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Abstract. In order to accurately measure the gene expression levels in
microarray experiments, it is crucial to design unique, highly specific and
highly sensitive oligonucleotide probes for the identification of biological
agents such as genes in a sample. Unique probes are difficult to obtain
for closely related genes such as the known strains of HIV genes. The
non-unique probe selection problem is to find one of the smallest probe
set that is able to uniquely identify targets in a biological sample. This
is an NP-hard problem. We present heuristic for finding near-minimal
non-unique probe sets. Our method is a variant of the sequential forward
selection algorithm, which used for feature subset selection in pattern
recognition systems. The heuristic is guided by a probe set selection cri-
terion which evaluates the efficiency and the effectiveness of a probe set
in classifying targets genes as present or absent in a biological sample.
Our methods outperformed all currently published greedy algorithms for
this problem.
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1 Introduction

Oligonucleotide microarrays are widely used tools, in molecular biology, provid-
ing a fast and cost-effective method for monitoring the expression of thousands
of genes simultaneously [7]. In order to measure the expression level of a spe-
cific gene in a sample, one must design a microarray containing short strands
of known DNA sequences of 8 to 30 bp, called oligonucleotide probes, which are
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complementary to the gene’s segments, called targets. These targets, if present in
the sample, should bind to their complementary probes by means of hybridiza-
tion. The success of a microarray experiment depends on how well each probe
hybridizes to its target under specified experimental conditions such as temper-
ature and salt concentration. However, choosing good probes is a difficult task
since different sequences have different hybridization characteristics.

A probe is unique, if it is designed to hybridize to a single target. However, due
to hybridization errors, there is no guarantee that unique probes will hybridize
to their intended targets only. Many parameters such as secondary structure,
salt concentration, GC content, free energy and melting temperature also affect
the hybridization quality of probes [7], and their values must be carefully deter-
mined to design high quality probes. It is particularly difficult to design unique
probes for closely related genes, given the probe length and melting temperature
constraints. An alternative approach is to devise a method that can make use
of non-unique probes, i.e. probes that are designed to hybridize to at least one
target [7]. Also, a smaller probe set can be used with non-unique probes than
can be with unique probes. Minimizing the number of probes in a microarray ex-
periment is also a reasonable objective, since it is proportional to the cost of the
experiment. The non-unique probe selection problem is to determine a smallest
set of probes able to identify all targets present in a biological sample. This is an
NP-hard problem [1], for which several approaches have been proposed recently
[2][6][7][8][9].

Schliep et al. [7] first introduced the non-unique probe selection problem and
described a simple but fast greedy heuristic, which computes an approximate
solution that guarantees smin-separation for pairs of small target groups. Klau
et al. [1] proposed two ILP formulations for this problem, respectively for single
targets and for target groups, then solved it using the ILP solver CPLEX on
pre-reduced problem instances. They also proved that the non-unique probe
selection problem is NP-hard. Meneses et al. [2] proposed a deterministic greedy
heuristic, for single targets only, which first constructs an initial feasible solution
through local search, and then applies a reduction method to further reduce
this solution. Ragle et al. [6] developed an optimal cutting-plane ILP heuristic,
for single targets only, to find optimal solutions within practical computational
limits. Wang et al. [8] proposed deterministic greedy heuristics that select probes
based on their ability to help satisfy the constraints. Recently, Wang et al. [9]
combined the probe selection functions with evolutionary methods and produced
results that are at least comparable to those obtained by the method of [6], which
is the best published approach for this problem.

2 Non-unique Probe Selection Problem

Given a target set, T = {t1, . . . , tm}, and probe set, P = {p1, . . . , pn}, an m ×
n target-probe incidence matrix H = [hij ] is such that hij = 1, if probe pj

hybridizes to target ti, and hij = 0 otherwise. Table 1 shows an example of a
matrix with m = 4 targets and n = 6 probes. A probe pj separates two targets,
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Table 1. A 4× 6 target-probe incidence matrix

