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Abstract. Morse theory studies the relationship between the topology
of a manifold M and the critical points of a scalar function f defined on
M . The Morse-Smale complex associated with f induces a subdivision
of M into regions of uniform gradient flow, and represents the topology
of M in a compact way. Function f can be simplified by cancelling its
critical points in pairs, thus simplifying the topological representation of
M , provided by the Morse-Smale complex. Here, we investigate the effect
of the cancellation of critical points of f in Morse-Smale complexes in
two and three dimensions by showing how the change of connectivity of
a Morse-Smale complex induced by a cancellation can be interpreted and
understood in a more intuitive and straightforward way as a change of
connectivity in the corresponding ascending and descending Morse com-
plexes. We consider a discrete counterpart of the Morse-Smale complex,
called a quasi-Morse complex, and we present a compact graph-based
representation of such complex and of its associated discrete Morse com-
plexes, showing also how such representation is affected by a cancellation.

1 Introduction

The Morse-Smale complex is a widely used topological representation which de-
scribes the subdivision of a manifold M into meaningful parts, characterized by
uniform flow of the gradient of a scalar function f , defined on M . In applications,
large data sets are usually interpolated by a continuous function, and then topo-
logical features are extracted, which represent the initial data in a compact way.
Morse-Smale complexes can be applied for segmenting the graph of a scalar field
for terrain modeling in 2D, and recently some algorithms have been developed
for segmenting three-dimensional scalar fields through Morse-Smale complexes
[11,5]. For the review of work in this area, see [4] and the references therein.

The Morse-Smale complex of a scalar function f , defined on a manifold M ,
is the intersection of two complexes, namely the ascending and the descending
Morse complexes. Intuitively, the descending cell of a critical point p describes
the flow of the gradient of f towards p, and (dually) the ascending cell of p
describes the flow away from p. Each cell of a Morse-Smale complex is obtained
as the intersection of two cells, the descending cell of a critical point p, and the
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ascending cell of a critical point q, and it describes the flow of the gradient vector
field of f from q towards p.

One of the major issues when computing a representation of a scalar field as a
Morse, or a Morse-Smale complex is the over-segmentation, due to the presence of
noise in the data sets. To this aim, simplification algorithms have been developed,
in order to eliminate less significant features from the Morse-Smale complex. The
simplification is achieved by applying an operation called cancellation of critical
points. A cancellation transforms one Morse-Smale complex into another, with
fewer number of vertices, while maintaining the consistency of the underlying
complex, and it enables the creation of a hierarchical representation. In 2D, the
cancellation of a pair of critical points in a Morse-Smale complex consists of
collapsing an extremum p and a saddle s into another extremum q [18,9,1,17].
Cancellation in 2D Morse complexes is considered in [3], where it is shown that
cancellations reduce to well-known Euler operators [13]. Similar operations have
been considered in the framework of 2D combinatorial maps [2].

Here, we investigate the effect of the cancellation in Morse-Smale complexes
in two and three dimensions, and we show how the change of connectivity in
a Morse-Smale complex, induced by a cancellation of pairs of critical points of
f , can be interpreted and understood in a more intuitive and straightforward
way as a change of connectivity in the corresponding ascending and descending
Morse complexes. We then consider a discrete counterpart of the Morse-Smale
complex, called a quasi-Morse complex, and we present a compact graph-based
representation of such complex and of its associated discrete Morse complexes,
showing also how such representation is affected by a cancellation. This repre-
sentation, together with cancellation operations (and their inverse operations,
called anticancellations) is a suitable basis for a multi-resolution representation
of the topology of manifold M , induced by f .

The remainder of the paper is organized as follows. In Section 2, we recall
some basic notions on cell complexes. In section 3, we review Morse theory,
Morse and Morse-Smale complexes. In Section 4, we describe how a Morse-Smale
complex is affected by cancellation of critical points of f , and we investigate how
cancellation affects the structure of a Morse complex. In Section 5, we discuss
the notion of a quasi-Morse complex, we introduce the incidence graph as a
representation for encoding both the descending and ascending Morse complexes
and the Morse-Smale complex, and we define modifications of incidence graph,
induced by a cancellation. Concluding remarks are drawn in Section 6.

