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Abstract. A straightforward nonlinear extension of Granger’s concept
of causality in the kernel framework is suggested. The kernel-based ap-
proach to assessing nonlinear Granger causality in multivariate time se-
ries enables us to determine, in a model-free way, whether the causal
relation between two time series is present or not and whether it is di-
rect or mediated by other processes. The trace norm of the so-called
covariance operator in feature space is used to measure the prediction
error. Relying on this measure, we test the improvement of predictability
between time series by subsampling-based multiple testing. The distribu-
tional properties of the resulting p-values reveal the direction of Granger
causality. Experiments with simulated and real-world data show that our
method provides encouraging results.
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1 Introduction

In this paper, a time series X:=(. . . , xt−1, xt, xt+1, . . .) is a discrete time, contin-
uous state process where t∈Z is a certain discrete time point. Time points are
usually taken at equally spaced intervals. We consider, without loss of generality,
a triviariate time series (X, Y, Z) measured simultaneously, where X, Y, Z can,
in general, again be multivariate time series. The problem that we focus on is
that whether the underlying process of X is causal to the underlying process
of Y and/or the other way around, when the underlying process Z is known.
The well-known concept of causality in analysis of times series is the so-called
Granger causality: The process X Granger causes another process Y given a
third process Z (subsequently denoted as X⇒Y | Z), if future values of Y can be
better predicted using the past values of (X, Y, Z) compared to using the past
values of (Y, Z) alone.

For the sake of simplicity, we first start with the bivariate case (X, Y). The
time-delayed embedding vector reconstructing the state (or phase) space of times
series X is expressed as

Xt,r,m =(xt−(m−1)r, . . . , xt−2r , xt−r, xt)T , (1)
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where m is the embedding dimension and r is the time delay (or lag) between
successive elements of the state vector [1,2]. The choice of m, r depends on the
dynamics of underlying process. If not otherwise stated in this paper, r = 1,
m = 100 and the expression Xt = (xt−99, . . . , xt−2, xt−1, xt)T is used. Yt can be
defined analogously. For a more principled choice of the embedding dimension
and the time lag we refer to [3,4]. Like many of the existing causality measures,
the test described in this paper is also based on the notion of the embedding
vector. To assess the causal hypothesis X⇒Y, Granger causality considers the
following autoregressive predictions:

Yt+1 = aT Xt + ε
(Y)
t and Yt+1 = bT

1 Yt + bT
2 Xt + ε

(Y|X)
t (2)

where ε
(Y)
t and ε

(Y|X)
t represent the prediction errors, and a, b1, b2 denote regres-

sion coefficient vectors. The coefficient vectors and constants are determined so
as to minimize the variance of ε

(Y)
t and ε

(Y|X)
t . Once the coefficient vectors have

been calculated, the causal inference of X on Y can be verified if the variance
Var[ε(Y|X)

t ] is significantly smaller than Var[ε(Y)
t ]. The opposite direction X⇐Y

can be analogously tested. Such standard test of Granger causality developed
by Granger [5] assumes linear regression models, and its application to nonlin-
ear systems may not be appropriate in the general case. A nonlinear extension
of Granger causality, called the extended Granger causality index (EGCI) was
proposed in [6]. The main idea of this technique is to divide the phase space into
a set of small neighborhoods and approximate the globally nonlinear dynam-
ics by local linear regression models. However, the local linearity is obviously
a restrictive assumption. Another recently introduced nonlinear extensions of
Granger causality (NLGC) [7] is based on kernel autoregression scheme, instead
of a linear autoregression. Although this method takes no restrictive assumption
of linearity, the method is fixed to a certain class of functions, i.e., nonlinear
radial based functions (RBFs) and assume the additivity of the interaction be-
tween these functions. In this paper, we generalize the Granger causality in the
kernel framework and present a straightforward nonlinear extension.

2 Kernel Framework

A positive definite kernel kX :X ×X → IR on a non-empty set X is a symmetric
function, i.e., kX (x, x′) = kX (x′, x) for any x, x′ ∈ X such that for arbitrary
n ∈ IN and x(1), . . . , x(n) ∈ X the matrix K with (K)ij := kX (x(i), x(j)) is
positive definite, i.e.,

∑n
i,j=1 cicjkX (x(i), x(j)) ≥ 0 for all c1, . . . , cn ∈ IR. A

reproducing kernel Hilbert space (RKHS) [8] HX is a Hilbert space defined by
the completion of an inner product space of functions kX (x, ·) with x ∈ X and
the inner product defined by 〈kX (x, ·), kX (x′, ·)〉 = kX (x, x′) for all x, x′ ∈ X . In
other words, Φ(x)(·) = kX (x, ·) defines a map from X into a feature space HX .
With the so-called “kernel trick”, a linear algorithm can easily be transformed
into a non-linear algorithm, which is equivalent to the linear algorithm operating
in the space of Φ. However, because the kernel function is used for calculating
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the inner product, the mapping Φ is never explicitly computed. This is desirable,
because the high-dimensional space may be infinite-dimensional, as is the case
when the kernel is ,e.g., a Gaussian or Laplacian.

