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Abstract. Differential operators are essential in many image processing appli-
cations. Previous work has shown how to compute derivatives more accurately
by examining the image locally, and by applying a difference operator which is
optimal for each pixel neighborhood. The proposed technique avoids the explicit
computation of fitting functions, and replaces the function fitting process by a
function classification process. This paper introduces a new criterion to select the
best function class and the best template size so that the optimal difference oper-
ator is applied to a given digitized function. An evaluation of the performance of
the selection criterion for the computation of the Laplacian for digitized functions
shows better results when compared to our previous method and the widely used
Laplacian operator.

1 Introduction

Differential operators are essential in many applications in image processing and com-
puter vision. For example, the Scale-Invariant Feature Transform (SIFT) [1] combines
the Laplacian with Gaussian smoothing at different scales to extract keypoints from
images. Different methods for discrete feature extraction and edge detection were pro-
posed by Lindeberg [2], Lachaud et al [3], Gunn [4] and Demigny and Kamlé [5].

In fact, almost any algorithm that extracts interesting features from images, such
as edges or remarkable points, relies in some way on first or higher order derivatives.
Remarkably, the difference operators used to approximate a differential operator are
often quite rudimentary. Furthermore, although difference operators are quite sensitive
to noise, one usually assumes that Gaussian smoothing at different scales is the best
way to remove noise. Previous work, however, has shown that it is possible to compute
derivatives much more accurately by examining the image locally, and to apply to each
pixel a difference operator which is optimal for that pixel neighborhood [6, 7, 8]. This
approach gives more accurate results and needs less Gaussian blurring to obtain edges.
The proposed technique avoids the explicit computation of fitting functions, a time con-
suming process, since it replaces the function fitting process by a function classification
process.

The method proposed in this and previous papers depends heavily on the reduction
of difference operators by Groebner bases [6,7,8]. One of the contributions of this work
is that it relates difference operators to function approximation and feature detection,
within the mathematical framework of ideals of difference operators. The application
of Groebner bases to solve or reduce difference equations is not new, however. The
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pioneering work by Oberst on the use of Groebner bases to solve systems of partial
difference equations has led to considerable interest in the field [9, 10]. Gerdt et al use
Janet-like Groebner bases to generate simple difference schemes to compute solutions
for partial differential equations that involve multiple functions [11].

In previous work, we have derived an optimal difference operator for a given function
class and given template size. This paper focuses on the selection of the best class and
best template size for a given digitized function. We will first extend previous work
by showing how to compute an optimal difference operator for each function class
starting from a template with a predefined shape. Incorporating known properties of
the operator has the advantage that the optimization algorithm can be sped up. We
give an overview of optimal operators for different function classes and template sizes.
Next, we propose a method to select the most appropriate difference operator by a
criterion which involves the local features of the image and the properties of the optimal
difference operator. The proposed selection criterion is illustrated by the computation
of a digitized difference operator for the Laplacian. We show how the accuracy of the
computation of the Laplacian can benefit from locally applying the optimal version of
the Laplacian difference operator.

In section 2, we present a mathematical framework to describe the classes of fitting
functions. Next, we propose a general procedure for the computation of all difference
operators of a predefined shape for a function class in section 3. The procedure for
finding the optimal difference operator is also described in that section. In section 4, we
define a criterion for the selection of the optimal operator in accordance with the local
image properties. Finally, we conclude this paper in Section 5.

2 Function Classes

To find the derivative of a discrete function f , a standard approach is to approximate f
by a continuous function g̃, before taking derivatives. This is a time consuming process,
which involves unclear choices such as the size of the window in which the approxima-
tion takes place and the nature of the approximating function. The idea advocated in this
and previous work is that it is not necessary to compute g̃ itself, but that it is sufficient
to know by which class of continuous functions the digitized function can be approxi-
mated well, and to use a difference operator that is known to be optimal for this class.
We introduce a criterion that will be used to select an optimal class of approximating
functions, and an optimal window size.