2 Background Notions

We briefly review some basic notions on cell complexes. For more details on
algebraic topology, see [14].

Intuitively, a Euclidean cell complex is a collection of basic elements, called
cells, which cover a domain in the Euclidean space R

n [13]. A k-dimensional cell
(k-cell) γ, 1 ≤ k ≤ n, is a subset of R

n homeomorphic to an open k-dimensional
ball Bk = {x ∈ R

k : ||x|| < 1}, with non-null (relative) boundary with respect



Cancellation in Morse and Morse-Smale Complexes 119

to the topology induced by the usual topology of R
n. A 0-cell is a point in R

n.
The boundary of a 0-cell is empty. k is called the order or dimension of a k-cell
γ. The boundary and closure of γ are denoted bd(γ) and cl(γ), respectively.

A Euclidean cell complex is a finite set of cells Γ in R
n of dimension at

most d, 0 ≤ d ≤ n, such that (i) the cells are pairwise disjoint, (ii) for each
cell γ ∈ Γ , the boundary bd(γ) is the union of cells of Γ , (iii) if γ, γ1 ∈ Γ ,
such that cl(γ) ∩ cl(γ1) �= ∅, then cl(γ) ∩ cl(γ1) is the disjoint union of cells
of Γ . The maximum d of dimensions of cells γ over all cells of a complex Γ is
called the dimension or the order of the complex. A subset Λ of Γ is called a
subcomplex of Γ if and only if Λ is a cell complex. The k-skeleton of Γ is the
subcomplex of Γ , which consists of all cells of Γ of dimension less than or equal
to k. The domain (or carrier) ΔΓ of a Euclidean cell complex Γ is the subset of
R

n spanned by the cells of Γ . We shall consider two and three dimensional cell
complexes Γ , such that ΔΓ is homeomorphic to a smooth compact two or three
dimensional manifold M without boundary. Recall that a d-manifold M without
boundary is a (separable Hausdoff) topological space in which each point p has
a neighborhood which is homeomorphic to R

d.
An h-cell γ′ which belongs to the boundary bd(γ) of a cell γ is called an h-face

of γ. If γ′ �= γ, then γ′ is called a proper face of γ, and γ and γ′ are said to
be incident. Two distinct k-cells γ and γ′ are adjacent if (i) for 0 < k ≤ d,
there exists some (k − 1)-cell of Γ which is a face of both γ and γ′, and (ii) for
0 ≤ k < d, there exists some (k + 1)-cell of Γ which contains both γ and γ′ as a
face.

The space dual Γ ∗ of a d-complex Γ is a cell complex such that there is a
one-to-one mapping from Γ onto Γ ∗ such that (i) the image of a k-cell is a
(d − k)-cell, (ii) cells γ and γ′ are adjacent in Γ if and only if their images are
adjacent in Γ ∗. The space dual Γ ∗ of a complex Γ is unique up to adjacency
relation between cells.

3 Morse Theory

Morse theory studies relationships between the topology of a manifold, and (the
critical points of) a function defined on a manifold. We review here the basic
notions of Morse theory in the case of d-manifolds. For more details, see [16,15].

3.1 Morse Functions

Let f be a C2-differentiable real-valued function defined over a domain D ⊆ R
d.

A point p ∈ R
d is a critical point of f if the gradient ∇f of f vanishes on p, i.e.,

if ∇f(p) = 0. Function f is said to be a Morse function if all its critical points
are non-degenerate (the Hessian matrix Hesspf of the second derivatives of f at
p is non-singular). Since all these properties are local, a Morse function f can be
defined on a d-dimensional manifold M . In some local coordinate system, there
is a neighborhood of each critical point p of f , in which

f(x1, x2, . . . , xd) = f(p) − x1 − . . . − xi + xi+1 + . . . + xd.
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The number of minus signs in the above equality, i.e., the number of negative
eigenvalues of Hesspf , is called the index of a critical point p. The corresponding
eigenvectors show the directions in which f is decreasing. A critical point p is a
minimum or a maximum if it has index 0 or d, respectively. Otherwise, if index
of p is i, 0 < i < d, p is an i-saddle.

