

2. while (∃S ⊆ V and |S| > 2) do
Select a pair {i, j} ⊆ S and update the coefficients
a{i,j} = a{i,j} + N, a{n+1} = 3N, a{i,n+1} = a{j,n+1} = −2N,
a(S−{i,j})∪{n+1} = aS , set aS = 0 ∀S ⊇ {i, j}

4. n = n + 1, update the function as shown in (14)
end while

Output: The quadratic pseudo-Boolean function E(x)

Lemma 1. Let ME = {y ∈ Bn|E(y) = minx∈Bn E(x)} be a set of all y ∈ Bn

such that E(y) is the global minimum of the function E on Bn. Then

1. E(x1, x2, · · · , xn+1) = E(x1, x2, · · · , xn),
2. (y1, y2, · · · , yn+1) ∈ ME iff (y1, y2, · · · , yn) ∈ ME.

Proof. For x, y, z ∈ B, the function g(x, y, z) = xy + 3z − 2xz − 2yz equals 0 if
xy = z, and g(.) ≥ 1 otherwise. If xixj = xn+1 then E(x) = N · g(xi, xj , xn+1)+∑

S∗⊆V∗ aS∗
∏

i∈S∗ xi = 0+
∑

S∗⊆V∗ aS∗
∏

i∈S∗ xi, i.e. E(x) =
∑

S⊆V aS

∏
i∈S xi

= E(x). More specifically, E(x) has the same minimum value as E(x) on Bn.
On the other hand, let yiyj �= yn+1 which implies g(yi, yj, yn+1) � 1. As-
suming that (y1, y2, · · · , yn+1) ∈ ME we have E(y) = N · g(yi, yj, yn+1) +∑

S∗⊆V∗ aS∗
∏

i∈S∗ yi. As follows from choices of A and r, N > 0. So that E(y) �
N +

∑
S∗⊆V∗ aS∗

∏
i∈S∗ yi � N +A � r due to our choice of N � r−A. This con-

tradicts the assumption (y1, y2, · · · , yn+1) ∈ ME . Thus, (y1, y2, · · · , yn+1) �∈ ME
if yiyj �= yn+1, and the lemma follows. 
�

By repeatedly applying the construction in Lemma 1, we get the following the-
orem (different versions of this theorem can be found in [14,18]):

Theorem 1. Given a general pseudo-Boolean function E(x1, x2, · · · , xn), there
exists at most a quadratic pseudo-Boolean function E(x1, x2, · · · , xn+m) where
m ≥ 0 such that

1. (y1, y2, · · · , yn+m) ∈ ME ⇐⇒ (y1, y2, · · · , yn) ∈ ME

2. The size of the quadratic pseudo-Boolean function is bounded polynomially
in the size of E, so the reduction algorithm terminates at polynomial time.

Proof. Repeated application of the construction in the proof of Lemma 1 yields
Point 1 of the theorem.

To prove Point 2, let us define M3 the number of terms with |S| > 2 (i.e. of
higher order terms containing more than two variables) in the function E(x1,
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x2, · · · , xn).2 In the loop of Algorithm 2, the term of size n (i.e. |S| = n) needs
at most n − 2 iterations. Also, at each iteration in this loop, at least one of the
terms with |S| > 2 will decrease in size. Hence, the algorithm must terminate
in at most T � M3(n − 2) iterations because the average number of iterations
for each term is less than n − 2. Indeed, the larger number of variables in each
energy term indicates that these terms share several common variables, so that
they will be reduced concurrently. For example, a function with ten variables
contains at most 968 terms with |S| > 2. Using Algorithm 2, it is reduced with
T = 68 � 968 × 8 iterations. This proves the claim about complexity. 
�

Although our work in this section is similar to the work in [14], it has to be
mentioned that our paper gives a formal derivation for selection of the value N
such that the resulting quadratic energy has the same minimum and at the same
values of variables as the initial general pseudo-Boolean function. A different
formula has been only stated, but not derived, in [14] before the minimization
issues were proved.

5.1 Efficient Implementation

The number of dummy variables in the generated quadratic pseudo-Boolean
function depends on the selection of the pairs {i, j} in the loop of Algorithm 2.
Finding the optimal selection to minimize this number is an NP-hard prob-
lem [14]. Also, searching for this pair in other terms will be exhaustive. However,
in most Computer Vision problems, we deal with images on an arithmetic 2D
lattice V with n pixels. The order of the Gibbs energy function to be minimized
depends on the particular neighborhood system and the maximal clique size.