We use a continuous real function g̃ : R
m → R to approximate a digitized function

f : Z
m → Z. To approximate the value of a differential at a point x0, it is sufficient to

approximate f in a finite subset D ⊂ Z
m containing x0. For all x ∈ D, f(x) � g̃(x)

and |f − g̃| < ε is written as a shorthand for |f(x) − g̃(x)| < ε.
The shift operator σj is defined by σjf(x) = f(x+j), for x, j ∈ Z

m. The functional
composition of shift operators can be expressed as a multiplication of polynomials, i.e.
σjσkf = σj+kf . A difference operator P can be represented as a polynomial in σ
with non-negative, bounded exponents, that is P =

∑
pjσ

j , and P ∈ R[σ], the ring of
polynomials in σ. We write P g̃ = 0 as a shorthand for

∑
pjσ

j g̃(x) = 0, x, j ∈ Z
m. If

we write that |Pf − P g̃| < ε, this means that |Pf(x) − P g̃(x)| < ε for all x for which



Optimal Difference Operator Selection 497

Pf(x) is well defined, that is (x + j) ∈ D for every non-vanishing coefficient pj of
the difference operator P . Since polynomial ideals are usually defined for polynomials
with non-negative exponents, we will assume, without loss of generality, that D is a
finite rectangular neighborhood containing only points with non-negative coordinates.

An important concept is the ideal I =< P1, P2, . . . > generated by a set of differ-
ence operators Pi. I consists of all operators P =

∑
i SiPi, where the Si are arbitrary

polynomials in σ. Often the ideal I will be represented by a Groebner basis [13].
Difference operators can be represented by templates. A two-dimensional differ-

ence operator P =
∑

pjσ
j =

∑
jx,jy

pjxjyσjx
x σ

jy
y , j ∈ Z

2 is represented by a two-
dimensional template:

p00 p10 p20 . . .

p01 p11 . . .
(1)

We use the convention that the box at the upper left corner corresponds to p00. Boxes
with vanishing coefficients are either not drawn, or drawn as empty boxes.

Let L be the differential operator that must be replaced by a difference operator. The
goal is to select a class G of fitting functions g̃, and a difference operator Q =

∑
qjσ

j

that satisfies Qg̃ = Lg̃ for every g̃ ∈ G. If g̃ is an approximation for f such that
|f − g̃| < ε in the domain D, then, because all operators are linear, we have

|Qf − Lg̃| < ε
∑

|qj |, in D. (2)

Hence, the difference operator Q is a good approximation for the differential oper-
ator L, provided G contains at least one good approximation g̃ for f . It is important,
however, to understand that the total error ε

∑
|qj | is due to two successive approxi-

mations. The error ε arises when f is replaced by some continuous fitting function g̃, a
step which cannot be avoided if we want to compute differentials. The additional error∑

|qj | is due to the replacement of the differential operator L by a difference operator
Q, which avoids the explicit computation of the continuous approximation. The above
technique only works if two distinct requirements are satisfied. The approximation (2)
is only valid provided Qg̃ = Lg̃ holds for the approximation function. On the other
hand the approximation error ε should be as small as possible. The best way to satisfy
both requirements is to define a class of fitting functions by a set of difference equations
Pig̃ = 0. The difference operators Pi span an ideal I =< P1, P2, . . . >, which means
that the ideal I can be used to define the class of fitting functions.

Using an ideal of difference operators to define a class of fitting functions has two
benefits. First, it becomes easy to verify whether the class of fitting functions contains
at least one member g̃ such that |f − g̃| ≤ ε. In fact, if |f − g̃| ≤ ε, then the inequality
|f − g̃| ≤ ε implies |Pf | ≤ ε|P | for each P ∈ I , since a difference operator is a linear
operator and P g̃ = 0. |P | =

∑
|pj | where pj are the coefficients of P . One can prove

that the converse is also true [6], i.e. there is a finite set of difference operators P in I ,
such that |f − g̃| ≤ ε holds, provided |Pf | ≤ ε|P | for all P .