An integral line c(t) of a function f is a maximal path which is everywhere
tangent to ∇f . Thus, c(t) follows the direction in which the function has the max-
imum increasing growth. Each integral line connects two distinct critical points
of f , called its origin and destination. In 2D, each saddle s is incident to two
ascending and two descending integral lines, which connect s to two (not neces-
sarily distinct) maxima and two (not necessarily distinct) minima, respectively.
These ascending and descending integral lines alternate cyclically around s. In
3D, each 1-saddle (2-saddle) s is incident to two descending (ascending) integral
lines, which connect s to two (not necessarily distinct) minima (maxima).

An operation called cancellation of critical points is defined on the set of
critical points of f . It eliminates the critical points of f in pairs. If p and q are
two critical points of f , such that p is of index i, q is of index i+1, and such that
there is a unique integral line c having p as origin and q as destination, then f
can be perturbed to another Morse function g defined on M , such that critical
points of g coincide in position and in index with the remaining critical points
of f (except p and q). A cancellation of a pair of critical points p and q modifies
the gradient field along c, and in a small neighborhood of c, thus simulating the
smoothing of f .

3.2 Morse and Morse-Smale Complexes

Let f : M → R be a Morse function, where M is a compact d-manifold without
boundary. Integral lines that converge to (originate from) a critical point p of in-
dex i form an i-cell ((d−i)-cell) called a stable (unstable) manifold (or descending
(ascending) manifold) of p. The descending (ascending) manifolds are pairwise
disjoint and they decompose M into open cells which form a complex, since the
boundary of every cell is a union of lower-dimensional cells. Such complexes are
called descending and ascending Morse complexes.

If p is a minimum, the descending manifold of p is p itself, while if p is a
1-saddle, the descending manifold of p is an open 1-cell bounded by two (not
necessarily distinct) minima. If p is a maximum in a 2D manifold M , the de-
scending manifold of p is an open 2-cell, bounded by a sequence of (at least one)
minima and (at least one) descending 1-cells of saddles. In 3D, the boundary B
of a descending three-cell of a maximum p consists of (at least one) descending
2-cells of 2-saddles, and the boundaries of these 2-cells consist of descending
1-cells of 1-saddles on B, and (at least one) minima.

A Morse function f is called a Morse-Smale function if and only if the de-
scending and the ascending manifolds intersect transversally. This means that
the intersection (if it exists) of the descending i-dimensional manifold of a critical
point p of index i, and the ascending (d − j)-dimensional manifold of a critical
point q of index j, i ≥ j, is an (i − j)-dimensional manifold. Cells that are
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obtained as the intersection of descending and ascending manifolds of a Morse-
Smale function f decompose M into a Morse-Smale complex.

In 2D, each 2-cell of a Morse-Smale complex is related to a maximum p and a
minimum q, as it is obtained as the intersection of the descending 2-manifold of
p and the ascending 2-manifold of q. Such 2-cell is quadrangular, with vertices
q, s1, p, s2 (of index 0,1,2,1), in this order along the boundary. These 2-cells are
obtained as union of two triangles, namely q, s1, p and q, s2, p, where s1 and s2
are the (not necessarily distinct) saddles, which are in the boundary of both the
descending 2-manifold of p and the ascending 2-manifold of q. A maximum p and
a minimum q may determine more than one 2-cell of a Morse-Smale complex.

In 3D, each 3-cell of a Morse-Smale complex is related to a maximum p and a
minimum q. Such 3-cell is obtained as union of tetrahedra of the form q, s1, s2, p,
where s1 and s2 are 1-saddles and 2-saddles, which are in the boundary of both
the descending 3-manifold of p and the ascending 3-manifold of q.