In kernel framework, the autoregression models of Eq. 2 can be replaced by

aT Φ(Yt+1) = bT
1 Ψ(Yt) + ε

(Y)
t and aT Φ(Yt+1) = bT

2 Ψ(Yt, Xt) + ε
(Y|X)
t (3)

where Φ, Ψ are nonlinear maps into feature spaces HY , HY⊗X respectively. In
the conditional case (conditioning on Z), we will have

aT Φ(Yt+1) = bT
1 Ψ(Yt, Zt) + ε

(Y)
t and aT Φ(Yt+1) = bT

2 Ψ(Yt, Zt, Xt) + ε
(Y|X)
t (4)

where Φ, Ψ are nonlinear maps into HY , HY⊗Z⊗X respectively. Then, if Var[ε(Y|X)
t ]

is significant smaller than Var[ε(Y)
t ], X ⇒ Y | Z can be verified, otherwise no ev-

idence for Granger causality. To test this significance, we define the covariance
operator [9] expressing variance of variables in the feature space.

2.1 Covariance Operator

Suppose we have random vector (X, Y ) taking values on X×Y. The base spaces
X and Y are topological spaces. Measurability of these spaces is defined with
respect to the Borel σ-field. The joint distribution of (X, Y ) is denoted by PXY

and the marginal distributions by PX and PY . Let (X , BX ) and (Y, BY) be
measurable spaces and (HX , kX ), (HY , kY) be RKHSs of functions on X and Y
with positive definite kernels kX , kY . We consider only random vectors (X, Y ) on
X ×Y such that the expectations EX [kX (X, X)], EY [kY(Y, Y )] are finite, which
guarantees HX and HY are included in L2(PX) and L2(PY ) respectively, where
L2(μ) denotes the Hilbert space of square integrable functions with respect to
a measure μ. It is known that there exists a unique operator ΣYX , called cross-
covariance operator, from HX to HY such that

〈g, ΣYXf〉HY = EXY [f(X)g(Y )] − EX [f(X)]EY [g(Y )] = Cov[f(X), g(Y )]

for all f ∈ HX , g ∈ HY . Here, Cov[·] denotes the covariance. EX [·], EY [·] and
EXY [·] denote the expectation over PX , PY and PXY , respectively. Baker [9]
showed that ΣYX has a representation of the form ΣYX = Σ

1/2
Y Y VYXΣ

1/2
XX with

a unique bounded operator VYX :HX →HY such that ‖VYX‖≤ 1, where ‖ · ‖ is
used for the operator norm of a bounded operator, i.e., ‖V ‖ = sup‖f‖=1 ‖V f‖.
Moreover, it is obvious that ΣXY = Σ∗

YX , where Σ∗ denotes the adjoint of an
operator Σ. If X is equal to Y , the positive self-adjoint operator ΣY Y is called
the covariance operator.

Based on the cross-covariance operator, we introduce the conditional co-
variance operator. Let (HS , kS), (HT , kT ), (HY , kY) be RKHSs on measur-
able spaces S, T , Y respectively. Let (X, Y ) = (S, T, Y ) be a random vector on
S×T ×Y, where X =(S, T ) and HX =HS⊗HT . The positive self-adjoint operator
ΣY Y |X :=ΣY Y −Σ

1/2
Y Y VYXVXY Σ

1/2
Y Y is called the conditional covariance operator,
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where VYX and VXY are the bounded operators derived from ΣYX and ΣXY . If
Σ−1

XX exists, we can rewrite ΣY Y |X as ΣY Y |X =ΣY Y −ΣYXΣ−1
XXΣXY . Fukumizu

et al. [10, Proposition 2] showed that 〈g, ΣY Y |Xg〉HY = inff∈HX EXY

[∣
∣(g(Y )−

EY [g(Y )])−(f(X)−EX[f(X)])
∣
∣2

]
for any g ∈ HY . This is an analogous to the

well-known results on covariance matrices and linear regression: The conditional
covariance matrix CY Y |X = CY Y −CYXC−1

XXCXY expresses the residual error
of the least square regression problem as bTCY Y |Xb=mina EXY ‖bTY − aTX‖2.
To relate this residual error to the conditional variance of g(Y ) given X , the
following assumption for RKHSs is made.

Assumption 1. Let (HX , kX ) be an RKHS on measurable space X , then HX+IR
is dense in L2(PX) for every probability measure PX on X , where “+” means
the direct sum of Hilbert spaces.

