
On Computing the Underlying Fiber Directions
from the Diffusion Orientation Distribution

Function�

Luke Bloy1 and Ragini Verma2

1 Department of Bioengineering, University of Pennsylvania, USA
lbloy@seas.upenn.edu

2 Department of Radiology, University of Pennsylvania, USA

Abstract. In this work, a novel method for determining the princi-
pal directions (maxima) of the diffusion orientation distribution func-
tion(ODF) is proposed. We represent the ODF as a symmetric high-order
Cartesian tensor restricted to the unit sphere and show that the extrema
of the ODF are solutions to a system of polynomial equations whose co-
efficients are polynomial functions of the tensor elements. In addition to
demonstrating the ability of our methods to identify the principal di-
rections in real data, we show that this method correctly identifies the
principal directions under a range of noise levels. We also propose the use
of the principal curvatures of the graph of the ODF function as a mea-
sure of the degree of diffusion anisotropy in that direction. We present
simulated results illustrating the relationship between the mean princi-
pal curvature, measured at the maxima, and the fractional anisotropy of
the underlying diffusion tensor.

1 Introduction

Diffusion tensor imaging (DTI) has in the past decade developed into the method
of choice for investigating and characterizing white matter neural architecture
non-invasively. The development of DTI has led to a number of applications in
which white matter connectivity has been evaluated in both healthy and dis-
eased populations [1,2]. Additionally, measures derived from the diffusion tensor
have been widely used to characterize regional anisotropy (FA), mean diffusivity
(ADC) and orientation[3]. Despite DTI’s growing foothold in the imaging com-
munity, it’s inability to model voxels of complex white matter, i.e. multiple fibers
with different orientations, different partial volume fractions, and its dependence
on a Gaussian model of diffusion within a fiber tract, has prompted the devel-
opment of high angular resolution diffusion imaging (HARDI) to address these
concerns.

A number of approaches have been put forth to analyze HARDI data, includ-
ing the spherical harmonic decomposition of the apparent diffusion coefficient
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(ADC) profile, the treatment of the ADC profile as a generalized tensor, q-ball
imaging (QBI)[4] and persistent angular structure MRI[5]. Various scalar mea-
sures have been proposed to describe the ADC profile, including generalized
anisotropy[6] and the fractional multifiber index[7]. However the maxima of the
ADC profile do not necessarily coincide with the underlying fiber directions[8],
making the extraction of orientation information difficult.

The correspondence between the peaks of the diffusion orientation distri-
bution function(ODF), which describes the probability a water molecule will
diffuse along a given direction, and the principal directions(PDs) of the underly-
ing fibers, has been established experimentally[9]. For this reason a major focus
within the QBI community has been directed at developing methods to compute
the ODF and its maxima. A number of methods exist to compute the maxima
of the ODF, such as finite difference method [10], spherical Newton’s method
[11] and Powell’s method [5]. With the exception of the finite difference method,
whose accuracy is limited to the mesh size, these methods are numerical min-
imization problems and thus care must be taken to avoid small local maxima,
and to ensure convergence.

We present a methodology that determines the PDs of the ODF for a given
voxel by computing the stationary points of the ODF. Stationary points of a
function f(u, v) are points where ∂f

∂u = 0 , ∂f
∂v = 0. Each of these stationary

points is then classified based on the curvature of the graph of the ODF at that
point. We designate points with a curvature greater than that of a sphere with
unit area, as PDs of the ODF. Figure 1, shows the graphs of representative ODFs
with 1, 2 and 3 underlying fibers. Similar to the peak anisotropy described in
[12], we propose the use of the mean curvature(H) at the PDs as a measure of
the degree of anisotropy of the underlying fiber parallel to that direction. We
present simulation results that show our method of computing the maxima is
robust to noise, as well demonstrating the relationship between H and the frac-
tional anisotropy(FA) of underlying the underlying fiber representation. Lastly
we apply our method to human data to illustrate it’s ability to capture the
underlying directionality of fibers in fiber crossings.

2 Methods

Following the ODF calculation from the HARDI data, we expand the ODF in
the real spherical harmonics, and make use of the relationship between spher-
ical harmonics on the unit sphere and symmetric high-order Cartesian tensors
to find a tensor representation of the ODF. The details of this process are dis-
cussed in section 2.1. Subsequently, we find the stationary points of the ODF,
by solving a system of polynomial equations whose coefficients are given by the
tensor representation of the ODF (section 2.2). The curvatures of each of these
stationary points are then calculated (section 2.3) and the stationary point is
classified, based on the curvature.

Notation. As the ODF is a real valued symmetric function, we use the real
spherical harmonic basis of even order, as described in [13], to represent it.
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A Single Fiber B Two Fibers C Three Fibers

Fig. 1. Diffusion ODF reconstructions for simulated fiber populations. Reconstructions
were performed with a tensor of rank 4. All fibers were modeled, using equation 6,
with equal FA values (∼ 0.85), and equal volume fractions. Red lines are the detected
principal directions, green lines are secondary local maxima, blue lines are local minima
and black lines are saddle points. A: shows a single fiber, B: shows two fibers oriented at
right angles to one another and C: shows 3 fibers oriented along 3 orthogonal directions.