p1 p2 p3 p4 p5 p6

t1 1 1 0 1 0 1

t2 1 0 1 0 0 1

t3 0 1 1 1 1 1

t4 0 0 1 1 1 0

ti and tk, if it is a substring of either ti or tk, that is, if |hij − hkj | = 1. For
example, if ti = AGGCAATT and tk = CCATATTGG, then probe pj = GCAA
separates ti and tk, since it is a substring of ti only, whereas probe pl = ATT
does not separate ti and tk, since it is a substring of both targets [2]. Two targets,
ti and tk, are s-separated, s ≥ 1, if there exist at least s probes such that each
separates ti and tk; in other words, the Hamming distance between rows i and
k in H is at least s. For example, in Table 1 targets t2 and t4 are 4-separated.
A target t is c-covered, c ≥ 1, if there exist at least c probes such that each
hybridizes to t. In Table 1, target t2 is 3-covered. Due to hybridization errors
in microarray experiments, it is required that any two targets be smin-separated
and any target be cmin-covered; usually, we have smin ≥ 2 and cmin ≥ 2. These
two requirements are called separation constraints and coverage constraints.

Given a matrix H , the aim of the non-unique probe selection problem is to find
a minimal probe set that determines the presence or absence of specified targets,
and such that all constraints are satisfied. In Table 1, if smin = cmin = 1 and
assuming that exactly one of t1, . . . , t4 is in the sample, then the goal is to select
a minimal set of probes that allows us to infer the presence or absence of a single
target. In this case, a minimal solution is {p1, p2, p3} since for target t1, probes
p1 and p2 hybridize while p3 does not; for target t2, probes p1 and p3 hybridize
while p2 does not; for target t3, probes p2 and p3 hybridize while p1 does not;
and finally for target t4, only probe p3 hybridize. Thus, each single target will
be identified by the set {p1, p2, p3}, if it is the only target present in the sample;
moreover, all constraints are satisfied. For smin = cmin = 2, a minimal solution
that satisfies all constraints is {p2, p3, p5, p6}. Of course, {p1, . . . , p6} is a solution
but it is not minimal, and hence is not cost-effective.

Stated formally, given an m× n matrix H with a target set T = {t1, . . . , tm}
and a probe set P = {p1, . . . , pn}, and a minimum coverage parameter cmin,
a minimum separation parameter smin and a parameter dmax ≥ 1, the aim
of the non-unique probe selection problem is to determine a subset Pmin =
{q1, q2, · · · , qs} ⊆ P such that:

1. s = |Pmin| ≤ n is minimal.
2. Each target ti ∈ T is cmin-covered by some probes in Pmin.
3. Each target-pair (ti, tk) ∈ T × T is smin-separated by some probes in Pmin.
4. Each pair of small groups of targets is smin-separated by some probes in

Pmin.
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This problem was proved to be NP-hard, in [1], by performing a reduction
from the set covering problem. It is NP-hard even for cmin = 1 or smin = 1.
The work of [1] formulated the non-unique probe selection problem as an integer
linear programming (ILP) problem. Let C = {(i, k) | 1 ≤ i < k ≤ m} be the set
of all combinations of target indices. Assign xj = 1 if probe pj is chosen and 0
otherwise. We have:

Minimize:
n∑

j=1

xj . (1)

Subject to:

xj ∈ {0, 1} 1 ≤ j ≤ n , (2)
n∑

j=1

hijxj ≥ cmin 1 ≤ i ≤ m , (3)

n∑

j=1

|hij − hkj |xj ≥ smin 1 ≤ i < k ≤ m . (4)

Function (1) minimizes the number of probes. The probe selection variables
are binary-valued in Restriction (2). Constraints (3) and (4) are the coverage
and separation constraints, respectively. Note that Constraints (4) are for single
targets only. As opposed to this, in [1], another ILP formulation was proposed,
which includes the separation constraints for small groups of targets. In this
paper, we solve the ILP formulation, above, using a deterministic greedy heuristic
based on a feature subset selection method used in pattern recognition. Note that
one can easily check if the probes in the original set of candidate satisfy all the
constraints. If not, then there are no feasible solutions. In this case, we can insert
unique virtual probes in the original probe set only for those targets or target-
pairs that are not cmin-covered or smin-separated. This will ensure the existence
of feasible solutions.