If f is a Morse-Smale function, then the ascending and the descending complex
of f are dual to each other. Each critical point p of index i of a Morse-Smale
function f corresponds to a vertex (which we denote by p) of a Morse-Smale
complex of f , and it also corresponds to the descending i-dimensional manifold
of p, i.e., to an i-cell of the descending Morse complex (denoted by p), and to the
ascending (d − i)-dimensional manifold of p. We illustrate the correspondence
between Morse and Morse-Smale complexes in Figure 1.
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Fig. 1. A Morse-Smale function f , defined on a 2-dimensional domain. Numbers in-
dicate the index of the critical points. (left) Descending Morse complex. (middle) As-
cending Morse complex. (right) Morse-Smale complex.

4 Cancellations in Morse-Smale and Morse Complexes

Although Morse and Morse-Smale complexes describe the topology of a manifold
M in a more compact way than the full dataset, it is often desirable to reduce
the number of critical points of f , thus obtaining a simplified representation of
the topology of M . This can be achieved by applying the operation of cancel-
lation of (pairs of) critical points. A pair of critical points p and q of function
f can be cancelled if p and q have consecutive indices i and i + 1, respectively,
and there is a unique integral line connecting them. In the Morse-Smale complex
of f , vertices p and q are adjacent and connected through a single edge, while
in the Morse complex, cell p is in the boundary of cell q, and p appears only once
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in the boundary of q. Specifically, a vertex p and an edge q may be cancelled if
q is not a loop with endpoint p. An edge p and a face q may be cancelled if in a
cyclic order of edges in the boundary of q, edge p appears only once. In 2D, this
means that the unique other face r incident to p is different from q. Finally, (in
3D) a face p and a 3-cell (volume) q may be cancelled if the unique other 3-cell
r incident to p is different from q.
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Fig. 2. Cancellation of a maximum p and a saddle s in a 2D (left) Morse-Smale com-
plex, (middle) descending Morse complex (edge removal), (right) ascending complex,
and dually, cancellation of a minimum p and a saddle s in the descending complex
(edge contraction). Numbers indicate the index of the corresponding critical point.

In 2D, a saddle and an extremum are cancelled. Cancellation of a maximum p
and a saddle s in a Morse-Smale complex is illustrated in Figure 2 (left). It can be
viewed as merging p and s into the other maximum q adjacent to saddle s, while
at the same time all four edges incident in s are deleted. If q = p, cancellation
is forbidden. Note that we are only interested in the changes of connectivity in
a Morse-Smale complex, while we do not take into account any considerations
about the feasibility of a cancellation, which are induced by function values. In
the example above, f(q) has to be greater than the value of f at any of the saddles
which become connected with q, if the cancellation of p and s is to be allowed.
In a descending Morse complex, cancellation corresponds to merging the 2-cells
p and q into q, i.e., to the removal of edge s, as illustrated in Figure 2 (middle).
In a Morse-Smale complex, each saddle which was previously connected to p
is connected to q after cancellation. Correspondingly, in the descending Morse
complex, each edge which was previously on the boundary of 2-cell p is on the
boundary of 2-cell q after cancellation. Similarly, the cancellation of a saddle
and a minimum corresponds to an edge contraction, which is the dual operation
of edge removal, as illustrated in Figure 2. The reverse is true for the ascending
complex. The order in which the pairs of points are canceled can be determined
based on the notion of persistence [9,1].