This assumption is the necessary and sufficient condition that the kernels are
“characteristic”. The notation of the characteristic kernels is a generalization of
the characteristic function EX [exp(

√
−1uTX)], which is the expectation of the

(complex-valued) positive definite kernel k(x, u)=exp(
√

−1uTx) (see [11] for de-
tails). One popular class of characteristic kernels is the universal kernels [12] on
a compact metric space, e.g., the Gaussian RBF kernel or Laplacian kernel on a
compact subset of IRm, because the Banach space of bounded continuous func-
tions on a compact subset X of IRm is dense in L2(PX) for any PX on X . Another
example is the Gaussian or Laplacian kernel on the entire Euclidean space, since
many random variables are defined on non-compact spaces. One can prove that,
Assumption 1 holds for these kernels (see Appendix A1 in [13] for the proof). Un-
der Assumption 1, one can show that 〈g, ΣY Y |Xg〉HY =EX

[
VarY |X [g(Y )|X ]

]
for

all g ∈HY . Thus, the conditional covariance operator expresses the conditional
variance of g(Y ) given X in the feature space. As a side note, Ancona et al. [14]
claimed that not all kernels are suitable for their nonlinear prediction schemes.
They presented only sufficient conditions, which hold for Gaussian kernels. The
kernel framework allows wider class of kernels and the kernel functions for kX
and kY (or kY⊗Z), consequently maps Φ, Ψ in Eq. 3 (or in Eq. 4), are not nec-
essarily to belong to the same function class. In particular, even though one can
overall use Gaussian kernels kX : IRm×IRm →IR, kX (x, x

′
)=exp(−‖x−x

′‖2/2σ2)
(as we did in all experiments), the parameter σ2 of kernels can be adapted to
different variables independently. We set the parameter such that 2σ2 equals
the variance of the variable. For these reasons, our framework is more general
and flexible than the framework of the state-of-the-art approaches, as described
in [6,7,15].

To evaluate the conditional covariance operator, we use the trace norm, be-
cause it is not difficult to see that the trace norm of the operator is directly
linked with the sum of residual errors, namely

Tr(ΣY Y |X)=
∑

i

min
f∈HX

EXY

[∣
∣(φi(Y )−EY [φi(Y )])−(f(X)−EX[f(X)])

∣
∣2

]
,

where {φi}∞i=1 is the complete orthonormal system of the separable RKHS HY .
An RKHS (HY , kY) is separable, when the topological space Y is separable
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and kY is continuous on Y×Y [16]. It can be shown that ΣY Y |X ≤ΣY Y |S with
X =(S, T ), where the inequality refers to the usual order of self-adjoint operators,
namely if A≤B ⇔〈Ag, g〉≤ 〈Bg, g〉 for all g ∈HY . Further, if HX , HY , HS are
given by characteristic kernels, ΣY Y |X =ΣY Y |S ⇔ Y ⊥⊥T | S, which denotes that
Y and T are conditionally independent, given S (denoted by Y ⊥⊥T |S). In terms
of the trace norm, we have the following property:

Property 1. Let TY Y |X denote the trace norm of the conditional covariance
operator Tr(ΣY Y |X) with X := (S, T ). Then we have TY Y |S,T < TY Y |S ⇔ Y �⊥⊥
T | S and TY Y |S,T =TY Y |S ⇔ Y ⊥⊥T | S.

All technical details are omitted due to space limitations. Property 1 generalizes
the (P1)-property, required by Ancona et al. [7, Section II.A] for any nonlinear
extension of Granger causality, since (P1)-property describes merely the bivariate
case, while Property 1 holds for multivariate cases.

2.2 Empirical Estimation of Operators

In analogy to [11], we introduce the estimations of TY Y and TY Y |X based on
sample (x(1), y(1)), . . . , (x(n), y(n)) from the joint distribution. Using the empir-
ical mean elements m̂

(n)
X = 1

n

∑n
i=1 kX (x(i), ·) and m̂

(n)
Y = 1

n

∑n
i=1 kY(y(i), ·), an

estimator of ΣYX is Σ̂
(n)
YX = 1

n

∑n
i=1

(
kY(y(i), ·)−m̂

(n)
Y

)
〈kX (x(i), ·)−m̂

(n)
X , ·〉HX .

Σ̂
(n)
Y Y and Σ̂

(n)
XX can be defined accordingly. An estimator of ΣY Y |X is then de-

fined by Σ̂
(n,ε)
Y Y |X = Σ̂

(n)
Y Y −Σ̂

(n)
YX(Σ̂(n)

XX +εI)−1Σ̂
(n)
XY , where ε>0 is a regularization

constant that enables inversion.1 It can be shown that T̂
(n)
YY = Tr(Σ̂(n)

YY ) is a
consistent estimator of TYY , which guarantees to converge in Hilbert-Schmidt
norm at rate n−1/2. Moreover, T̂

(n,ε)
YY |X = Tr(Σ̂(n,ε)

YY |X) is a consistent estimator of
TYY |X . If ε converges to zero more slowly than n−1/2, this estimator converges to
TYY |Z (see [13] for proofs). For notational convenience, we will henceforth omit
the upper index and use T̂YY and T̂YY |X to denote the empirical estimators.
The computation with kernel matrices of n data points becomes infeasible for
very large n. In our practical implementation, we use the incomplete Cholesky
decomposition K̂ = LLT [19] where L is a lower triangular matrix determined
uniquely by this equation. This may lead to considerably fewer columns than the
original matrix. If k columns are returned, the storage requirements are O(kn)
instead of O(n2), and the running time of many matrix operations reduces to
O(nk2) instead of O(n3).