Namely,
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where j = (l2+m+2)
2 + m, l is even and −l ≤ m ≤ l. Also in a slight abuse of

notation, we will move freely between 2 equivalent expressions for the tensor
product. If f is a real homogeneous polynomial of order m, then

f(x) = Axm =
3∑

i1,...,im=1

Ai1,...,imxi1 . . . xim =
N∑

k=1

μkAk

m∏

p=1

xk(p)

where N is the number of independent elements of A, Ak is the kth independent
element of A, μk is the multiplicity of the element and xk(p) is the component
of x corresponding to the pth index of the kth independent element of A.

2.1 Expressing the ODF as a Cartesian Tensor

The ODF (Ψ(u)) is a real valued antipodally symmetric function and thus can be
expanded in the spherical harmonic basis described in equation 1. The expansion
of the ODF is related to the expansion of the HARDI signal by the following
relation [14,15].

Ψ(u) =
N∑

j=1

2πPl(0)cjRj(u) =
N∑

j=1

ψjRj(u) (2)

where Pl(0) is the Legendre polynomial of order l, ψj = 2πPl(0)cj are the coef-
ficients of the ODF in the Rj basis, cj are the coefficients of the diffusion signal
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in the Rj basis, and Rj are the real spherical harmonic basis functions (RSH)
of equation 1.

In [13], Descoteaux et al. showed that spherical harmonics and the Cartesian
tensors restricted to the unit sphere were each a basis of the same functional
space and that the coefficients of the RSH expansion, ψ = {ψk} were related to
the independent elements of a high-order diffusion T by ψ = MT where

M =

⎛

⎜
⎜
⎝

μ1
∫

Ω

∏l
p=1 g1(p)R1(θ, φ)dΩ . . . μN

∫
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...
. . .

...
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∫

Ω
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⎞

⎟
⎟
⎠

where M is a change of basis matrix and is invertible. From this and equation 2
we can represent each of the N independent elements of T as,

Tk =
∑

i

M−1
i,k ψi = 2πPl(0)

∑

i

M−1
i,k ci (3)

Thus the Ψ(u) = Tul, where T is a Cartesian tensor of rank l (a rank l fully-
symmetric tensor has (l2 + 3l + 2)/2 = N unique components).

2.2 Finding Stationary Points

We define the tensor product Txm−1 as a vector in R
3, whose ith component

is given by
∑3

i2,...,il=1 Ti1,i2,...,il
ui2 . . . uim . Using this definition, the method of

Lagrange multipliers and the fact the T is a fully symmetric tensor, the problem
of finding the stationary points of Ψ(u) = Tul reduces to solving the following
set of homogeneous polynomial equations.

Txl−1 = λx s.t. xtx = 1 (4)

Qi [16] called a real scalar λ and a real vector u a Z-eigenvalue and a Z-
eigenvector respectively if they were solutions to equation 4. Qi showed that for
a given solution, x, the corresponding λ is given by Txl = Ψ(x).

Equation 4 describes a system of homogeneous polynomial equations in 4
unknowns (x1,x2,x3 and λ). We proceed by reducing equation 4 to a system of
2 variables then use the resultant of the 2 variable system to solve the system.

In practice one looks for solutions of one of three forms, x = (1, 0, 0), x =
(t, 1, 0)/ |(t, 1, 0)| and x = (u, v, 1)/ |(u, v, 1)|, where t is the solution to an lth
degree polynomial equation and where u and v are solutions to a system of 2
polynomial equations. Note that the coefficients of these polynomial equations
are polynomials of the independent elements of T , and when viewed as polyno-
mial functions of those elements, can be computed a priori, for a given l.

2.3 Calculating Principal Curvatures

Once the set of stationary points has been found we can calculate the corre-
sponding curvatures, and classify each stationary point. To do this we define the
surface corresponding to the graph of the ODF as
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S = {Ψ(θ, φ)(sin(θ) cos(φ), sin(θ) sin(φ), cos(θ)) | θ ∈ (0, π), φ ∈ (0, 2π)}

S is clearly a closed, orientable surface in R
3. We choose the inward normal as

our orientation, to more easily facilitate comparisons to the sphere. At a given
stationary point, p = (θ, φ), with Z-eigenvalue λ = Ψ(θ, φ), we compute the
Gaussian curvature (K), the mean curvature(H) and both principal curvatures
(k1,k2) using the following equations.

K =
eg − f2

EG − F 2 ; H =
1
2

eG − 2fF + gE

EG − F 2 ; k1 = H +
√

H2 − K; k2 = H −
√

H2 − K

with e = λ − Ψθθ(θ, φ), g = λ sin θ2 − Ψφφ(θ, φ) , f = −Ψθφ(θ, φ) and E = λ2,
G = λ2 sin θ2, F = 0 and Ψ◦◦ is a second order partial derivative.[17]

We can now classify p as either a principal direction (PD), secondary maxima,
minima or saddle according to the following rule.