3 Probe Selection Functions

We want to select a minimum number of probes such that each target is cmin-
covered and each target-pair is smin-separated. Consider a target-probe incidence
matrix, H , the parameters cmin and smin, the initial feasible candidate set of
probes, P = {p1, . . . , pn}, and the set of targets T = {t1, . . . , tm}. Let Pti be the
set of probes hybridizing to target ti, and Ptik

be the set of probes separating
the target-pair tik. A probe p ∈ Pti is an essential covering probe if and only
if |Pti | = cmin. In Table 1, for instance, the probes in Pt2 = {p1, p3, p6} are
essential covering probes if cmin = 3. Essential separating probes are defined
similarly. Essential probes must be contained in any minimal solution; that is,
removing any such probe will make the solution unfeasible. A redundant probe is
the one for which a feasible solution remains feasible when the probe is removed.
Note that a probe may be redundant for some candidate solutions but non-
redundant for others. There is a degree of redundancy between probes such
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that highly redundant probes are in very few or no minimal solutions. Our
approach associates with each probe and each probe set a degree of contribution
to minimal solutions (or, degree of non-redundancy)[8]. This degree corresponds
to the ability of a probe, or a probe set, to help satisfy all the constraint.

3.1 Coverage Function

We want to choose the minimum number of probes such that each target is cmin-
covered. Given H , the parameter cmin, the probe set P = {p1, . . . , pn} and the
target set T = {t1, . . . , tm}, we defined the function covdrc : P × T �→ [0, 1] in
[8] as follows:

covdrc(pj , ti) = hij × cmin

|Pti |
, pj ∈ Pti , ti ∈ T , (5)

where, Pti is the set of probes hybridizing to target ti; covdrc(pj , ti) is the amount
that pj contributes to satisfy the coverage constraint for target ti. For target ti, pj

is likely to be redundant for a larger value of |Pti | and likely to be non-redundant
for a smaller value of |Pti |. We defined the coverage function Cdrc : P �→ [0, 1]
in [8] as follows:

Cdrc(pj) = max
ti∈Tpj

{covdrc(pj , ti) | 1 ≤ j ≤ n} , (6)

where Tpj is the set of targets covered by pj . Cdrc(pj) is the maximum amount
that pj can contribute to satisfy the minimum coverage constraints. Table 2
shows the coverage function table produced from Table 1.

Function Cdrc favors the selection of probes that cmin-cover targets ti that
have the smallest subsets Pti ; these are the essential or near-essential covering
probes. In Table 2, for example, target t2 has the minimal value |Pt2 | = 3,
and hence any probe that covers it can be selected first. In particular, function
Cdrc guarantees the selection of near-essential covering probes that cmin-cover
dominated targets ; ti dominates tk if Ptk

⊂ Pti . In Table 2, for example, t3
dominates t4 since Pt4 = {p3, p4, p5} ⊂ {p2, p3, p4, p5, p6} = Pt3 . Any cmin-cover
of the dominated target tk will also cmin-cover all its dominant targets, and

Table 2. Coverage function table obtained from Table 1

p1 p2 p3 p4 p5 p6

t1
cmin

4
cmin

4
0 cmin

4
0 cmin

4

t2
cmin

3
0 cmin

3
0 0 cmin

3

t3 0 cmin
5

cmin
5

cmin
5

cmin
5

cmin
5

t4 0 0 cmin
3

cmin
3

cmin
3

0

Cdrc
cmin

3
cmin

4
cmin

3
cmin

3
cmin

3
cmin

3

Cdps
cmin

6
cmin

8
cmin

4
cmin

4
cmin

6
cmin

4
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therefore, more targets are cmin-covered. Probes covering the dominated target
tk have larger covdrc values than probes covering its dominant targets ti, since
|Ptk

| < |Pti |, and hence they will be selected first.
We would also like to favor the selection of dominant probes ; pj dominates

pl if Tpl
⊂ Tpj . In Table 2, for instance, p6 dominates p1 since Tp1 = {t1, t2} ⊂

{t1, t2, t3} = Tp6 . Selecting dominant probes instead of dominated probes covers
more targets. In the example, however, we have Cdrc(p1) = Cdrc(p6), and hence
p1 could be selected for target coverage rather than p6, depending on a particular
order of the probes. On the other hand, p6 dominates p2 and Cdrc(p6) > Cdrc(p2),
and hence p6 will be selected first. To favor the selection of a dominant probe
among dominated probes equal in value Cdrc, we penalize each probe p by an
amount proportional to |Tp|, as follows:

Cdps(pj) = Cdrc(pj) × 1
m − |Tpj | + 1

, (7)

and probes that cover fewer targets are penalized more than probes that cover
more targets. Table 2 shows the values of Cdps for each probe.

