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Abstract. In this paper, we propose a nonrigid registration method us-
ing the Markov Random Field (MRF) model with a higher-order spatial
prior. The registration is designed as finding a set of discrete displace-
ment vectors on a deformable mesh, using the energy model defined by
label sets relating to these vectors. This work provides two main ideas
to improve the reliability and accuracy of the registration. First, we pro-
pose a new energy model which adopts a higher-order spatial prior for
the smoothness cost. This model improves limitations of pairwise spatial
priors which cannot fully incorporate the natural smoothness of defor-
mations. Next we introduce a dynamic energy model to generate optimal
displacements. This model works iteratively with optimal data cost while
the spatial prior preserve the smoothness cost of previous iteration. For
optimization, we convert the proposed model to pairwise MRF model to
apply the tree-reweighted message passing (TRW). Concerning the com-
plexity, we apply the decomposed scheme to reduce the label dimension of
the proposed model and incorporate the linear constrained node (LCN)
technique for efficient message passings. In experiments, we demonstrate
the competitive performance of the proposed model compared with pre-
vious models, presenting both quantitative and qualitative analysis.

1 Introduction

Nonrigid image registration is the process of determining the geometric trans-
formation between two images1 which are not related by simple rigid or affine
transforms. Although this process has been an essential stage in many computer
vision applications, it is still one of the most challenging problem. In the last
decade, many relevant techniques are proposed [1]. They can be distinguished
as feature-based and image-based schemes. The feature-based scheme uses point
landmarks extracted manually or automatically, and generates a deformation
pattern based on the surface interpolation techniques which use matching pairs
of landmarks [2,3,4]. The image-based scheme uses pixel-wise similarity measures
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for comparing two images, and finds optimal deformation patterns by transform-
ing the input image [5]. For both schemes, energy minimization approaches are
conventionally applied to find optimal transformations. The energy is defined
using similarity measures between landmarks or images and deformation energy
of the surface. In general numerical methods based on the gradient descent have
been used for minimizing this energy.

Recently, nonrigid registration methods [6,7] incorporating the state-of-the-
art discrete energy optimization [8,9] come into the spotlight. These methods
model the deformation pattern as a discrete label set where labels correspond to
displacements of control points (nodes) placed on the square mesh. The energy
is constructed using the standard pairwise MRF model as follows

E(x|θ) =
∑

s∈V θs(xs) +
∑

(s,t)∈E θst(xs, xt) (1)

where V is the set of nodes, E is the set of edges incorporating neighborhood
information of nodes, and xs is the label of s ∈ V . In this model, the data cost
θs is computed using similarity measures between reference and input images
and the smoothness cost θst is computed using displacement differences between
s and t. Glocker et al. [6] use the weighted block matching cost for θs where
the free-form deformation (FFD) model [10] is used for weighting coefficient.
The FFD model is also used for generating a pixel-wise deformation field from
discrete displacements. For θst, they use the truncated pairwise spatial prior as
follows

θst(xs, xt) = λst min (‖d(xs) − d(xt)‖, T ) (2)

where λst is the regularization constant, d(xs) represents the displacement vector
corresponding to the label xs, and T is a threshold for truncation. In the paper,
their method produces better quality than the state of the art [5] with almost 60
times faster speed for 3D medical images. Shekhovtsov et al. [7] use the uniformly
weighted block matching cost for θs. For θst, the modified linear pairwise spatial
prior is used as follows

θst(xs, xt) = λst

∑
i
max (c1 (|di(xs) − di(xt)| − 1) , c2|di(xs) − di(xt)|) (3)

where di(xs) is ith coordinate value of displacement vector d(xs). As usually
c1 � c2 is used, this prior assigns almost zero cost to small displacement dif-
ference between neighborhoods. Compared to (2), small movements of nodes
are allowed more freely. In the paper, their method produces promising results
although they did not provide any comparative evaluations.