Features can be detected without error by verifying only a finite number of inequal-
ities, when the solution space of the difference equations is a finite linear vector space.
Assume that the solution set of the partial difference equations P1g = 0, . . . , Png = 0
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can be written as a linear vector space with g1, . . . , gl as a basis: α1g1 + · · ·+ αlgl. Let
KD be the set of all difference operators Pi of the form

∣
∣
∣
∣
∣
∣

g1(x1) . . . gl(x1) σx1

. . .
g1(xl+1) . . . gl(xl+1) σxl+1

∣
∣
∣
∣
∣
∣

(3)

with the points xj ∈ D. The operators of KD are written as determinantal expres-
sions of the coefficients gj(xj) and the shift operators σxj . Since D is finite, KD is
finite. The operators P in KD are all operators for which Pf is well defined. When
we assume that D is rectangular, there is a unique point x0 in D with smallest coordi-
nates. Let σ−x0KD denote the polynomials of KD multiplied by σ−x0 . The polynomi-
als σ−x0KD all have non-negative exponents, but some of the exponents will be zero.
If D is chosen not too small then the polynomials in σ−x0KD will generate the entire
ideal I =< P1, . . . , Pn >. In practice, for two-dimensional operators, it is usually suf-
ficient that D has size at least (a+2)×(b+2) when the leading monomial of the fitting
functions is xayb, or smaller. In that case, for f to be in Gε;D, it is sufficient to verify
|Pf | ≤ ε|P | for all P in the finite set KD [6]. In other words, it is sufficient to verify a
finite set of inequalities to determine whether a discrete function f can be approximated
well by at least one function in a given function class. Given a domain D, if there is a
g̃ ∈ G such that |f − g̃| ≤ ε, we denote this as f ∈ Gε;D.

The second benefit is that it is possible to find an optimal difference operator RG;D
for all f ∈ Gε;D, with arbitrary ε. Suppose we have at least one operator Q such that
Qg̃ = Lg̃, then Rg̃ = Lg̃ for any R for which R − Q ∈ I . Thus R can be chosen from
an infinite set of difference operators. The optimization criterion is that |R| should be
as small possible.

The function classes used in this paper and their respective Groebner bases are en-
listed in Table 1. We shall work with lattices of ideals or, equivalently, lattices of func-
tion classes. Suppose we have a set of function classes Gj and a set I of corresponding

Table 1. Functions and corresponding Groebner bases with lexicographic ordering Δx > Δy

G1 : α1 < Δx, Δy >
G2 : α1x + α2 < Δ2

x, Δy >
G3 : α1y + α2 < Δ2

y , Δx >
G4 : α1(x + y) + α2 < Δx − Δy , Δ2

y >
G5 : α1x + α2y + α3 < Δ2

x, ΔxΔy , Δ2
y >

G6 : α1xy + α2x + α3y + α4 < Δ2
x, Δ2

y >
G7 : α1(x + y)2 + α2(x + y) + α3 < Δx − Δy , Δ3

y >
G8 : α1(x + y)2 + α2x + α3y + α4 < Δ2

x − Δ2
y , Δy(Δx − Δy), Δ3

y >
G9 : α1(x2 + y2) + α2x + α3y + α4 < Δ2

x − Δ2
y , ΔxΔy, Δ3

y >
G10 : α1x

2 + α2y
2 + α3x + α4y + α5 < Δ3

x, ΔxΔy , Δ3
y >

G11 : α1(x2 + y2) + α2xy + α3x + α4y + α5 < Δ2
x − Δ2

y , ΔxΔ2
y, Δ3

y >
G12 : α1x

2 + α2y
2 + α3xy + α4x + α5y + α6 < Δ3

x, Δ2
xΔy , ΔxΔ2

y, Δ3
y >

G13 : α1x
3 + α2x

2y + · · · + αn < Δ4
x, Δ3

xΔy , Δ2
xΔ2

y, ΔxΔ3
y , Δ4

y >
G14 : α1x

4 + α2x
3y + · · · + αn < Δ5

x, Δ4
xΔy , Δ3

xΔ2
y, Δ2

xΔ3
y , ΔxΔ4

y, Δ5
y >
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Fig. 1. Lattice of the operator ideals shown in Table 1

ideals Ij . Then I is a lattice provided for each pair of ideals Ik, Il in I the intersection
(or meet) of Ik and Il, as well as their union (or join) are also included in I. The ideals
of Table 1 form in fact the lattice shown in the Figure 1.