Class of p =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

Principal Direction k1 > 4π, k2 > 4π

Secondary Maxima k1 > k2, 0 < k2 < 4π

Minima k1 < 0, k2 < 0
Saddle k1 > 0, k2 < 0

(5)

Thus PDs are points where the surface, in a local neighborhood, is more convex
than the sphere with unit area (the ODF of an isotropic diffusion process). If
the surface is convex yet shallower than that of the sphere, we classify it as a
secondary maxima. Figure 1 shows labeled ODFs for cases with 1, 2 and 3 fibers.
Once the PDs have been determined we associate with each the mean curvature
(H), as a measure which we relate to the FA(Figure 3).

3 Results and Discussion

Simulated Data Generation. In order to evaluate our method of calculating
the principal direction, we generated HARDI signal profiles using the multi-
tensor model.

S(ui) =
n∑

k=1

1
n

e−buiDkui + noise (6)

where i = 1, . . . , 64 and ui is the gradient direction used to acquire the ith
diffusion weighted signal, n is the number of fibers and Dk is the diffusion
tensor of the kth fiber. In our simulations, we typically use diffusion tensors
with eigenvalues (200, 200, 1700)mm2/sec at different orientations, and a b value
equal to 3000×10−6sec/mm2. We computed the ODF using the RSH expansion
of S according to equation 2. In both our simulations and real data results, we
fit the ODF with a rank 4 diffusion tensor.

Experiments. Our first experiment was to examine the robustness of our
method in the presence of noise. To this end, we generated 50 diffusion weighted
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Fig. 2. Angular difference between
principal direction, calculated with our
method, and the principal eigenvector
of the underlying tensors as a function
of signal to noise ratio (SNR)
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Fig. 3. Relationship between the frac-
tional anisotropy(FA) of generating
diffusion tensor and the mean princi-
pal curvature, generated without noise
(dashed red line) and with SNR of 35
(solid black line)

signals, using equation 6 and a single tensor model, at six signal to noise ra-
tios(SNRs) ranging from 5 to 45. The angle between the PD, determined using
our method, and the principal eigenvector of the underlying tensor was calcu-
lated, as was the number of PDs detected. As can be seen in figure 2, even at a
low SNR of 10 the mean angular error is below 5◦ degrees while at an SNR of 35
it drops to roughly 1◦ degree. As would be expected the standard deviation of
the angular error decreases as the SNR increases. At a typically achievable SNR
of 35 [18], our method achieves a mean accuracy of 0.7◦ degrees with a standard
deviation of less then 0.4◦. As a point of comparison a finite difference method
with 1281 mesh points has a maximal accuracy of 4◦ degrees[10].We found that
at an SNR of 10, our method correctly identified the number of PDs in 65% of
the ODFs. This rate increased to 95% at SNR of 15 and 100% at SNRs >= 20.

Next we were interested in understanding the relationship between the FA of
an underlying fiber and curvatures of the ODF at the principal direction of the
fiber. We generated 50 diffusion weighted signals using a single tensor model and
equation 6 with an SNR of 35, and a mean diffusivity of 700mm2/sec, at a number
of FA values ranging from 0.2 to 0.95. For each we calculated the principal
direction using our method and the mean curvature (H) of the ODF surface at
that direction and compared it to the FA value. Figure 3 shows these results (solid
black line), as well as the results in the absence of noise (dashed red line). These
results illustrate the non-linear, monotonically increasing, relationship between
FA and H. Another notable feature of figure 3 is that the standard deviation of
the mean curvature decreases as the FA increases, illustrating that noise has a
more pronounced effect on isotropic diffusion processes.

Finally we applied our method to diffusion weighted images acquired of
healthy volunteer. Six b = 0 images and 64 diffusion weighted images (b =
1000 × 10−6sec/mm2)were acquired. The ODF and the PDs were computed at
each voxel. Figure 4 shows a representative coronal slice of RGB image, rep-
resenting the principal eigenvector of the diffusion tensor, obtained through a
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Fig. 4. Graphs showing the surface of a number of ODFs and the calculated PDs are
displayed surrounding a RGB image representing the principal eigenvector of diffusion
tensor. The corpus callosum (CC), the superior corona radiata (SCR) and the anterior
limb of the internal capsule (ALIC) are all clearly visible as PDs of the respective
graphs.

traditional DTI analysis. The surrounding graphs show the surface of the ODF
along with the calculated PDs. The corpus callosum (CC), the superior corona
radiata(SCR) and the anterior limb of the internal capsule (ALIC) are denoted
on the graphs. Of particular importance is the ability of our method in accu-
rately determining and distinguishing the underlying directions of the CC and
the SCR in the voxels containing both.

4 Future Work

We feel that the methodology presented in this work offers a number of interest-
ing avenues for further research. Of particularly interest is the investigation of
the role that the rank of the tensor approximation has on both the accuracy of
determining PDs and on the ability to distinguish two PDs that are separated
by a small angle.
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