However, the energy models using (2) or (3) have limitations. The pairwise
potentials (2) and (3) penalize the global transformations of the mesh such as ro-
tation and scaling movements. Mesh nodes must be remained at initial position
or translated all together to get low energy. Although (3) relaxed this restriction
by assigning low penalty in a small range of |di(xs)− di(xt)|, this is still not the
natural representation of smoothness energy of the mesh. In Fig. 1, we show that
these pairwise potentials can not preserve smoothness energy for simple global
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(a) 0◦ (b) 10◦ (c) 135◦ (d) 0◦ (e) 10◦ (f) 135◦

Spatial Prior (a) (b) (c) (d) (e) (f)

Pairwise (2) 0.0 1.2 × 103 2.2 × 103 8.4 × 102 1.4 × 103 2.2 × 103

Pairwise (3) 0.0 1.0 × 103 1.7 × 104 7.0 × 102 1.4 × 103 1.7 × 104

Higher-Order (7) 0.0 ≈ 0.0 ≈ 0.0 4.2 × 103 4.1 × 103 4.6 × 103

Fig. 1. The smoothness energy on synthetic meshes. {(b),(c)} are generated from a
11×11 square mesh (a) (grid spacing = 32) by rotating 10◦ and 135◦. Similarly, {(e),(f)}
are generated from (d) which is deformed synthetically from (a). One can see the
pairwise priors produce largely different smootheness energies for each transformation,
while the higher-order prior preserves almost same energy. (We use λst = λstu = 1,
T = 10, c1 = 1, and c2 = 10−3 for calculating potentials).

transformations. The other limitation is the energy model using (2) or (3) can
not guarantee the reliability between iterative registrations. Using conventional
block matching scheme, the data cost θs in (1) is not an optimal measurement. To
improve registration quality, we execute registration sequentially using interme-
diate registered input images. If an independent energy model with a new mesh
is used for each registration, errors on displacements are normally accumulated.

In this paper we propose a nonrigid registration method using a new MRF
based energy model which improves above limitations. The proposed energy
model incorporates the higher-order spatial interactions to represent natural
smoothness of the mesh. In the proposed model, we use a deformable mesh ap-
plying the FFD model based on B-splines for representing the nonrigid transfor-
mation where the FFD is successfully applied in nonrigid image registration [5,6].
To generate optimal registration results, we introduce the dynamic version of our
MRF energy model. The dynamic energy model is used to control the spatial
priors for successive registrations. We propose an efficient energy optimization
method on the higher-order MRF model which is based on the tree reweighted
message passing (TRW) [11,8] method.

2 Preliminaries

Notations. Let GE = (V , E) be an undirected graph where V and E are the
set of nodes and edges, respectively, and GF = (V ,F) be a factor graph [12]
with the set of factors F . For each s ∈ V , let xs be a label taking values in
some discrete set L. If we define a function d : L → R

n for mapping labels to
n-dimensional displacements, each label xs corresponds to a displacement vector
d(xs). For conveniences, we assume each dimension of displacements has same
discrete set of values D = {−D,−D + 1, . . . , 0, . . . , D − 1, D} where D ∈ N
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controls a displacement width2. For a set D, we assign a corresponding label set
l = {l1, l2, . . . , lK}, then |L| = |Dn| = (2D + 1)n = Kn.

In GE , a unary potential θs(xs) is defined for each node s ∈ V and a pairwise
potential θst(xs, xt) is defined for each edge (s, t) ∈ E where t ∈ V . In GF , a
higher-order potential θa(xa) is defined for each factor a ∈ F where xa is a
label vector of nodes connected to a, we also use θs and θst notations if a factor
has only one or two nodes. If a factor a connects nodes s, t, and u, a ternary
potential θstu(xs, xt, xu) is defined. In this case, we denote a{stu} for a factor
a to emphasis node to factor connections. We also use (s, t, u) ∈ F to represent
a{stu} ∈ F when we do not need to use factor representations explicitly.