Simplification of 3D Morse-Smale complexes has been investigated only re-
cently [10]. In 3D there are three possible types of cancellations: minimum and
1-saddle, 1-saddle and 2-saddle, and 2-saddle and maximum. While the two can-
cellations involving a minimum or a maximum are similar to the ones performed
in the 2D case, the saddle-saddle cancellation does not have an analog in 2D.
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A cancellation of a minimum and a 1-saddle, or of a maximum and a 2-
saddle, in a Morse-Smale complex, can be interpreted as merging the two can-
celed points, an extremum point p and a saddle s into the unique extremum
point q which is the other endpoint of the (descending or ascending) 1-manifold
of saddle s. As in the 2D case, if q = p, cancellation is forbidden. Edges and faces
which were incident in s are deleted from the Morse-Smale complex, and q will
replace p in all edges and faces which had p as one of their vertices. In a 3D de-
scending Morse complex, cancellation of a 1-saddle and a minimum corresponds
to an edge contraction, while cancellation of a maximum and a 2-saddle corre-
sponds to the removal of a face. The modifications of (a part of) a Morse-Smale
and of the descending and ascending Morse complexes, induced by a cancellation
of a maximum p and a 2-saddle s, are illustrated in Figure 3.
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Fig. 3. Cancellation of a maximum p and a 2-saddle s in 3D in a (left) Morse-Smale com-
plex, (middle) descending Morse complex (face removal), (right) ascending Morse com-
plex, and dually, cancellation of a minimum p and a 1-saddle s in the descending complex
(edge contraction). Numbers indicate the index of the corresponding critical point.

A cancellation of a 1-saddle p and a 2-saddle q makes the extension from 2D
to 3D non-trivial. When p and q are cancelled, the descending and ascending
manifolds of p and q are deleted from the Morse-Smale complex, and the remain-
ing points on the boundary of these 2-manifolds are reconnected. Each 2-saddle,
which was adjacent to p, becomes adjacent to each 1-saddle, which was adjacent
to q, as illustrated in Figure 4 (left). In this way, the number of cells in the
Morse-Smale complex increases, although the number of critical points (vertices
of the Morse-Smale complex) decreases by two. The cancellation of a 2-saddle q
and a 1-saddle p in a descending Morse complex is illustrated in Figure 4 (right).
Edge p and face q are deleted, and the boundary of each face incident in p is
extended to include the boundary of face q (with the exception of edge p). It
can be viewed as each face incident in p is extended to include a copy of face q,
keeping an infinitesimal separation between these copies. Each edge which was
on the boundary of face q is, after cancellation, on the boundary of all other
faces incident to p. Thus, all the vertices (minima) on the boundary of face q
will be, after cancellation, on the boundary of all faces incident to edge p, and on
the boundary of all volumes (maxima) incident to p. All such minima-maxima
pairs induce new cells in the Morse-Smale complex, although the number of cells
in the Morse complexes decreases by two.
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Fig. 4. Cancellation of a 1-saddle p and a 2-saddle q in 3D in a (left) Morse-Smale
complex, (right) descending Morse complex. Numbers indicate the index of the corre-
sponding critical point.

5 Morse-Smale Complexes in the Discrete Case

In this Section, we recall the notion of a quasi-Morse complex, and we intro-
duce the incidence graph as a compact, dual representation of descending and
ascending Morse complexes.

5.1 Quasi-Morse Complexes

In order to capture the combinatorial structure of a Morse-Smale complex of a
manifold M , without making reference to a function f , a notion of a quasi-Morse
complex in 2D and 3D is introduced in [9] and [8], respectively.

In 2D, a cell complex Γ is a quasi-Morse complex if it is a subdivision of M ,
in which the set of vertices (0-cells) of Γ is partitioned into three sets U , V
and W and the set of edges (1-cells) of Γ is partitioned into two sets A and B
with the following properties: (i) there is no edge which connects two vertices
from U ∪ W , or two vertices from V , (ii) edges in A have endpoints in U ∪ V
and edges in B have endpoints in V ∪ W , (iii) each vertex p ∈ V belongs to
four edges, which alternate between A and B in a cyclic order around p, (iv) all
2-cells of Γ are quadrangles, with vertices from U , V , W , V , in this order along
the boundary.