A natural 2D image structure helps us to define a general neighborhood system
N , e.g. the system of neighbors within a square of a fixed size centered on
each pixel [17]. The size of this square determines the order of the system. The
neighborhood system specifies the available types of cliques. The prior knowledge
about the neighborhood system and the clique size can be used to minimize the
number of dummy variables and to eliminate the search for the repeated pair in
other terms. We will demonstrate this process on the second order neighborhood
system and the cliques of the size 3 and 4, but it can be generalized for the higher
orders. Figure 2(a) suggests that the second order neighborhood system contains
four different cliques of the size 3 (i.e. C31, C32, C33, and C34). Thus, we can convert
the cubic terms that correspond to the cliques of the size 3, to quadratic terms
as follows:

– At each pixel (e.g. m) select the cubic term that corresponds to clique type
C32.

– Reduce this term and the cubic term of the clique type C31 at the diagonal
pixel (e.g. i), if possible, by eliminating common variables (e.g. j and �).

2 Obviously, a function E of n binary variables contains at most 2n terms and at most

2n − n2+n+2
2

terms with more than two variables (|S| > 2).
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(a) (b)

Fig. 2. The 2nd-order neighborhood on a 2D lattice: cliques of size 3 (a) and 4 (b)

– At each pixel (e.g. m) select the cubic term that corresponds to the clique
type C33

– Reduce this term and the cubic term of the clique type C34 at the diagonal
pixel (e.g. k), if possible, by eliminating common variables (e.g. j and n).

After a single scanning of the image, all the cubic terms will be converted to the
quadratic terms, and every term will be visited only once.

As shown in Fig. 2(b), for a second order neighborhood system and clique of
size four, the three neighbor cliques have the following potentials functions3:

ϕxixmxjxn = xixmxjxn + xixmxj + xixjxn + xixmxn + xmxjxn . . .

ϕxjxnxkxo = xjxnxkxo + xjxnxk + xjxnxo + xjxkxo + xkxoxn . . . .

ϕxkxox�xp = xkxox�xp + xkxox� + xkxoxp + xkx�xp + x�xpxo . . .

For this configuration, one can notice that ϕxixmxjxn and ϕxjxnxkxo cliques’
potential functions share the elements xj and xn. Also ϕxjxnxkxo and ϕxkxox�xp

share the elements xk and xo. Therefore, by replacing xjxn and xkxo with two
new elements using Algorithm 2, the clique’s potential function ϕxjxnxkxo will
be quadratic. Repeating this for every three neighbor cliques through the whole
grid, and assuming a circular grid, i.e. the first and the last column are neighbors,
all the cliques’ potential functions will be converted to quadratic. Notice that
using this technique in the reduction provides the minimum number of dummy
variables that equals the number of cliques of size four in the grid.

Notice that these scenarios are not unique. Many other scenarios can be cho-
sen for image scanning and selection of the higher order cliques to be reduced.
However, in the efficient scenario every higher order term must be converted to
a quadratic term after being visited only once. To illustrate the enhancement
introduced by the proposed implementation, we give the following example. The
linear search in a list runs in O(n) where n is the number of elements. An image
of size R×C has 4(R−1)(C−1) triple cliques in the 2nd-order neighborhood sys-
tem. Each triple clique has 4 terms with |S| > 1 with total 9 elements as shown
in (6). So applying Algorithm 2 directly without the proposed implementation
has an overhead proportional to 36(R − 1)(C − 1).
3 For brevity, only the higher-order terms that appear in the discussion are typed,

assuming that all coefficients are 1.
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6 Experimental Results

To illustrate the potential of the higher order cliques in modelling complex ob-
jects and assess the performance of the proposed algorithm, let us consider image
segmentation into two classes: object and background. Following a popular con-
ventional approach, an input image and the desired region map (the labeled
image) are described by a joint MGRF model of independent image signals and
interdependent region labels. The desired map is the mapping x : V −→ B,
where B is the set of two labels {0 ≡ “background”, 1 ≡ “object”}. The MAP
estimate of x, given an input image, is obtained by minimizing an energy func-
tion (3) where each label xi is a binary variable in the energy function. The
unary term ϕ(xi) in this function specifies the data penalty. This term is chosen
to be ϕ(xi) = ||Ii − Îxi ||2 where Ii is the input feature vector for the pixel i,
e.g. a 4D vector Ii = (ILi, Iai, Ibi, Iti) [23] where the first three components are
the pixel-wise color L*a*b* components and Iti is a local texture descriptor [24].
Seeds selected from the input image can be used to estimate feature vectors for
the object, Î1, and background, Î0.