Deformable Mesh. For an input image, we construct a set V which consists of
nodes v placed in a grid with a spacing δ. If we denote the domain of the input
image as Ω = {(x, y)|0 ≤ x < X, 0 ≤ y < Y }, the size of image covered by V
is (X + 2δ) × (Y + 2δ). For a given V , a displacement vector d(x) of an image
pixel x ∈ Ω is represented by neighboring displacement vectors d(v) of nodes v
using conventional FFD model based on cubic B-splines [10,5] as follows

d(x) =
∑3

l=0

∑3

m=0
Bl(a)Bm(b)d(vi+l,j+m) (4)

where i = �x/δ�+ 1, j = �y/δ�+ 1, a = x/δ− �x/δ�, b = y/δ− �y/δ�, and Bl is
the lth basis function of the uniform cubic B-spline3.

For a given nodes V , a graph GE or GF is constructed after the pairwise or
higher-order interactions between nodes is determined. When we transform the
locations of each node, a transformed image is interpolated using (4).

Data Cost Computation. The unary term θs(xs) of (1) which measures the
cost when a node s has a label xs is defined as

θs(xs) = f(sx, sy, sx + dx(xs), sy + dy(xs)) .

This cost is calculated by the dissimilarity measure f using two image patches
centered on (sx, sy) in a reference image and (sx +dx(xs), sy +dy(xs)) in a input
image, respectively.

As this representation is flexible, we can incorporate various dissimilarity mea-
sures to f . In this paper we use the normalized cross correlation (NCC) measure
as it gives the best results comparing with other measures in intra-modal data
set [6].

3 MRF Energy Model with Higher-Order Spatial Priors

In the literature, deformation energy ED of mesh model is usually defined as a
sum of squared second derivatives of mesh nodes [13]. ED describes the natural
2 For an example of 2-dimensional displacements, d(xs) =

�
dx(xs), dy(xs)

�
∈ D2

where dx(xs) ∈ D and dy(xs) ∈ D.
3 B0(t) = (1 − t)3/6, B1(t) = (3t3 − 6t2 + 4)/6, B2(t) = (−3t3 + 3t2 + 3t + 1)/6,

B3(t) = t3/6.
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Fig. 2. The proposed higher-order MRF models. Nodes and factors are represented as
red spheres and blue cubes respectively. (a) shows a 3×3 graph model for (6). A factor
a ∈ F connects collinear (in x-direction) nodes {s, t, u} ∈ V. (b) shows node t with
connected factors which correspond highlighted factors in (a). (c) shows a corresponding
part of (b) for the decomposed model (11). This model copies graph structure (b) to
each coordinate layers Vx and Vy , and adds pairwise factors Fxy which connect nodes
(tx and ty) belonged to the same node (t) in (b).

representation of inherent deformedness of the mesh which depends only on the
relative locations of mesh nodes:

ED ∝
∫

D

(∥∥∂2T /∂x2
∥∥2 +

∥∥∂2T /∂y2
∥∥2

)
dx

where T is a transformation function defined on image pixels x ∈ Ω. We ap-
proximate ED as a parameterized form of mesh nodes [3,4]:

ED ≈
∑

(i,j,k)∈L
(−xi + 2xj − xk)2 + (−yi + 2yj − yk)2 (5)

where L is an index set of successive collinear three nodes and (xi, yi) is a
coordinate of a node having index i. As this spatial prior related more than two
nodes, the pairwise MRF energy model (2) and (3) can not be integrated.

To incorporate this natural representation of mesh deformation energy to the
graph model, we propose a new MRF energy model with higher-order spatial
priors described as follows

E(x|θ) =
∑

s∈V
θs(xs) +

∑

(s,t,u)∈F
θstu(xs, xt, xu) (6)

where F is a set of collinear three nodes corresponding to L. The higher-order
spatial prior θstu(xs, xt, xu) is defined as

θstu(xs, xt, xu) = λstu

{
g
(
dx(xs), dx(xt), dx(xu)

)
+ g

(
dy(xs), dy(xt), dy(xu)

)}

(7)
where g(a, b, c) = (−a+ 2b− c)2. This spatial prior produces exactly same de-
formation energy with (5). In Fig. 1, we show that the proposed potential (7)
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preserve smoothness energy for simple global transformations while pairwise po-
tentials (2) and (3) can not. We illustrate the proposed graph model GF = (V ,F)
in Fig. 2(a) and 2(b).