3 Computing Optimal Operators

We will now go into more detail with regard to the optimization process for the optimal
difference operator RG;D, i.e. the operator for which |R| is as small as possible. First,
we give a general procedure for finding all operators with a predefined shape for a given
function class. Then we can compute the optimal operator for each class by solving the
optimization problem min(|R|).

3.1 Shaped Operators

Difference operators S with a predefined shape have the advantage that known prop-
erties of the operator can be taken into account so that the optimization algorithm is
sped up. For example, if it is known that there exists a optimal symmetric operator, we
can use this fact by starting with a predefined symmetrical shape, which reduces the
optimization space considerably.

A general form for all operators of a predefined shape can be derived as follows.
First compute a reduced operator modulo the function class for both the difference op-
erator Q, with Qg̃ = Lg̃, and the operator S with the predefined shape. Set the reduced
predefined operator equal to the reduced shaped operator and solve the resulting sys-
tem of linear equations. When this system has no solution, there is no operator with the
predefined form. When a solution is found, some variables are eliminated to obtain an
expression in which the number of remaining variables equals the number of dimen-
sions of the solution space. The resulting operator represents symbolically all correct
operators of the predefined shape.

Example. We illustrate this procedure for the function class G7, and the Laplacian
L = ∂2

∂x2 + ∂2

∂y2 as differential operator. For functions in G7, the Laplacian L can

be replaced by the difference operator Q = 2Δ2
y = 2σ2

y − 4σy + 2. The difference
operator Q is shifted such that the Laplacian is computed in the center of a 5x5 square:
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Q′ = (2σ2
y − 4σy +2)σ2

xσ2
y . When Q′ is reduced modulo the ideal IG7 =< (σx − 1)−

(σy − 1), (σy − 1)3 >, we obtain Q′ mod I = 2 − 4σy + 2σ2
y .

Note that the reduced operators Q′ mod I are in general not symmetric in σx, σy ,
because the Groebner basis of I is computed according to a predefined lexicographic
ordering relation between the variables, σx > σy . Since the same Groebner basis is used
to reduce the operator S, this will not affect the final result. We choose for example a
5x5 difference operator S of the form

a b c b −a
b d e −d b
c e f e c
b −d e d b

−a b c b a

(4)

with coefficient b = 0. The reduction of the operator S yields

S mod I = (16a + 20c + 4d + 14e + 3f) (5)

+ (−32a − 48c − 8d − 36e − 8f)σy

+ (16a + 32c + 4d + 26e + 6f)σ2
y.

We obtain 3 linear equations by setting Q′ mod I = S mod I , which enables
us to eliminate 3 variables. The result is a general expression for all correct operators
of the shape (4) in which the variables a, c, d can be chosen freely, and b = 0, e =
1 − 8a − 4c − 2d, f = −4 + 32a + 12c + 8d.

Several function classes will yield operators with the same form. For example, the
classes G7, G8, G9, G10, G11, G12 all have the same symmetrical operator. This means
that these function classes will also have the same optimal operator of that shape.

3.2 The Optimal Operator

An operator is optimal when the sum of the absolute values of its coefficients is min-
imal. So once the general form of an operator is known, an optimal operator can be
found by solving a large set of linear programming problems. The cost of the operator
in the previous example is 4|a|+4|c|+4|d|+4|1−8a−4c−2d|+|−4+32a+12c+8d|.
Although this expression is non-linear, the optimum can be found by solving 25 small
linear programming problems. In each problem, we make an assumption for each ab-
solute value about the sign of the term and replace it by a linear term. Since there are 5
terms in this example, there are 25 possible combinations. For our example, we obtain
an optimal operator with cost 1/2 and the template shown in Fig. 2(b).

Several function classes may have the same optimal operator. Figure 2 shows the
optimal operators for some function classes and different window sizes. The costs for
all functions classes and windows is given by Table 2.