1 The regularizer is required as the number of observed data points is finite, whereas
the feature space could be infinite-dimensional. The regularization may be under-
stood as a smoothness assumption on the eigenfunctions of HX . It is analogous to
Tikhonov regularization [17] or ridge regression [18]. Many simulated experiments
showed that the empirical measures are insensitive to ε, if it is chosen in some ap-
propriate interval, e.g., [10−10, 10−2]. We chose ε=10−5 in all our experiments.
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3 Subsampling-Based Testing of Granger Causality

Essentially, Granger causality is expressed in terms of predictability: If data vec-
tor X causally influences data vector Y , then Y would be predictable by X ,
we denote X → Y . Shorthand X �→ Y denotes the fact that the predictability
on Y by X cannot be verified. Note that, in this paper, we distinguish between
simple arrow “→” expressing predictability and the double arrow “⇒” express-
ing Granger causality. To capture the predictability in a nonlinear setting by
a significance test, we take the empirical estimation of the trace norm T̂YY |X
and conduct permutation tests to simulate this measure under the null hypoth-
esis, i.e., unpredictable. Given a set of random permutations {π1, . . . , πm}, we
shuffle the data vector X = (x(1), . . . , x(n))T and calculate the empirical null
distribution {T̂YY |Xπ1 , . . . , T̂YY |Xπm }. Then, we determine the p-value p, which
is the percentage of values in {T̂YY |Xπ1 , . . . , T̂YY |Xπm }, which are properly less
than T̂YY |X . Smaller p-values suggest stronger evidence against the null hy-
pothesis (unpredictable), and thus stronger evidence favoring the alternative
hypothesis (predictable). As a cut-off point for p-values, a significance level α
is pre-specified. A typical choice is α = 0.05. If p < α, the null hypothesis is re-
jected, which means the predictability X →Y is significantly verified; Otherwise,
we have X �→ Y . This procedure can be straightforwardly extended to testing
conditional predictability, i.e., X → Y | Z. The measure and the corresponding
empirical null distribution will be T̂YY |Z,X and {T̂YY |Z,Xπ1 , . . . , T̂YY |Z,Xπm }. It
is remarkable that the test of predictability can be straightforwardly applied
to multi-dimensional conditioning variables. Such cases are usually difficult by
partitioning and Parzen-window approaches, which are common practice for non-
parametric conditional independence tests. X, Y, Z in “X →Y | Z” could be usual
random variables, and are not necessarily time series. The test of predictability
alone does not use the temporal information. Granger’s concept bases the asym-
metry of causality on the time flow. Consequently, to test whether a time series
X Granger causes another time series Y, we should first filter out the prediction
power of past values of Y. For this purpose, we expand X with embedding vec-
tors {. . . , Xt−1, Xt, Xt+1, . . .} and the system Y to {. . . , Yt−1, Yt, Yt+1, . . .}. In
doing so, we can test predictability in a temporal context.

So far, we have shown the test of predictability on a single sample. The statis-
tical power of such single tests is limited if the number of data points involved is
not very large. Although long time series are often available in real applications,
working with kernel matrices is only tractable, if the number of data points is
not too large. For these reasons, we propose to utilize subsampling-based mul-
tiple testing. If the subsample size is moderate, the multiple testing remains
feasible in spite of replications of the single test. In particular, such a multiple
test can significantly increase the power of statistical tests in comparison to a
single test [20]. In addition,the subsampling-based procedure characterizes the
predictability through local segments of time series, i.e., sub-time-series, which
makes the test somewhat robust with respect to e.g., global non-stationarity of
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the time series. Fig. 1 summarizes the multiple testing procedure for detecting
Granger causality. Step 1 runs single hypothesis tests on N random subsamples
and obtains N p-values, one for each subsample. Based on the distributional
properties of these p-values, Step 2 makes the decision on the predictability. In
details, Step 1.1 searches for the smallest integer lY ∈{0, 1, 2, . . .}, which states
that {Yt−lY , . . . , Yt−1} (empty set for lY =0) achieves the maximum knowledge
that would be useful to predict Yt. Step 1.2 yields a p-value which contains
the information about whether Xt−1 can additionally improve the prediction
of Yt, given the maximum past knowledge of Y. Due to the strict time order
requirement of Granger’s concept, the instantaneous influence within one time
slice is excluded. We test the one-step-ahead prediction, because an influence
from Xt−j (j =2, 3, . . .) to Yt can be usually be captured by Xt−1 to Yt, if Xt−j

is dependent of Xt−1.
To make the second step apparent, let us take a closer look at the distribution

of p-values. According to Property 1, we have TYY |X ≤ TYY and TYY |Xπi ≤

Hypothesis: X⇒Y|Z.

Step 1: For each sub-time series (X(i), Y(i), Z(i)) (i = 1, . . . , N) of time series
(X, Y, Z):

Step 1.1: If (Y
(i)

t−1, Z
(i)
t−1) �→ Y

(i)
t , set time lag l

(i)
Y = 0, else find

the smallest lag l
(i)
Y ∈ {1, 2, . . .} such that (Y

(i)
t−lY−1, Z

(i)
t−lY−1) �→

Y
(i)

t |Y
(i)

t−1, . . . , Y
(i)

t−lY
, Z

(i)
t−1, . . . , Z

(i)
t−lY

.