3.2 Separation Function

We want to choose the minimum number of probes such that each target-pair is
smin-separated. We defined the function sepdrc : P ×T 2 �→ [0, 1] in [8] as follows:

sepdrc(pj , tik) = |hij − hkj | × smin

|Ptik
| , pj ∈ Ptik

, tik ∈ T 2 , (8)

where, Ptik
is the set of probes separating target-pair tik; sepdrc(pj , tik) is what

pj can contribute to satisfy the separation constraint for target-pair tik. We
defined the separation function Sdrc : P �→ [0, 1] in [8] as follows:

Sdrc(pj) = max
tik∈T 2

pj

{sepdrc(pj , tik) | 1 ≤ j ≤ n} , (9)

where T 2
pj

is the set of target-pairs separated by pj . Sdrc(pj) is the maximum
amount that pj can contribute to satisfy the minimum separation constraints.
The full separation function table can be found in [9].

Function Sdrc also favors the selection of probes that smin-separate target-
pairs tik which have the smallest subsets Ptik

and further favors the selection of
near-essential separating probes that smin-separate dominated target pairs. To
favor the selection of a dominant probe that has the same value, Sdrc, as some
of its dominated probes, we penalize each probe p by an amount proportional
to |T 2

p |, as follows:

Sdps(pj) = Sdrc(pj) × 1
m(m−1)

2 − |T 2
pj
| + 1

, (10)

and probes that separate fewer target-pairs are penalized more than probes that
separate more target-pairs.
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3.3 Selection Function

We want to select the minimum number of probes such that all coverage and
separation constraints are satisfied; that is, we must select a probe according
to its ability to help satisfy both coverage and separation constraints. In [8],
we combined functions Cdrc and Sdrc into a single probe selection function,
Ddrc : P �→ [0, 1] as follows:

Ddrc(pj) = max{(Cdrc(pj), Sdrc(pj)) | 1 ≤ j ≤ n} . (11)

Ddrc(pj) is the degree of contribution of pj , that is, the maximum amount re-
quired for pj to satisfy all constraints. Ddrc ensures that all essential probes
pj will be selected for inclusion in the subsequent candidate solution, since
Cdrc(pj) = 1 or Sdrc(pj) = 1. With our definition of Ddrc, probes p that cover
dominated targets or separate dominated target-pairs have the highest Ddrc(p)
values. By selecting a probe p to cover a dominated target ti or to separate a
dominated target-pair tik, we are also selecting p to cover as many targets as
possible (all targets that dominate ti) or to separate as many target-pairs as
possible (all target-pairs that dominate tik). This is the main greedy probe se-
lection strategy in our heuristics in Section 5. In this paper, we use the following
probe selection function, Ddps : P �→ [0, 1]:

Ddps(pj) = max{(Cdps(pj), Sdps(pj)) | 1 ≤ j ≤ n} , (12)

to favor the dominant probes among all probes that have equal values in Ddrc;
this is the secondary greedy selection principle. These two greedy principles
together allow larger coverage and separation when using Ddps than Ddrc in a
greedy search method.

4 Subset Selection Criteria

Given the initial probe set, P = {p1, . . . , pn}, the sequential search algorithm,
discussed in Section 5, greedily selects the best subset of probes among a col-
lection, P ⊆ 2P , of subsets; 2P is the power set of P . In this section, we
define the criteria required to decide which is the best subset to select. Let
P 1...u = {q1, . . . , qu} ⊆ P be a probe set to be evaluated, where qj ∈ P , 1 ≤ j ≤ u
and 1 ≤ u ≤ n, and P 1...0 = ∅. P 1...u cmin-covers a target ti if at least cmin probes
in P 1...u cover ti. P 1...u smin-separates a target-pair tik if at least smin probes
in P 1...u separate tik. Our aim is to select the subset P 1...u which cmin-covers as
many target as possible and smin-separates as many target-pairs as possible, or,
which satisfies all the constraints with the least cardinality u.