3.1 Dynamic Higher-Order MRF Energy Model

As we described in Section 1, we can execute registration iteratively using in-
termediate registered input images to improve registration quality. However if
independent energy model is used between sequential registrations, registration
errors are normally accumulated. To overcome this limitation we use dynamic4

MRF energy model which recycles the mesh and the smoothness energy of pre-
vious registration step. In this model, mis-registered regions can have the op-
portunity to fix with intermediate input images while the mesh deformation is
continuously controlled by the smoothness energy.

If we denote T T as a transformed location of mesh nodes at time T , T T is
represented as the sum of mesh nodes at time T − 1 and transform vectors at
time T :

T T (x) = T T−1(x) + d(xT ) .

Then the dynamic higher-order energy model is defined as follows

E(xT |θT , T T−1(x)) =
∑

s∈V
θT

s (xT
s ) +

∑

(s,t,u)∈F
θstu

(
xT

s , x
T
t , x

T
u |T T−1(x)

)

where the unary potential θT is calculated from the registered input image at
T − 1 and the reference image, and the spatial prior is defined as follows

θstu(xs, xt, xu|T (x))=λstu

{
g
(
Tx(xs)+dx(xs), Tx(xt)+dx(xt), Tx(xu)+dx(xu)

)

+ g
(
Ty(xs) + dy(xs), Ty(xt) + dy(xt), Ty(xu) + dy(xu)

)}
.

As θstu(xs, xt, xu|T T−1(x)) depends on the mesh location at T − 1, it retains
the smoothness energy at T − 1.

3.2 Efficient MRF Energy Model with Decomposed Scheme

In [7], an efficient energy modeling method named decomposed scheme is intro-
duced. This scheme divides x and y displacements by making two layers of nodes
Vx and Vy from the original nodes V . The edge sets include Ex and Ey for intra-
layer interaction potentials and Exy for inter-layer interaction potentials. Note
that the graph Gx = (Vx, Ex) and Gy = (Vy, Ey) have the identical structures
with the original graph G = (V , E), and the inter-layer edges Exy link two nodes
4 We refer to MRF models varying over iterations as dynamic. This term is firstly

introduced to the vision community in [14]. However our dynamic MRF models are
focused on reusing intermediate solutions while maintaining smoothness energies in
the registration perspective.
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vx ∈ Vx and vy ∈ Vy which correspond to the same node v ∈ V in the original
graph. Then the energy model converted from (1) is following5

E(x|θ) =
∑

(s,t)∈Ex∪Ey

θst(xs, xt) +
∑

(s,t)∈Exy

θst(xs, xt) (8)

where θst(xs, xt) = f(sx, ty, sx + d(xs), ty + d(xt)) for (s, t) ∈ Exy and following
potential is used for (s, t) ∈ Ex ∪ Ey:

θst(xs, xt) = λst max
(
c1(|d(xs) − d(xt)| − 1), c2|d(xs) − d(xt)|

)
. (9)

We found this scheme can be extended to the general energy model if the
label corresponds to multi-dimensional vector such as displacement, and the
smoothness cost is separated into each dimensional term. We can use the pairwise
prior (2) if we only change (9) as following form

θst(xs, xt) = λst min
(
|d(xs) − d(xt)|, T

)
(10)

where we assume that ‖ · ‖ in (2) is 1-norm. As the higher-order spatial prior
(7) is also decomposed into each dimension, we apply the decomposed scheme
to the proposed energy model (6) as follows

E(x|θ) =
∑

(s,t)∈Fxy

θst(xs, xt) +
∑

(s,t,u)∈Fx∪Fy

θstu(xs, xt, xu) (11)

where the potentials are defined as

θst(xs, xt) = f(sx, ty, sx + d(xs), ty + d(xt)) ,
θstu(xs, xt, xu) = λstug (d(xs), d(xt), d(xu)) .