a1 b1 c1

a2 b2 c2

d1 e1 f1

d2 e2 f2

Fig. 3. Starfish segmentation – the pairwise (a1–f1) vs. third-order (a2–f2) cliques
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Using feature vectors Î1 and Î0, an initial binary map can be estimated. For
the cliques of size 2, the pairwise potentials were analytically estimated from the
initial map using the proposed method described in Section 4. The potential for
the third order cliques have the same analytical form (13) but with the frequency
fneq(x) = 1

|T |
∑

{i,j,�}∈T (1 − δ(xi = xj = x�)).
In all our experiments, we selected the second order neighborhood system with

the clique sizes from 1 to 3. By defining the clique potentials (unary, pairwise,
and third-order), we identify the target segmentation energy to be minimized.
After that, Algorithm 1 is used to compute the coefficients of the polynomial
that represents the segmentation energy and Algorithm 2 generates a quadratic
version of this polynomial. Finally, we use the extended roof duality algorithm
(QPBOP) [16] to minimize the quadratic pseudo-Boolean function. For all the
presented examples, QPBOP technique was able to label all pixels. In the exper-
iments below, images are segmented with unary and pairwise cliques and with
unary and third order cliques in the MGRF model. Of course, cliques of greater
sizes can be more efficient for describing complex regions, but we used the third
order for illustration purposes only.

a1 b1 c1

a2 b2 c2

1 

2 

d1 e1 f1

d2 e2 f2

Fig. 4. More segmentation results: the pairwise (a1–f1) and third-order (a2–f2) cliques;
numbers in images refer to regions with inhomogeneities (a–e) and partial artificial
occlusions (f)
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Figure 3 shows the starfish segmentation. Unlike the pairwise interaction in
Fig. 3,a1, the higher order interaction in Fig. 3,a2 overcomes the intensity inho-
mogeneities of the starfish and its background. For more challenging situations,
we occluded some parts from the starfish in Figs. 3,b–f. The higher order in-
teraction successes to get the correct boundary of the starfish while only the
pairwise interaction could not. The average processing time for this experiment:
in the third-order case 6 sec, comparing to 2 sec in the pairwise case.

More segmentation results are shown in Fig. 4 for different color objects from
the Berkeley Segmentation Dataset [25]. Numbers 1 and 2 in Fig. 4,a1, indicate
regions with inhomogeneities where the pairwise interaction fails. As expected,
the higher order interaction overcomes the problem (Fig. 4,a2). Similar regions
exist in Figs. 4,b1 (	1, 2, and 3); c1 (	1, 2 and 3); d1 (	1 and 2), and e1 (	1 and
2). In Fig. 4,f artificial occlusions were inserted by letting some object regions
take the background color (regions 1 and 2 in f1). These results show the higher
order interactions are instrumental for more correct segmentation.

Finally, we can notice the segmentation results’ improvements. Of course, if
we use cliques of sizes greater than three, we can model more complex interac-
tions that lay outside the domain of uniform spatial interaction assumed in the
3rd-order MGRF model. However, we used third order MGRF for illustration
purposes only. Recall that, our goal is to introduce a link between the higher
order energies and the quadratic to Computer Vision community. This helps to
use the well established tools of a quadratic energy’s optimization to optimize a
higher order one.

7 Conclusions

This paper has introduced an efficient link between the MGRF models with higher
order and pairwise cliques. We have proposed an algorithm that transforms a gen-
eral pseudo-Boolean function into a quadratic pseudo-Boolean function and prov-
ably guarantees the obtained quadratic function has the same minimum and at
the same variables as the initial higher order one. The algorithm is efficiently im-
plemented for image-related graphical models. Thus, we can apply the well known
pairwise MGRFs solvers to the higher order MGRFs. The MGRF parameters are
analytically estimated. Experimental results show the proposed framework no-
tably improves image segmentation and therefore may be useful for solving many
other Computer Vision problems.

References

1. Boykov, Y., Veksler, O., Zabih, R.: Fast Approximation Energy Minimization via
Graph Cuts. IEEE Trans. PAMI 23(11), 1222–1239 (2001)

2. Kolmogorov, V., Zabih, R.: What Energy Functions Can be Minimized via Graph
Cuts? IEEE Trans. PAMI 26(2), 147–159 (2004)

3. Yedidia, J.S., Freeman, W.T., Weiss, Y.: Generalized Belief Propagation. In: NIPS,
pp. 689–695 (2000)



Optimizing Binary MRFs with Higher Order Cliques 111

4. Felzenszwalb, P.F., Huttenlocher, D.P.: Efficient Belief Propagation for Early Vi-
sion. Int. J. Computer Vision 70(1), 41–54 (2006)