Step 1.2: If l
(i)
Y

= 0, test X
(i)
t−1 → Y

(i)
t , else test X

(i)
t−1 →

Y
(i)

t |Y
(i)

t−1, . . . , Y
(i)

t−lY
, Z

(i)
t−1, . . . , Z

(i)
t−lY

. A p-value pi is obtained.

Step 2: Calculate the skewness of p-values p1, . . . , pN and the probability PUnif

that p1, . . . , pN are from a uniform distribution over [0, 1]. If PUnif < 1
2

and
the p-values are positively skewed, accept the hypothesis, i.e., X⇒Y|Z; Oth-
erwise, the hypothesis cannot be verified.

Fig. 1. Subsampling-based multiple testing of Granger causality
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Fig. 2. Q-Q plots of p-values of three predictability tests. The field above and under
the diagonal line are called uncertain (uc) area and predictable (pd) area respectively.
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TYY for any permutation πi. If Y is predictable by X , we expect TYY |X <
TYY |Xπi for almost all random permutations πi. Intuitively, the predictability
on Y by X is reflected in a significant reduction of the sum of residual errors,
captured by TYY |X , in comparison to TYY |Xπi . Consequently, the majority of p-
values are closer to 0 and the distribution of p-values is rather positively skewed
(right-skewed). If Y is unpredictable by X , then TYY |X <TYY |Xπi is as likely as
TYY |Xπi ≤TYY |X , p-values are uniformly distributed over [0, 1] and the skewness
of p-values vanishes. If TYY |Xπi ≤ TYY |X is true for the majority of random
permutations πi, more p-values are closer to 1 and the distribution of p-values is
negatively skewed (left-skewed). This case, called uncertain situation, can occur
due to various reasons. A very special case is, e.g., TY Y |X = TY Y |Xπi , the null
distribution is degenerate (all its probability mass is concentrated on one point).
For instance, if Z is high-dimensional or the statistical fluctuation of Y is very
small, it could happen that TY Y |Z,X ≈TY Y |Z,Xπi ≈TY Y |Z ≈0. Then, the test of
predictability cannot provide reliable information about the relation between X
and Y . In such cases, an uncertain situation can be interpreted as non-evidence
for the hypothesis X →Y | Z. Another interpretation of uncertain situations will
be discussed later.

Inspired by [21,20], we visualize these observations with an intuitive graphical
tool. First, we sort the set of p-values {p(1), . . . , p(N)} in an increasing order,
i.e., p1 ≤ p2 ≤ . . . ≤ pN . If pi behaves as an ordered sample from the uniform
distribution over [0, 1], the expected value of pi is approximately i

N . The slope of
pi versus i, also called Q-Q plot (“Q” stands for quantile), should exhibit a linear
relationship, along a line of slope 1

N passing through the origin (diagonal line in
the Q-Q plot as shown in Fig. 2). If p-values are positively skewed, the reordered
p-values are located in the subfield under the diagonal line, called pd-area (“pd”:
predictable). If p-values are negatively skewed, the reordered p-values are located
in the so-called uc-area (“uc”: uncertain). For a reliable decision based on the
resulting p-values, the subsamples should be independent to some degree, since
independent statistics on p-values are needed. This is the case, when the given
sample size is much larger than the subsample size. In all our experiments, we
fixed the subsample size at 100, since time series in our experiments contain at
least 5000 data points. The other parameter of the multiple testing is the number
of replications of the single test: N . In principle, N should be large enough to
enable a reliable identification of uniform distribution from N p-values. In our
experiments, we chose N ≥100. For large sample sizes, we chose N =1000.

The remaining problem is how to judge, in spite of the fluctuation of one spe-
cific set of p-values, whether the N resulting p-values are uniformly distributed
or not. We transform this problem to a two-sample-problem. More precisely, we
simulate 1000 samples of N values from the uniform distribution over [0, 1]. For
each of the 1000 simulated samples, we test whether the N resulting p-values are
identically distributed with the N values from truly uniform distribution. The
percentage of the positive results, i.e., the resulting p-values and the simulated
values come from the same distribution, can be considered as the probability that
the resulting p-values are uniformly distributed: PUnif. If PUnif < 1

2 , the p-values
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are less likely from a uniform distribution than from a non-uniform distribution.
In our experiments, we employ the kernel-based test for the two-sample-problem
proposed by Gretton et al. [22]. After all, the decision of predictability relies on
whether PUnif < 1

2 and whether the p-values are positively skewed.

4 Experiments

To demonstrate the effectiveness of the proposed approach, we test our method
on simulated data generated by chaotic maps and benchmark data of real-life
systems of different scientific fields.