4.1 Coverage Criterion

Given a collection P ⊆ 2P , we want to choose the subset P 1...u ⊆ P such that
each target is cmin-covered by P 1...u. Given the matrix H , the parameter cmin,
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Table 3. Example of subset coverage obtained from Table 1

{p3} ∪ {p1} = P31 P32 P34 P35 P36

t1 0 + cmin
4

2
4

= cmin
8

cmin
8

3cmin
16

0 3cmin
16

t2
cmin

3
3
4

+ cmin
3

2
4

= 5cmin
12

cmin
4

cmin
4

cmin
4

cmin
2

t3
cmin

5
3
4

+ 0 = 3cmin
20

cmin
10

3cmin
10

cmin
10

3cmin
10

t4
cmin

3
3
4

+ 0 = 3cmin
20

cmin
4

cmin
2

5cmin
12

cmin
4

Cdps
cmin

3
3
4

+ cmin
3

2
4

= 5cmin
12

cmin
4

cmin
2

5cmin
12

cmin
2

the candidate probe set P = {p1, . . . , pn} and the target set T = {t1, . . . , tm}; to
evaluate the ability of subset P 1...u to cmin-cover T , we generalize the coverage
function as follows:

Cdps(P
1...u) = max

ti∈T
P1...u

(
j=uX
j=1

covdrc(qj , ti)× 1

m− ˛̨
Tqj

˛̨
+ 1

| qj ∈ P 1...u

)
, (13)

where TP 1...u = Tq1∪. . .∪Tqu is the set of targets covered by P 1...u. Cdps(P 1...u) :
2P �→ �+ is the maximum amount that P 1...u can contribute to satisfy the
minimum coverage constraints. Table 3 shows an example of a subset coverage
table obtained from Table 1, given five subsets. In the example, Pab means the
subset {qa, qb}. We also show, for P31, the computation of Equation (13).

Clearly, Cdps(P 1...u) is maximal if Cdps(qj) is maximal for each qj ∈ P 1...u.
Thus, for subsets of probes, function Cdps favors the selection of those subsets
that contain probes having the highest coverage values. For example in Table 2,
probes p3, p4 and p6 have the highest coverage values, and hence, subsets such
as P34 and P36 have the best values. Cdps indicates only how much a subset con-
tributes in satisfying the coverage constraints, not how well the subset satisfies
the coverage constraints. For instance, in the table, subsets P31 and P35 produce
a tie, but P31 should be preferred since it covers more targets. Also, between
the two subsets, which attain the same value of Cdps, the one that satisfies all
coverage constraints (or, closer to satisfying all coverage constraints) should be
preferred. We define the coverage criterion, FCdps : 2P �→ �+, as follows:

FCdps (P
1...u) = Cdps(P

1...u)× |TP1...u | − |UP1...u |
m− |UP1...u | ×

P
ti∈T�U

P1...u
fea

`
P 1...u

ti

´
(m− |UP1...u |) · cmin

, (14)

where, UP 1...u is the set of targets already cmin-covered by P 1...u (probes need
not be selected to cover such targets); P 1...u

ti
is the set of probes in P 1...u that

cover ti, and fea : 2P �→ �+ defined as

fea
(
P 1...u

ti

)
=

{∣∣P 1...u
ti

∣∣ , if
∣∣P 1...u

ti

∣∣ < cmin

cmin , otherwise , (15)

specifies how much the coverage constraint is satisfied on ti; the sum equals
(m − |UP 1...u |) cmin when all coverage constraints are satisfied. Hence, the second
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term penalizes subsets that cover fewer targets and the third term penalizes
subsets that satisfy fewer coverage constraints. FCdps is maximal when all three
terms are maximal.