The ternary potential θstu(xs, xt, xu) is decomposed form of (7). We describe the
proposed graph model GF = (Vx ∪ Vy,Fx ∪ Fy ∪ Fxy) in Fig. 2(c). Note that
every decomposed energy model produces exactly same energy with the original
model for the same label configuration.

4 Max-Product Belief Propagation on Factor Graphs

To optimize the proposed energy model, the max-product belief propagation
(BP) can be used. The message update equations for (11) are as follows

ma{stu}→s(xs) = min
xt,xu

{
θstu(xs, xt, xu)+

∑

c∈N(t)\a

mc→t(xt)+
∑

c∈N(u)\a

mc→u(xu)
}
,

ma{st}→s(xs) = min
xt

{
θst(xs, xt) +

∑

c∈N(t)\a

mc→t(xt)
}

where N(t) denotes a set of neighboring factors for node t. In this representation,
message update equations only incorporate factor to node messages [15]. The
first equation updates intra-layer messages where (s, t, u) ∈ Fx ∪Fy and second
equation updates inter-layer messages where (s, t) ∈ Fxy.
5 We do not describe the unary potential θs(xs) (s ∈ Vx ∪ Vy) which is a zero vector

though it is used in the reparameterization stage of TRW [8].
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4.1 Efficient Message Update Using Linear Constraint Nodes

As g(a, b, c) =
(
(a, b, c) · (−1, 2,−1)

)2 in (7), the proposed higher-order spatial
prior θstu (including dynamic version) satisfies the linear constraint node (LCN)
conditions [16]. Therefore we can calculate the message update equations more
efficiently using the LCN techniques. Let us define following notations

Mt(xt) =
∑

c∈N(t)\a
mc→t(xt) ,

θs
stu(xs, y) = θstu

(
xs, d

−1
(
(y + d(x′u))/2

)
, x′u

)
(12)

where d−1(y) ∈ L is a label which corresponds to y and x′u is any discrete value
satisfying {x′u ∈ L} ∧ {d−1

(
(y + d(x′u))/2

)
∈ L}. Then an efficient message

update equation using the LCN is described as

ma{stu}→s(xs) = min
y

{
θs

stu(xs, y) + min
xu

(
Mt

(
d−1

(
(y + d(xu))/2

))
+Mu(xu)

)}

where the calculation for xu is skipped when d−1
(
(y+xu)/2

)
∈ L. The equations

for ma{stu}→t(xt) and ma{stu}→u(xu) can be similarly described. This equations
produce exactly same results comparing to the original equations, however the
time complexity for updating messages is shortened from O(|L|3) to O(|L|2).

5 Tree-Reweighted Message Passing on Factor Graphs

The major problem of BP on higher-order factor graphs is that message up-
date scheduling is not easy and the convergence is not guaranteed. We apply
TRW message passing [11,8] which provide the lower bound guaranteed not to
decrease. Recent comparative study shows the TRW gives the state-of-the-art
performances among the various discrete optimization methods [17].

5.1 Conversion from Factor Graphs to Pairwise Interactions

As the TRW theory is built on the pairwise MRF, we need to convert factor
graphs representations to pairwise interactions to use TRW. We apply the con-
ventional conversion procedure described in [18,11] and introduce its efficient
implementation. Let us consider a factor a{stu} which has a ternary potential
θstu(xs, xt, xu). The conversion is simply done by replacing factor nodes with
auxiliary variable nodes. We associate a new label z ∈ Z with the auxiliary
node which replaces the factor a where Z is Cartesian product of label spaces of
connected three nodes (Z = Ls ×Lt ×Lu). Then unary and pairwise potentials
of this converted energy model are described as follows

ψai(z, xi) =
{

0 if zi = xi

∞ otherwise ∀i ∈ {s, t, u} ,

ψa(z) = θstu(zs, zt, zu) , ψs(xs) = ψt(xt) = ψu(xu) = 0
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where any possible value z has one-to-one correspondence with a triplet
(zs, zt, zu) if {zs, zt, zu} ∈ L. The higher-order spatial prior in (6) can be con-
verted to the sum of these pairwise interactions:

θstu(xs, xt, xu) = ψa(z) +
∑

i∈{s,t,u}

(
ψi(xi) + ψai(z, xi)

)
. (13)

Applying (13) to the proposed energy model with decomposed scheme (11) , the
converted energy is represented as6

E(x|θ, ψ) =
∑

s∈Vx
O∪Vy

O

θs(xs) +
∑

(s,t)∈Exy
F

θst(xs, xt)+

∑

a∈Vx
F∪Vy

F

ψa(z) +
∑

(a,i)∈Ex
F∪Ey

F

ψai(z, xi) (14)

where Vx
O ∪ Vy

O is the set of ordinary nodes, Vx
F ∪ Vy

F is the set of auxiliary
nodes, Exy

F is the set of edges between ordinary nodes, and Ex
F ∪ Ey

F is the set
of edges between ordinary nodes and auxiliary nodes. The original factor graph
GF = (Vx ∪ Vy,Fx ∪ Fy ∪ Fxy) is converted to the pairwise undirected graph
GE = (Vx

O ∪ Vy
O ∪ Vx

F ∪ Vy
F , Ex

F ∪ Ey
F ∪ Exy

F ).

5.2 Efficient Implementation of TRW Algorithm

The basic procedure of the optimization procedure for the proposed model fol-
lows Kolmogorov’s TRW-S implementation [8]. However, a direct implementa-
tion of TRW-S on converted energy equation (14) has a higher time complexity
and requires a larger memory compared to the original equations. Each pairwise
potential ψai between an auxiliary node and an ordinary node need O(|L|4) di-
mensional space, and a message mi→a from an ordinary node i to an auxiliary
node a requires O(|L|3) dimensional space. These larger potentials and messages
cause a higher time complexity.

Fortunately, the storage for ψai can be neglected because it adds nothing to
the messages in the max-product message passings. We are logically discard all
summations when zi = xi. Moreover, we can modify mi→a to have only O(|L|)
dimensional space, because mi→a maps a summation over O(|L|) dimensional
messages mb→i (b ∈ N(i)\a) to O(|L|3) dimensional space according to ψai.
This shortened message is reconstructed to the original during updating ma→i.
The resulting message update equations between auxiliary node a{s, t, u} and
ordinary node s are following7

ms→a(xs) = γsa ·
(
θs(xs) +

∑
b∈N(s)

mb→s(xs)
)
−ma→s(xs) ,

ma→s(xs) = min
xt,xu

{
γas ·

(
θstu(xs, xt, xu) +

∑

i∈N(a)

mi→a(xs)
)
−ms→a(xs)

}

6 We expose the unary potential θs(xs) to emphasis ordinary-auxiliary node relations.
However this term is used in the reparameterization stage of TRW [8].

7 We omit δ terms used for calculating the lower bound in these representations.
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where γst = 1/ns and ns is the number of trees containing node s [8]. Note that
ms→a is a shortened O(|L|) message as described above, and we do not use ψai

explicitly. Message update equations between ordinary nodes are same to [8].

5.3 Message Update Using Linear Constraint Node

Using the LCN techniques [16] more efficient message passings for TRW algo-
rithms is possible. Similar to BP on factor graphs in Section 4.1, message update
equations for TRW using the LCN produce exactly same results with the orig-
inal equations. The time complexity of a message passing for the auxiliary to
ordinary node is reduced from O(|L|3) to O(|L|2). The message update equation
for ma{stu}→s is described as follows

Y s(y) = minxu

{
mt→a

(
d−1

(
(y + d(xu))/2

))
+mu→a(xu)

}
,

ma→s(xs) = γas · miny

{
θs

stu(xs, y) + Y s(y)
}

+ (γas − 1) ·ms→a(xs)

where θs
stu(xs, y) is defined in (12). The equations for ma→t and ma→u can be

similarly described.