4.1 Hénon Maps

As the first simulated example, we consider the following two noisy Hénon maps:

xt+1 = a + c1 xt−1 − d1 x2
t + μ ξ1

yt+1 = a + c2 yt−1 − b xtyt − (1−b) d2 y2
t + μ ξ2

represented as systems X and Y, respectively. Here, system X drives system Y
with coupling strength b∈ [0, 1]. If b=0, X and Y are uncoupled; If b>0, we have
a uni-directed coupling X⇒Y. This example is also discussed by Bhattacharya
et al. [23], who proposed to choose b < 0.7 to avoid strong synchronization.
Similar to [23], we fixed the parameters at a = 1.4, c1 = 0.3, c2 = 0.1, d1 = 1,
d2 =0.4, μ=0.01. ξ1,2 are unit variance Gaussian distributed noise terms. Note
that X and Y are different systems even in the case of b=0, because c1 �=c2 and
d1 �=d2. Therefore, identical synchronization is impossible. We start with points
x1,2 = y1,2 = 0. The upper line of Fig. 3 shows the time series of 10000 data
points. We ran our test procedure on uncoupled time series (b=0) and weakly
unidirectionally coupled time series (b=0.25). The reordered p-values obtained
in both cases are visualized in the lower line of Fig. 3. In the case of b=0, our
test rejected the Granger causality in both directions. In the case of b=0.25, our
test revealed X⇒Y and gained no evidence for X⇐Y. Actually, the reordered p-
values of testing Yt−1 →Xt | Xt−1, . . . , Xt−lX are located in the uc-area. Based on
the underlying model, the past values of X can, in fact, improve the prediction of
the future of Y. At the same time, values of Y in the future (random permutation
of Yt−1 might yield that) could be helpful for guessing the past of X. If this effect
is present, we might have T̂XtXt|Xt−1,...,Xt−lX

,Y
πi

t−1
< T̂XtXt|Xt−1,...,Xt−lX

,Yt−1 .
Thus, an uncertain situation might be interpreted not only as non-evidence for
the direction X ⇐ Y that is just tested, but also as indirect evidence for the
reversed direction X⇒Y.

4.2 Logistic Maps

As a second example, we consider the following pair of noisy logistic maps:

xt+1 = (1−b1) a xt(1−xt) + b1 a yt(1−yt) + μ ξ1

yt+1 = (1−b2) a yt(1−yt) + b2 a xt(1−xt) + μ ξ2 (5)
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Fig. 3. The first and third plot from left show bivariate time series of 10000 observa-
tions (fine points) generated by Hénon maps and one random sub-time-series of 100
observations (bold points). The second and forth plot from left shows the corresponding
Q-Q plots of p-values obtained by tests of predictability on 100 sub-time-series.

represented as systems X and Y. b1,2 ∈ [0, 1] describe the coupling strengths
between X and Y. If b1,2 = 0, X and Y are uncoupled; If b1,2 > 0, we have a
bi-directed coupling X ⇔ Y; If b1 = 0 and b2 > 0, we have a uni-directed cou-
pling X ⇒ Y. The last case is also studied by Ancona et al. [7]. They claimed
that in the noise-free case, i.e., μ=0, a transition to synchronization occurs at
b2 =0.37 based on the calculation of the Lyapunov exponents. For this reason,
we chose b1,2 < 0.37. As proposed in [7], parameter a is fixed to 3.8; ξ1,2 are
unit variance Gaussian distributed noise terms; and μ is set at 0.01. We chose
the start point (x1, y1) randomly from [0, 1]× [0, 1] and generated time series
of length 10000 with (b1, b2)∈ {(0, 0), (0, 0.3), (0.1, 0.3), (0.3, 0.3)}. We repeated
the same experiment with 100 different start points that are randomly chosen
in [0, 1]×[0, 1]. All these time series were not observed to diverge. The resulting
directions of Granger causality were always the same. Fig. 4 shows Q-Q plots
of p-values after 100 subsamples. In all 4 cases, our method identified the direc-
tions of coupling correctly: If b1,2 =0, both X⇒Y and Y⇒X are rejected due to
uniform distributions; If (b1, b2)=(0, 0.3), X⇒Y is accepted and Y⇒X gained
non-evidence. In testing Y⇒X, we have due to the uc-area indirect evidence for
the reversed direction, which is consistent with the generating model. In the case
of (b1, b2) ∈ {(0.1, 0.3), (0.3, 0.3)}, both X ⇒ Y and Y ⇒ X are accepted. Inter-
estingly, by means of kernel-based two-sample-test, we can additionally confirm
that when b1 = b2 = 0.3 the resulting p-values corresponding to testing X ⇒ Y
and to testing Y⇒X are identically distributed, while in the case of b1 �=b2 the
resulting p-values corresponding to testing X ⇒ Y and to testing Y ⇒ X come
from different distributions. This is reasonable, since the coupling is absolutely
symmetric in X and Y, if b1 =b2. It seems plausible that the more right-skewed,
the stronger the coupling (see the case 0.1 = b1 < b2 = 0.3). But, we do not
speculate on that.