In Table 2, the set of linear function classes comprises G1, G2, G3, G4 and G5; the
quadratic classes are G9, G10, G11 and G12; the cubic class is G13; the class of fourth
order is G14. Although G6 is not a class of linear functions, with respect to the Laplacian
it behaves as a linear function. We use the term quadratic symmetric to denote the set
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(a) (b) (c) (d) (e) (f)

Fig. 2. Optimal Laplacian operator templates for several sets of function classes and differ-
ent window sizes: {G7, G8}(3x3) (a), {G7, G8}(5x5) (b), {G9, G10, G11, G12}(3x3) (c),
{G9, G10, G11, G12, G13}(5x5) (d), G14 (e), widely used template (f)

Table 2. Cost of optimal operators for different sets of function classes and window sizes

\ functions linear quadratic quadratic cubic 4th order
window symmetric

3x3 0 (1) 2 4 n.e. n.e.
5x5 0 (1/4) 1/2 1 1 16/3
7x7 0 (1/9) 2/9 4/9 4/9 9/5

of function classes {G7, G8}, which are symmetric in the second degree terms. There
are no 3x3 operators that correctly compute the Laplacian for cubics and higher order
functions.

For a given window size, the cost increases when the function class becomes more
general. In fact, Table 1 shows that I12 ⊂ I10, i.e. G12 contains G10 as a subset, and
the functions in G10 have to satisfy the difference equations from I12 plus some extra
difference equations. As a result, the class of operators from which an optimal operator
has to be chosen is larger for I10 than for I12. Second, for a given function class the cost
decreases when the window size increases. In fact, the operators for a larger window
contain the operators for a small window as a special case.

For linear functions, the optimal operator is the zero operator with cost equal to zero.
This is correct since the Laplacian of a linear function (and of G6) is zero, a value
which can be estimated without error. This may give rise to some anomalies when we
have to select an appropriate function class and window size. In the next section we
discuss how these anomalies can be avoided by introducing an artificial cost for linear
functions (shown between brackets in Table 2).

4 Optimal Operator Selection

We have now assigned an optimal operator to each function class for each window size.
We now propose a selection criterion for the best operator with regard to the operator
cost and the local image properties, i.e. the approximation cost for a certain function
class and window size. Our selection method is then validated by experiments on artifi-
cial images of digitized surfaces.
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4.1 How to Select Function Class and Window Size?

We noticed earlier that the function classes form a poset with subset inclusion as order-
ing relation, and that the same difference operator is optimal for a subset of function
classes. Therefore the number of classes to be selected from can be limited. When two
classes have the same optimal operator for a given window size, we consider only the
most general class because it yields the smallest approximation error ε. ε is a measure
for the local fit of the approximating continuous function to the digitized surface. A
feature detection template Pi yields a cost εi when applied to the image part f :

εi =
|Pif |
|Pi|

(6)

with Pi ∈ KD (3) for that function class. The fitting cost ε is then obtained as ε =
maxi(εi) for a limited subset of feature detectors Pi (usually 10-15 suffices).

For practical reasons, we only consider windows of either 3x3 or 5x5 in our experi-
ments. The following classes are available in our experiments:

– The function classes G1, G2, G3, G4, G5 and G6 form a subset of functions for
which the optimal difference operator is the zero operator, for both the 3x3 and 5x5
window size. G6 is the most general of these functions, and is therefore used as a
representative for this set of classes.

– G8 represents the set of quadratic function classes {G7,G8}. The optimal operators
are shown in Fig. 2 for the 3x3 and 5x5 templates.

– Quadratic functions as in G9, G10, G11 and G12 are represented by G12, with the
operator shown in Fig. 2 as the optimal operator for the 3x3 templates. For 5x5
templates, the optimal operator generated for these classes is the same as that for
class G13. Therefore, we use G13 to generate the feature detection templates for
this subset of function classes.

Up to now, we have an optimal operator for a given function class and a given win-
dow. When the window size increases, the cost goes down for a given function class.
When the window size is fixed, the cost goes down when the function class becomes
less general. Therefore, on the one hand it makes sense to use a large window with a
more specialized function class, on the other hand this will increase the fitting cost. We
now propose a criterion which seeks an optimum between these two choices: use the
function class and window size for which ε|R| is minimal.