4.2 Separation Criterion

The derivation of the separation criterion is similar to that of coverage, except
that we use terms and variables related to separation; such as, target-pair, smin,
and so on, in the equations below. Given a collection P ⊆ 2P , we want to
choose the subset P 1...u ⊆ P such that each target-pair is smin-separated by
P 1...u. Consider the matrix H , the parameter smin, the candidate probe set P =
{p1, . . . , pn} and the target set T = {t1, . . . , tm}. Following the same reasoning
as in Section 4.1, we obtain the following equations for separation:

Sdps(P
1...u) = max

tik∈T2
P1...u

8<
:

j=uX
j=1

sepdrc(qj , tik)× 1
m(m−1)

2
−

˛̨̨
T 2

qj

˛̨̨
+ 1

| qj ∈ P 1...u

9=
; ,

(16)

where T 2
P 1...u = T 2

q1
∪ . . . ∪ T 2

qu
is the set of target-pairs separated by P 1...u.

Sdps(P 1...u) : 2P �→ �+ is the maximum amount that P 1...u can contribute to
satisfy the minimum separation constraints. The separation criterion is given
by:

FSdps(P
1...u) = Sdps(P 1...u)×

∣∣T 2
P 1...u

∣∣ − ∣∣U2
P 1...u

∣∣
m(m−1)

2 − ∣∣U2
P 1...u

∣∣×
∑

tik∈T 2
�U2

P1...u
fea

(
P 1...u

tik

)

(
m(m−1)

2 − ∣∣U2
P 1...u

∣∣
)
· smin

,

(17)

where, U2
P 1...u is the set of target-pairs already smin-separated by P 1...u (probes

need not be selected to separate such target-pairs); P 1...u
tik

is the set of probes in
P 1...u that separate tik, and fea : 2P �→ �+ defined as

fea
(
P 1...u

tik

)
=

{∣∣P 1...u
tik

∣∣ , if
∣∣P 1...u

tik

∣∣ < smin

smin , otherwise , (18)

specifies how much the separation constraint is satisfied on tik; the sum equals(
m(m−1)

2 − ∣∣U2
P 1...u

∣∣
)

smin when all separation constraints are satisfied. Thus,
the second term penalizes subsets that separate fewer target-pairs and the third
term penalizes subsets that satisfy fewer separation constraints. FSdps is maximal
when all three terms are maximal.

4.3 Selection Criterion

As in the selection function of Section 3.3, we combine both the coverage criterion
and the separation criterion into a single subset selection criterion

FDdps(P
1...u) = max

{
FCdps(P

1...u) , FSdps(P
1...u)

}
, (19)

which specifies the degree to which a subset of probes satisfies all constraints.
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5 Sequential Forward Probe Selection Algorithm

In this section, a sub-optimal technique from pattern recognition is applied for
the first time, to the best of our knowledge, to the non-unique probe selection
problem. In particular, the well-known sequential forward selection (SFS) algo-
rithm [5], for feature subset selection, is adapted to find near-minimal feasible
probe sets. Feature selection (FS) constitutes one of the two principal phases of
pattern recognition system design, the other being the design of pattern clas-
sification stage which employs the selected features. The main goal of FS is to
select a subset of d features from the given set of D measurements, d < D,
without significantly degrading or with possibly improving the performance of
the recognition system. Given a suitable criterion function for assessing the ef-
fectiveness of feature subsets to classify data, FS is reduced to a combinatorial
search problem that finds an optimal subset based on the selected measure. The
SFS is among the methods[3][4][5] proposed by researchers to avoid searching
the feature space exhaustively.

A microarray design experiment is a pattern recognition system where the
measurements are provided by a biological sample and a target set (augmented
with the set of all target-pairs, if non-unique probes are used), and where the
classifier system is a probe set that classifies each target, or target-pair, as present
or absent in the sample. However, with microarrays, the problem is to reduce
the complexity of the classifier system (i.e., the size of the probe set) while still
able to correctly classify each target and target-pair as present or absent in
the biological sample. Here, the feature space representing the sample, which
includes the targets and the target-pairs, is not subject to optimization.

We adapt the SFS to find a near minimal probe set as follows: the best probe
set is constructed by adding, to the current non-feasible probe set, one probe
at a time until we obtain a feasible probe set with the hope it has the least
cardinality u. More specifically, to form the best feasible subset of probes, the
starting point of the search is the empty set, P 1...0, which is then successively
built up. This is known as the bottom up approach. This method is generally
sub-optimal since the best probe is always added to a working subset of probes,
P 1...u.