To explore the limitation of the method, we conduct our test on data generated
by highly noisy relations. Suppose X causes Y mediated by some hidden process
Z, i.e., X⇒Z⇒Y. The uni-directed coupling between X and Z, and between Z
and Y are given by noisy logistic maps as in Eq. 5 with b1 = 0. The coupling
strength b2 varies from 0.05 to 0.30. The causal relation from X to Y is highly
noisy and more sophisticated due to the indirect relation. We sampled time series
of 10000 points from these models and tested the causal relation between X and
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Fig. 4. Q-Q plots of p-values obtained by tests of predictability on 100 random sub-
time-series from time series generated by noisy logistic maps
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Fig. 5. Q-Q plots of p-values obtained by tests of predictability on 100 random sub-
time-series from time series of indirect relations generated by noisy logistic maps.

Table 1. Comparison of tests based on various causal measures (see text). The gener-
ating model is X⇒Y.

Rejecting X⇐Y Accepting X⇒Y

Coupling Strength r 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.05 0.10 0.15 0.20 0.25 0.30 0.35

Kernel Test 98 99 97 100 99 100 100 3 28 47 78 100 97 100

EGCI 97 95 94 91 92 93 92 0 3 7 23 34 48 84

NLGC 99 98 100 100 100 99 100 0 0 0 0 2 10 24

TE 100 99 98 97 90 95 99 0 0 0 0 0 0 0

Y using different causality measures. Results for testing causal relation between
X and Y on one sample is visualized in Fig. 5. In this sample, X⇐Y is correctly
rejected at different coupling strengths b2. X⇒Y is correctly accepted when the
coupling strengths b2 larger than 0.15. Tab. 1 summarizes the results after 100
replications. In comparison, we conducted permutation tests based on the other
causality measures, i.e., extended Granger causality index (EGCI) [6], nonlinear
extensions of Granger causality (NLGC) [7], and Transfer entropy (TE) [24]
(Significance level 0.05). The results show that all measures performance well in
rejecting X⇐Y. In accepting X⇒Y, our kernel test performs better than EGCI.
NLGC works bad, while TE fails completely. We conjecture that the reason that
TE can not identify the relationship significantly is that the subsample size of 100
is too small for TE. After all, we expect that our kernel-based approach provides
also a reasonable measure of Granger causality even in the case of small sample
sizes.
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4.3 Stock Price-Volume Relation

We undertake an investigation of price and volume co-movement using the daily
closing value DJ industrial average index and the daily volume of shares traded
on NYSE from October 1928 to January 2008. The raw data are transformed
to a series of day-to-day differences to obtain the daily movements (DM). The
final dataset is a bivariate time series of 19920 observations (Fig. 6, left). Due to
the large number of data points, we increase the number of subsamples to N =
1000. The probability of the uniform distribution for the p-values corresponding
to the hypothesis that the daily movement of price causes that of volume is
PUnif =0< 1

2 (p-values are positively skewed); For the reserved causal direction,
we have PUnif =0.940≥ 1

2 . Thus, we found strong evidence of asymmetry in the
relationship between the daily movement of stock prices and the daily movement
of trading volume. The daily movement of prices is much more important in
predicting the movement of the trading volume, than the other way around.
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Fig. 6. DJ daily index, volume and movements (left). Q-Q plots of p-values (right)
obtained by testing predictability between “DMVolume” and “DMPrice” on 1000 random
sub-time-series.

4.4 Co-movement of Stock Indexes

The analyzed raw dataset consists of daily closing values (adjusted for dividends
and splits) of Dow Jones (DJ) industrial average index, Financial Times Stock
Exchange (FTSE 100) and NIKKEI 225 stock average index during the time
between April 1984 and January 2008. Only days with trading activity in both
stock exchanges were considered. The time increment in the raw data is not
always exactly one day due to weekends and moving holidays. We transform it
into a series of day-to-day differences to describe the daily movements of indexes.
After all, we have a trivariate time series with 5602 observations. We ran our
test procedure on this dataset. The p-values obtained for all causal hypotheses
are visualized in Fig. 7. The final testing results are summarized in Tab. 2. Af-
ter all, our testing procedure showed evidence of following causality: DJ⇒FTSE,



452 X. Sun

0  50 100
0

0.2

0.4

0.6

0.8

1

Rank of p−values

p−
va

lu
e

0  50 100
0

0.2

0.4

0.6

0.8

1

Rank of p−values

p−
va

lu
e

0  50 100
0

0.2

0.4

0.6

0.8

1

Rank of p−values

p−
va

lu
e

0  50 100
0

0.5

1

Rank of p−values

p−
va

lu
e

0  50 100
0

0.5

1

Rank of p−values

p−
va

lu
e

0  50 100
0

0.5

1

Rank of p−values

p−
va

lu
e

DJ=>FTSE DJ=>NIKKEI FTSE=>NIKKEI

DJ=>FTSE | NIKKEI DJ=>NIKKEI | FTSE FTSE=>NIKKEI | DJ

DJ<=FTSE DJ<=NIKKEI FTSE<=NIKKEI

DJ<=FTSE | NIKKEI DJ<=NIKKEI | FTSE FTSE<=NIKKEI | DJ

Fig. 7. Q-Q plots of p-values obtained by testing predictability between daily move-
ments of DJ, FTSE and DJ on 100 random sub-time-series