The product ε|R| represents the fitting cost ε as well as the operator cost |R| so
that the image surface must locally be well approximated by the function class and
the error introduced by using a difference operator must be small. Unfortunately, this
criterion does not work for zero operators as their operator cost |R| is always zero, and
therefore also the estimation error ε|R| is zero. Theoretically, this is correct because ε|R|
represents the error with which we can estimate the value of Lg̃. Since the Laplacian of a
linear function is always zero, we can in fact estimate the value of the Laplacian without
error. The fitting cost does not count in this case. One solution would be to define a more
elaborate mixed cost h(ε, ε|R|). We propose a simpler solution by introducing a non-
zero cost for zero operators. By observing Table 2, one sees that the cost |R| often
goes down by a factor 2 when the function class gets more specialized. For example,
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in a 3x3 window, the cost is 4 for quadratic functions, and 2 for quadratic symmetric
functions. We shall extrapolate this trend and use a cost for linear functions which is
half the cost of symmetric quadratic functions, as shown between brackets in Table 2.
Thus, quadratic or higher order functions will only be used if their fitting cost is at least
less than one half the fitting cost of linear functions. By a fortunate coincidence, the
cost used in a 3x3 window for linear functions is simply the fitting cost ε itself.

4.2 Evaluation

To verify whether this selection method yields good results, first the following question
must be answered: Are the correct fitting classes chosen, i.e. is ε|R| locally minimal
for the correct function class? Experimental data is obtained for images of digitized
surfaces as shown in Fig. 3(a). The surfaces are composed by functions of different
classes so that the exact value of the Laplacian is known beforehand for each pixel in
the image. This allows for a comparison of the values for the Laplacian obtained by the
proposed method, the hierarchical method discussed in [7] and the widely used operator
as shown in Fig. 2(f).

We reconsider the hierarchical method [7], which determines the function class by
descending a tree-structure in which three consecutive nodes respectively represent G5,
G8 and G12. Feature detection is performed by evaluating

|Pif |
|Pi|

≤ εth (7)

with εth a predefined threshold for a limited number of feature detection templates
Pi (3). If this test succeeds at a node in the tree, the corresponding optimal difference
operator is chosen. Although this method shows better results than the application of
the classical Laplacian template, this approach still has some drawbacks. A first prob-
lem is the extension of the tree for templates of different sizes. Which size should be
preferred in the hierarchical composition of the tree? Second, why should the first node
where the test succeeds always be preferred? The second or third class could yield a
better approximation for the digitized image surface. If we select an appropriate Lapla-
cian operator by descending the tree, we notice that the zero-operator is often chosen,
even for quadratic functions. In those cases, a linear function locally is a good enough
approximation for the digitized image. Then the zero operator is applied, which does
not correspond to the actual Laplacian value. A related problem is the choice of the
threshold εth.

In the now proposed approach, the appropriate function class is chosen by the crite-
rion min(ε|R|) over all function classes. ε|R| is easily computed for different template
sizes and discriminates well between different classes. Mostly the correct function class
is chosen for each image part throughout the experiments. An example is shown in Fig.
3: the function class for which ε|R| is minimal is shown for each pixel. Fig. 3 shows
that the use of larger feature templates proves its worth. A larger image region then
influences the outcome of the Laplacian operator so that its result is more reliable. We
notice however that in some cases the ’incorrect’ class is chosen, e.g. the linear case is
chosen for quadratic cases, when the image surface is locally represented by a rather flat
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(a) (b) (c) (d) (e) (f) (g)

Fig. 3. Figure (a) shows a digitized image composed of three digitized surfaces: linear, quadratic
symmetric and quadratic (from top to bottom). The next images respectively represent the func-
tion classes G6(3x3) (b), G8(3x3) (c), G12(3x3) (d), G6(5x5) (e), G8(5x5) (f) and G13(5x5)
(g). When the criterion ε|R| is minimal for that function class and window size in a pixel, that
pixel is indicated as white.

quadratic. Notice that only a limited subset of feature detectors Pi is used to compute ε.
We must also notice that we give preference to larger windows and functions of higher
order when ε|R| is minimal for multiple classes. This is e.g. the case for most pixels in
the upper part of the image in Fig. 3, where ε|R| = 0 for all 3x3 templates, so that the
class with polynomials of the highest order (G12 in this case) is chosen.