6 Experimental Results

In order to evaluate the proposed method, we use two types of data sets. One is
a set of synthetically deformed images with ground truth deformations and the
other is a set of real images with no ground truth information. We test three
types of energy functions (parameters are empirically chosen):

– E1
p : (8) with pairwise prior (10) using λst = 10−4, T = 10

– E2
p : (8) with pairwise prior (9) using λst = 10−4, c1 = 1, c2 = 10−3

– Eh: higher-order energy model (14) using λstu = 6.4 × 10−3/δ2

where λstu includes the mesh spacing δ to make θstu scale invariant. For data
cost computation, we use the cubic B-spline weighted NCC using gray-scaled
images. For energy minimization, the conventional TRW-S algorithm [8] is used
for E1

p and E2
p , and the TRW-S using message update equations in Section 5 is

used for Eh.

Seamless Integration with Feature-Based Registration. To cover wide
displacement ranges in real environment, we need to use a large number of label
K, however MRF optimization for large K will turn to be intractable problem.
Moreover, rotation and scaling invariant data cost computation is another issue.
Therefore we integrate the feature-based registration which covers large global
transformations in the dynamic energy model framework. In experiments, we
take a simple strategy: if we denote initial mesh position as T 0, a feature-based
registration which uses SIFT features with assuming perspective transforma-
tion [19] is used for generating T 1 from T 0. {T T |T ≥ 2} is generated from T T−1

using dynamic energy model for Eh. However we do not apply dynamic model
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Table 1. Average displacement errors on synthetic data sets

\ Data Set I1(σ = 3) I1(σ = 6) I1(σ = 9) I2(σ = 3) I2(σ = 6) I2(σ = 9)

E δ T drms dmax drms dmax drms dmax drms dmax drms dmax drms dmax

E1
p 16 T 2 0.92 2.90 2.55 10.78 6.05 22.29 1.03 3.35 2.22 7.22 4.43 16.93

E1
p 16 T 4 0.82 2.79 1.84 8.76 4.81 22.59 1.00 4.65 1.79 7.62 3.72 15.85

E2
p 16 T 2 0.90 3.18 2.47 10.62 5.77 21.08 1.02 3.41 2.21 7.58 4.33 15.78

E2
p 16 T 4 0.81 3.20 1.72 7.85 4.54 21.71 0.93 4.09 1.81 7.76 3.46 14.96

Eh 16 T 2 0.90 2.72 2.51 10.77 5.50 20.20 1.01 3.55 2.19 7.68 4.37 16.08
Eh 16 T 4 0.79 2.65 1.67 6.49 3.47 13.59 0.91 3.61 1.62 5.94 3.43 14.10

E1
p 8 T 2 0.68 2.80 1.98 10.38 5.31 21.99 0.75 2.85 1.50 5.69 3.76 16.28

E1
p 8 T 4 0.72 4.04 1.44 9.43 4.08 20.08 0.83 5.34 1.13 5.59 2.81 14.19

E2
p 8 T 2 0.66 2.98 1.82 9.96 5.30 21.43 0.71 3.42 1.44 6.32 3.66 16.78

E2
p 8 T 4 0.68 4.06 1.31 9.20 3.90 18.76 0.88 6.04 1.14 6.06 2.72 15.74

Eh 8 T 2 0.69 2.73 1.94 10.01 5.36 21.58 0.74 2.86 1.60 6.62 3.85 17.75
Eh 8 T 4 0.65 2.89 1.00 5.57 3.22 17.04 0.73 3.93 1.04 5.57 2.40 13.68

for E1
p and E2

p as they perform poorly on the various mesh initializations by T 1.
For fair comparisons with Eh, we use spatial priors which is independent to time
T − 1 while data cost is updated on each time T for generating {T T |T ≥ 2} in
E1

p and E2
p .