Table 2. Testing results of causality between daily movements of DJ, FTSE and DJ
on 100 random sub-time-series

Causal Hypothesis Skewness PUnif Testing Result
DJ⇒FTSE positive 0.70 Accept
DJ⇐FTSE negative 0.10 Reject

DJ⇒NIKKEI positive 1.00 Accept
DJ⇐NIKKEI positive 0.03 Reject

FTSE⇒NIKKEI positive 1.00 Accept
FTSE⇐NIKKEI positive 0.65 Accept

DJ⇒FTSE | NIKKEI positive 0.98 Accept
DJ⇐FTSE | NIKKEI negative 0.13 Reject
DJ⇒NIKKEI | FTSE positive 1.00 Accept
DJ⇐NIKKEI | FTSE positive 0.49 Reject
FTSE⇒NIKKEI | DJ positive 0.78 Accept
FTSE⇐NIKKEI | DJ positive 0.08 Reject

DJ ⇒ NIKKEI and FTSE ⇔ NIKKEI, whereas the causality running from the
daily movement of NIKKEI to the daily movement of FTSE is spurious, since
FTSE ⇐ NIKKEI|DJ is rejected. The knowledge of the dynamics of DJ can
significantly improve a prediction of the dynamics of FTSE and NIKKEI, but the
dynamics of FTSE and NIKKEI has a very limited, yet non-significant impact
on the future dynamics of DJ. The finding that the movement of DJ influences
the movement of FTSE and NIKKEI not vice versa, which may seem trivial as a
purely economical fact, but actually confirms in an independent way the validity
of the kernel test formalism.
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4.5 Cardiorespiratory Interaction

As the last example of real-life systems, we consider the benchmark bivariate
time series of heart rate and respiration force of a sleeping human suffering from
sleep apnea (data set B of the Santa Fe Institute time series competition [25])
recorded in the sleep laboratory of the Beth Israel Hospital in Boston, MA.
The magnitudes considered are heart rate and respiration force. The data are
plotted in Fig. 8 (left). The time interval between measurements is 0.5 seconds
(sampling frequency 2 Hz). As described in [26,27], under normal, physiological
conditions, the heart rate is modulated by respiration through a process known
as Respiratory Sinus Arrhythmia (RSA). It is the natural cycle of arrhythmia
that occurs through the influence of breathing on the flow of sympathetic and
vagus impulses to the sinoatrial node of the heart. When we inhale, vagus nerve
activity is impeded and the heart rate begins to increase. When we exhale, this
pattern is reversed. This quasi-periodic modulation of heart rate by respiration
is most notable in young, healthy subjects and decreases with age, which means
Heart ⇐ Respiration. However, this dataset corresponds to a patient suffering
from sleep apnea, which is a breathing disorder characterized by brief interrup-
tions of breathing during sleep. Sleep apnea affects the normal process of RSA,
disturbing the usual patterns of interaction between the heart rate and respira-
tion. As a result, the control of the heart rate by respiration becomes unclear. It
may well be blocked, in accordance with the change in dynamics, that is char-
acteristic of the so-called “dynamical diseases”. Some studies [7,23,24] claimed
a coupling in the reversed direction: Heart ⇒ Respiration. In summary, the bi-
directed causation Heart⇔Respiration might be likely the ground truth in this
example. The result of our test procedure is consistent with this prior knowledge,
since for both directions we have PUnif =0< 1

2 (p-values are positively skewed).
Since the dynamics of this times series are rhythmic over time, we used embed-
ding vectors with different m, r as defined in Eq. 1. Only when m≤20 andr ≥12,
our test could not detect any significant causal relations between “Heart” and
“Respiration”, in other cases, a bidirected causality is always verified. The results
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Fig. 8. Time series of the heart rate and respiration force of a patient suffering sleep
apnea (left). Q-Q plots of p-values (right) obtained by testing predictability between
“Heart” and “Respiration” on 1000 random sub-time-series.
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are plausible, because it is well known that the high-frequency band (0.25−0.45
Hz) is characteristic of the respiratory rhythm. The identified bi-directed causa-
tion between heart rate and respiration suggests a probably causal link between
sleep apnea and cardiovascular disease [28], although the exact mechanisms that
underlie this relationship remain unresolved [29].

5 Conclusion

We have presented the kernel framework for detecting nonlinear Granger causal-
ity and have proposed to measure the improvement of the predictability by the
trace norm of the conditional covariance operator and test whether the prediction
error of the first time series can be significantly reduced by including knowledge
from the second time series, given a third one. In comparison to other nonlin-
ear extensions of Granger causality [6,7,15,24], our approach is designed in the
general kernel framework and straightforwardly applicable. It is also appealing
for users that the kernelized analysis of covariance is easy to implement and its
statistical properties are well understood. Although kernel methods are rather
popular nonlinear techniques in statistical pattern recognition, this is the first
time, to the best of our knowledge, that the nonlinear extension of Granger’s
concept of causality in such a straightforward way is demonstrated.

Acknowledgement. Valuable discussions with Kenji Fukumizu are warmly
acknowledged.
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