5. Kolmogorov, V.: Convergent Tree-Reweighted Message Passing for Energy Mini-
mization. IEEE Trans. PAMI 28(10), 1568–1583 (2006)

6. Wainwright, M.J., Jaakkola, T., Willsky, A.S.: Tree-Based Reparameterization for
Approximate Inference on Loopy Graphs. In: NIPS, pp. 1001–1008 (2001)

7. Szeliski, R., Zabih, R., Scharstein, D., Veksler, O., Kolmogorov, V., Agarwala, A.,
Tappen, M.F., Rother, C.: A Comparative Study of Energy Minimization Methods
for Markov Random Fields. In: Leonardis, A., Bischof, H., Pinz, A. (eds.) ECCV
2006. LNCS, vol. 3952, pp. 16–29. Springer, Heidelberg (2006)

8. Lan, X., Roth, S., Huttenlocher, D.P., Black, M.J.: Efficient Belief Propagation
with Learned Higher-Order Markov Random Fields. In: Leonardis, A., Bischof, H.,
Pinz, A. (eds.) ECCV 2006. LNCS, vol. 3952, pp. 269–282. Springer, Heidelberg
(2006)

9. Potetz, B.: Efficient Belief Propagation for Vision Using Linear Constraint Nodes.
In: CVPR (2007)

10. Paget, R., Longstaff, I.D.: Texture Synthesis via a Noncausal Nonparametric Mul-
tiscale Markov Random Field. IEEE Trans. Image Processing 7(6), 925–931 (1998)

11. Roth, S., Black, M.J.: Fields of Experts: A Framework for Learning Image Priors.
In: CVPR, pp. 860–867 (2005)

12. Kohli, P., Kumar, M., Torr, P.: P3 & beyond: Solving Energies with Higher Order
Cliques. In: CVPR (2007)

13. Kolmogorov, V., Rother, C.: Minimizing Nonsubmodular Functions with Graph
Cuts-A Review. IEEE Trans. PAMI 29(7), 1274–1279 (2007)

14. Boros, E., Hammer, P.L.: Pseudo-Boolean Optimization. Discrete Appl.
Math. 123(1-3), 155–225 (2002)

15. Rother, C., Kumar, S., Kolmogorov, V., Blake, A.: Digital Tapestry. In: CVPR,
pp. 589–596 (2005)

16. Rother, C., Kolmogorov, V., Lempitsky, V.S., Szummer, M.: Optimizing Binary
MRFs via Extended Roof Duality. In: CVPR (2007)

17. Geman, S., Geman, D.: Stochastic Relaxation, Gibbs Distributions, and the
Bayesian Restoration of Images. IEEE Trans. PAMI 6, 721–741 (1984)

18. Rosenberg, I.G.: Reduction of Bivalent Maximization to The Quadratic Case.
Cahiers du Centre d’Etudes de Recherche Operationnelle 17, 71–74 (1975)

19. Freedman, D., Drineas, P.: Energy Minimization via Graph Cuts: Settling What
is Possible. In: CVPR, pp. 939–946 (2005)

20. Cunningham, W.: Minimum Cuts, Modular Functions, and Matroid Polyhedra.
Networks 15, 205–215 (1985)

21. Gimel’farb, G.L.: Image Textures and Gibbs Random Fields. Kluwer Academic
Publishers, Dordrecht (1999)

22. Chen, C.C.: Markov Random Field Models in Image Analysis. PhD thesis, Michi-
gan State University, East Lansing (1988)

23. Chen, S., Cao, L., J.L., Tang, X.: Iterative MAP and ML Estimations for Image
Segmentation. In: CVPR (2007)

24. Carson, C., Belongie, S., Greenspan, H., Malik, J.: Blobworld: Image Segmentation
Using Expectation-Maximization and Its Application to Image Querying. IEEE
Trans. PAMI 24(8), 1026–1038 (2002)

25. Martin, D., Fowlkes, C., Tal, D., Malik, J.: A Database of Human Segmented
Natural Images and Its Application to Evaluating Segmentation Algorithms and
Measuring Ecological Statistics. In: ICCV, pp. 416–423 (2001)


	Optimizing Binary MRFs with Higher Order Cliques
	Introduction
	Preliminaries
	Polynomial Forms of Clique Potentials
	MGRF Parameter Estimation
	Energy Reduction -- The Proposed Approach
	Efficient Implementation

	Experimental Results
	Conclusions



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.01667
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 2.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /DEU ()
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.000 842.000]
>> setpagedevice