6.1 Registration Using Synthetically Deformed Data

Given a base image, we generate a synthetically deformed data set by following
steps: 1. Pick a point set P1 placed on square grid with spacing δ0 = 30, 2.
Perturb point locations with random variation [−σ, σ], 3. Transfer points with
random rotation, translation, and scaling [0.7, 1.0] (let this transformed point
set as P2), 4. Interpolate deformation pattern using thin-plate spline (TPS) [13]

(a) I1 (b) σ = 3 (c) σ = 6 (d) σ = 9

(e) I2 (f) σ = 3 (g) σ = 6 (h) σ = 9

Fig. 3. Selected images from synthetic data set. (b-d) and (f-h) are synthetic images
generated using base image (a) and (e) respectively (TPS meshes are overlaid).
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(a) T 1 (b) E1
p , T 4 (c) E2

p, T 4 (d) Eh, T 4

(e) T 1 (f) E1
p, T 4 (g) E2

p, T 4 (h) Eh, T 4

Fig. 4. Selected results from synthetic data set. (a-d) and (e-h) are registration results
using (d) and (g) in Fig. 3 as reference images. {(a),(e)} are alignment results. {(b),(f)},
{(c),(g)}, and {(d),(h)} are generated using E1

p, E2
p , and Eh respectively.

using P1 and P2 correspondences. This data sets reflect wide displacement ranges
in real environments. For each base image I1 (size:160×208) and I2 (size:
160×224), 10 synthetic images (size:320×240) are generated for each σ = 3,
6, and 9. We show some images from synthetic data set in Fig. 3.

The registration is performed between a image from synthetic data set (refer-
ence) and a corresponding base image (input) using E1

p , E2
p , Eh with δ = 8, 16

and D = 8 (d ∈ [−8, 8]2,K = 172). We show average displacements errors in
Table 1 where drms and dmax are the root mean square error (RMSE) and the
maximum of the lengths of displacement difference vectors between the ground
truth and the registration result. One can see the performances of the proposed
energy model Eh in T 4 are superior in almost every cases. (We indicate the
best result as bold face numbers in each data set.) The performance difference
is greater in larger σ data sets. In general, results on T 4 are better than T 2, and
dmax at T 4 is smaller in Eh than E1

p or E2
p . In Fig.4, one can see the proposed

model Eh produces more accurate and reliable result than E1
p or E2

p .

6.2 Registration Using Real Data

The real data set includes photos (size:320×240) capturing real object deforma-
tions. We use T-shirts printed with base images I1 and I2 in Section 6.1. The
registration is performed between an image from real data set (reference) and a
corresponding base image (input) using E1

p , E2
p , Eh with δ = 8 and D = 8. We

show registration results in Fig. 5.

7 Discussion

Experimental results show the proposed energy model generally outperforms
the previous methods with pairwise spatial prior. In Table 1, drms indicates
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(a) reference (b) E1
p, T 4 (c) E2

p, T 4 (d) Eh, T 4

(e) reference (f) E1
p, T 4 (g) E2

p, T 4 (h) Eh, T 4

(i) reference (j) E1
p, T 4 (k) E2

p, T 4 (l) Eh, T 4

(m) reference (n) E1
p, T 4 (o) E2

p, T 4 (p) Eh, T 4

Fig. 5. Results from real data. {(b),(f),(j),(n)} and {(c),(g),(k),(o)} are generated by
the pairwise models E1

p and E2
p , respectively. {(d),(h),(l),(p)} are generated by the

proposed model Eh.

the overall accuracy while dmax implies the reliability of the methods. There-
fore the result on T 4 shows the proposed model is more accurate and reliable
than the pairwise models. Although drms in T 4 are usually better than drms in
T 2 for every model, differences of dmax of pairwise models are marginal while
the proposed model decreases dmax in successive registrations. From this fact,
we conclude the proposed dynamic energy model increases the accuracy while
assuring the reliability.

In addition to the quantitative analysis, the quality of the generated mesh
using the proposed model is superior to the pairwise models. As can be seen in
Fig. 4, the resulting meshes of pairwise models present irregular grids, however
the meshes of the proposed model is closely recovering the ground truths. This
situation is more distinctive in experiments with real data. Due to the illumina-
tion difference and the noise, the data cost is more erroneous, so the registration
depends more on the smoothness cost. In Fig. 5, the resulting displacements
of pairwise energy model are prone to converge to wrong places. However in
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the proposed model, this kind of errors are eliminated because the higher-order
spatial prior enforces the smoothness of the surface deformation.
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