The sequential forward probe selection (SFPS) method (Algorithm 1) is based
on the SFS algorithm. SFPS uses the FDdps function as the criterion for selecting
the best subset among a collection of probe sets. The best probe, q+, to insert in
a working subset, P 1...u, is the one that maximizes the criterion, FDdps , when it
is included. SFPS terminates when P 1...u is feasible; which is then reduced to a
near-minimal solution, Pmin, in Algorithm 2, by removing the redundant probes.

SFPS locally searches the power set, 2P , of the probe set P . That is, at each
subset selection step, the neighborhood of the working subset P 1...u ∈ 2P is the
collection P1...(u+1) =

{
P 1...u ∪ {q1}, P 1...u ∪ {q2}, . . . , P 1...u ∪ {qn−u}

} ⊂ 2P ,
qj ∈ P � P 1...u for 1 ≤ j ≤ n − u. The subset to select is the one in P1...(u+1)

that maximizes the criterion FDdps .
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Algorithm 1. Sequential Forward Probe Selection
Input: T = {t1, . . . , tm}, P = {p1, . . . , pn}, and H = [hij ]
Output: Near-minimal solution Pmin

Compute Ddps(p) for all p ∈ P ;
u← number of essential probes;
P 1...u ← set of essential probes;
repeat

q+ ← arg maxq∈P �P1...u FDdps

`
P 1...u ∪ {q}´;

P 1...(u+1) ← P 1...u ∪ {q+};
u← u + 1;

until P 1...u is feasible;
Return Pmin ← Reduction(P 1...u, P, T, H).

Algorithm 2. Reduction
Input: P 1...u, P , T , H
Output: Reduced solution Pred

Pred ← P 1...u;
H ← H |Pred , /* restrict to Pred */ ;
Compute Ddps(q) for all q ∈ Pred;
Sort Pdel ← {q ∈ Pred | Ddps(q) < 1} in increasing Ddps(q);
if Pred � {p} is feasible for each q ∈ Pdel then

Pred ← Pred � {q};
end if
Return Pred.

6 Computational Experiments

We performed experiments to show the minimization ability of SFPS and that it
outperform all the greedy methods currently published in literature for the non-
unique probe selection problem. The programs were written in C and all tests ran
on two Intel XeonTM CPUs 3.60GHz with 3GB of RAM under Ubuntu 6.06 i386.

We conducted experiments on ten artificial data sets and three real data sets,
that were kindly provided by Dr. Ragle and Dr. Pardalos [6]. These data sets
were used in all previous studies mentioned in Section 1, except for HIV-1 and
HIV-2 sets which were used only in [2][6][8][9]. Table 4 shows, in the second and
third columns, the dimension |T | × |P | (number of targets × number of probes)
of the incidence matrix for each set (M for Meiobenthos is the largest set).
Column A is the number of required virtual probes inserted into P to maintain
the feasibility of the initial probe sets P . Due to space constraints, we refer the
readers to [1][2][7] for the full details on the construction of these data sets. All
experiments were performed with parameters cmin = 10 and smin = 5, as in all
previous studies.

Table 4 shows, for all data sets, the minimum sizes |Pmin| attained by the
greedy methods, GrdS of [7], GrdM of [2], DRC and DPS of [8], our SFPS
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Table 4. Size of Pmin for each heuristic

Set |T | |P | A GrdS GrdM DRC DPS SFPS ILP

a1 256 2786 6 1163 568 549 547 530 503

a2 256 2821 2 1137 560 552 537 516 519

a3 256 2871 16 1175 613 590 577 557 516

a4 256 2954 2 1169 597 579 578 557 540

a5 256 2968 4 1175 605 583 571 558 504

b1 400 6292 0 1908 961 974 921 883 879

b2 400 6283 1 1885 976 1013 942 890 938

b3 400 6311 5 1895 951 953 915 896 891

b4 400 6223 0 1888 1001 1019 956 920 915

b5 400 6285 3 1876 1022 1019 969 933 946

M 679 15139 75 3851 2336 2084 2068 2036 3158

HIV-1 200 4806 20 - 531 487 472 468 -

HIV-2 200 4686 35 - 578 506 501 492 -

method, and the integer linear programming technique, ILP of [1]. In the table,
the final Pmin’s include the virtual probes inserted into P .