4.3 Computation of the Difference Operator

It is not sufficient to select the correct function class. Does the optimal operator for a
specific function class also yield a good estimation for the exact value of the difference
operator? Is the estimated value considerably better than the value obtained by applying
the widely used template for the difference operator?

When we compute the Laplacian for image surfaces composed of known digitized
functions with the optimal operator for that function class, we can compare that result to
the actual Laplacian value for the continuous functions. An example is shown in Fig. 4.
We notice that the operators with a 5x5 template estimate the actual value more accurate
than the value obtained by the corresponding 3x3 operator template. This is expected
as the maximum error is|R|, which is smaller for larger templates. The experiments
also show that in most cases the Laplacian is estimated much better than the expected
maximum error of that operator. The mean and maximum error on the estimation of
the actual value are respectively up to 8 and 2 times smaller than |R| for the optimal
difference operator when the class is known. The estimation is in almost all cases better
than that of the default operator. The mean error on our estimation is much smaller (up
to more than 10 times) than the mean error on the default kernel.

When we combine the class selection method and the application of the optimal
difference operator for the selected class, we can evaluate the results of the proposed
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(a) (b) (c) (d) (e) (f)

Fig. 4. An image (a) composed of three digitized surfaces: linear, quadratic symmetric and
quadratic (from top to bottom). The other images indicate the absolute error on the estimation
of the Laplacian in gray values, with black to white corresponding to the range [0,5]. In (b) the
Laplacian is computed in each of the three image parts with respectively the optimal 3x3 operator
for class G6, G8 and G12. In (c) the Laplacian is computed with the optimal 5x5 operator for
G6, G8 and G13 in the corresponding image parts. The error on the Laplacian is indicated when
the operator is selected respectively by the hierarchical tree (d), by the criterion min(ε|R|) (e)
and for the default Laplacian kernel (f).

(a) (b) (c) (d)

Fig. 5. Original image (a), edges detected as zero crossings after Laplacian computation on the
unsmoothed image by the proposed method (b), by the hierarchical method (c) and by the default
method (d)

method. When compared to the results of the hierarchical tree, we notice a considerable
improvement, as can be observed for the example in Fig. 4. We notice that the zero
operator is frequently chosen not only for linear, but also for quadratic surfaces as it
appears first in the tree. This problem is solved by the proposed method. As already
noted, the application of optimal operators of larger sizes brings increased accuracy.
Even more, the experiments show that these cases are preferred over the less accurate
smaller templates. It it also proven by the experiments that the proposed method always
outperforms the default method. Both the mean and the maximum error of the estimated
value for the Laplacian compared to the actual value is always greater in case of the
default estimation method. The mean error is in the order of a few tenths for our method,
while it attains mean error values greater than one for the default method.
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5 Concluding Remarks

We present a procedure to replace a differential operator by a difference operator opti-
mal for a specific class of functions. The criterion min(ε|R|) determines which operator
to use for a specific image part. Experiments on digitized functions show that the Lapla-
cian is indeed better estimated by our method than by the widely used Laplacian kernel.
A better estimation of the Laplacian offers a considerable advantage in feature detection
applications, for example edge detection by looking for zero crossings of the Laplacian.
A better estimate of the Laplacian results in a more accurate computation of the zero
crossings. In particular, we expect a considerable improvement for large noisy image
regions with homogenous gray values. Regions around edges can be well approximated
by the quadratic and higher order function classes, so that the error on the computation
of the Laplacian will decrease when our criterion is applied to select the best operator.
In Fig. 5, we apply our method to compute the Laplacian for the unsmoothed Lena im-
age. When we compare the edges obtained from zero crossings of the Laplacian, we
notice that the proposed method gives better results than the hierarchical method, and
much better than the widely applied method for the discrete Laplacian.
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