Table 5 reports the improvements, Imp, of SFPS over GrdS, GrdM, DRC,
DPS and ILP, computed as in Equation 20 below.

Imp =
PSFPS

min − PHeu
min

PHeu
min

× 100 , (20)

where Heu is either GrdS, GrdM, DRC, DPS or ILP. A negative (positive) value
of Imp means that a SFPS result is Imp% better (worse) than Heu result. Con-
sequently, Imp is negative when SFPS returns a probe set smaller than PHeu

min .
Therefore, the smaller the value of Imp, the better is SFPS.

SFPS substantially outperformed all the other greedy methods in all instances.
GrdS and GrdM use different local search methods to find probes that satisfy the
constraint on each target and target-pair. They use no probe selection function
and thus, they do not know which probes are good or bad to select. DRC and
DPS use a local search method similar to that in GrdM, but are guided by probe
selection functions to decide which probes are best to select or not. SFPS uses
the probe selection function, Ddps, of DPS but only to evaluate the effectiveness
of each individual probe in a probe set. SFPF does not select the best probes,
as in DPS, to construct a near minimal probe set; it uses the criterion FDdps

to select the best subset from a collection of probe sets, as explained in Section
5. DPS locally searches the probe set P , where the neighborhood of a probe
q ∈ P is the set of probes that cover the same targets and separate the same
target-pairs as q. SFPS locally searches the power set 2P ; which is more global
than DPS search strategy. Therefore, as expected, SFPS performs better than
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Table 5. Improvements of SFPS over GrdS, GrdM, DRC, DPS and ILP

Set GrdS GrdM DRC DPS ILP

a1 −54.43 −6.69 −3.46 −3.11 +5.37

a2 −54.62 −7.86 −6.52 −3.91 −0.58

a3 −52.60 −9.14 −5.59 −3.47 +7.95

a4 −52.35 −6.70 −3.80 −3.63 +3.15

a5 −52.51 −7.77 −4.29 −2.28 +10.71

b1 −53.72 −8.12 −9.34 −4.13 +0.46

b2 −52.79 −8.81 −12.14 −5.52 −5.12

b3 −52.72 −5.78 −5.98 −2.08 +0.56

b4 −51.27 −8.09 −9.72 −3.77 +0.55

b5 −50.27 −8.71 −8.44 −3.72 −1.37

M −47.13 −12.84 −2.30 −1.55 −35.53

HIV-1 - −11.86 −3.90 −0.85 -

HIV-2 - −14.88 −2.77 −1.80 -

DPS, DRC, GrdM and GrdS, due to its ability to assess the effectiveness of a
probe set and its ability to search 2P .

Also, SFPS achieved a greater reduction on the M set than all the others
methods, including ILP. The authors of [1], first applied GrdS to reduce the ini-
tial probe sets (and to reduce the ILP running time), and then further optimized
the reduced probe sets with ILP solver CPLEX (CPLEX is one of the leading
mathematical programming software packages available and few heuristics, if
any, are able to compete with its results). CPLEX was restricted to search only
a small portion of the solution space, hence ILP was not aware of the full initial
probe sets. SFPS had no such restriction. The improvements of SFPS over ILP
are still quite small, but it implies that one could obtain better results than ILP,
with better functions, than our Ddps or FDdps , or with a better search method,
than our SFPS method.

7 Conclusions and Future Research

In this paper, the sequential forward search algorithm is applied for the first
time to solve the non-unique probe selection problem. SFPS outperformed all
the currently published greedy algorithms for non-unique probes and gave results
close to the optimal search method of ILP. SFPS also suffers from the nesting
effect of SFS; that is, a probe that was selected cannot be discarded later to
correct a wrong decision, and hence, the solution tends to be sub-optimal. The
main cause of the nesting effect is the use of a non-monotonic criterion such
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as our FDdps criterion. We are investigating sequential methods, such as the
floating search methods of [5], which reduces the nesting effect and cope with
non-monotonic criterion functions.
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