In 3D, a cell complex Γ is a quasi-Morse complex if it is a subdivision of M ,
in which the set of vertices of Γ is partitioned into four sets U , V , X and Y ,
the set of edges of Γ is partitioned into three sets R, S, and T and the set of
2-cells of Γ is partitioned into two sets P and Q with the following properties:
(i) edges from R, S, and T connect vertices from U and V , V and X , and X
and Y , respectively, and 2-cells from P and Q are quadrangles with nodes from
U , V , X , V , and V , X , Y , X , in that order, respectively, along the boundary,
(ii) there are no vertices within 1-, 2-, and 3-cells of Γ , (iii) each edge in S is
on the boundary of four quadrangles, which in a cyclic order alternate between
P and Q. In 3D, a quasi-Morse complex is more restrictive than a Morse-Smale
complex. In the Morse complexes corresponding to a quasi-Morse complex, faces
bounded by only one vertex, and edges which do not bound a face, are not
allowed, since they would imply the existence of faces in a quasi-Morse complex,
which are not quadrangles.
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Thus, in a quasi-Morse complex, the cancellation of an edge e and a face f
is forbiden if (i) e is the only edge in the boundary of f , and there is a face
different from f , bounded only by e, or (ii) e is bounding only f , and there is
an edge different from e, which is bounding only f . Otherwise, a cancellation
could result in a face bounded by only one vertex, and an edge not bounding a
face, respectively. Cancellation of a minimum (vertex) p and a 1-saddle (edge)
q is allowed if there is no 2-saddle (face) r such that q is the only edge in the
boundary of r. Dually, cancellation of a maximum (volume) p and a 2-saddle
(face) q is allowed if there is no 1-saddle (edge) r such that r bounds no other
face but q. These situations are illustrated in Figure 5.

Fig. 5. (left) Forbiden face-edge cancellation. (right) Forbiden vertex-edge and volume-
face cancellation.

5.2 Dual Representation of Morse Complexes

We encode the descending Morse complex Γd, obtained from a quasi-Morse com-
plex of a Morse-Smale function, using an incidence graph IG = (C, A).

The Incidence Graph (IG) [7] is an incidence-based explicit data structure for
cell complexes in arbitrary dimensions. The topological information captured by
the IG is the set of incidence relations among cells that differ by exactly one
dimension. Formally, the IG encodes all the cells of any given d-dimensional
cell complex Γ , and for each i-cell γ, its immediate boundary, and immediate
co-boundary relations, namely all (i − 1)-cells in the boundary of γ, and all
(i + 1)-cells in the co-boundary of γ. An incidence graph corresponds to the
Hasse diagram describing the complex [12]. If we turn the incidence graph IG
of a descending complex Γd ’upside-down’, we obtain the incidence graph of the
ascending complex Γa, which is dual to Γd. Thus, the incidence graph encodes
simultaneously both the ascending and the descending Morse complexes. In Fig-
ure 6 (left), a cell complex describing the subdivision of the extended plane, its
dual complex, and the corresponding incidence graph are illustrated.

An incidence graph IG encodes directly the 1-skeleton of a quasi-Morse com-
plex, since the nodes of the IG correspond to the critical points of f , and there
is an arc in the IG connecting two nodes p and q if and only if p and q are
connected by an edge in the quasi-Morse complex. Other cells of a Morse-Smale
complex are encoded implicitly. In 2D, all 2-cells of a Morse-Smale complex, as-
sociated with a maximum p and a minimum q, are obtained as the union of two
triangles p, s1, q and p, s2, q, where s1 and s2 are two (not necessarily distinct)
saddles which are connected to both p and q in IG. In 3D, all 3-cells of a Morse-
Smale complex, associated with a maximum p and a minimum q, are obtained
as the union of tetrahedra of the form q, s1, s2, p, where s1 are 1-saddles which
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are connected to q, s2 are 2-saddles which are connected to p, and s1 and s2 are
connected to each other in IG. 2-cells in a 3D Morse-Smale complex are associ-
ated either with a maximum p and a 1-saddle s1, or with a minimum q and a
2-saddle s2, and are obtained in a similar way as the 2-cells in a 2D Morse-Smale
complex. Note that an incidence graph IG cannot encode a general Morse com-
plex, since in IG there is no possibility to encode, for example, a face bounded
by just one vertex.
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Fig. 6. (left) A 2-dimensional cell complex Γd, which consists of vertices v1 and v2,
edges e1, e2 and e3, and faces f1 f2 and f3, the dual complex Γa, and incidence graph
IG of Γd and Γa. (right) Γd, Γa, and IG, after the cancellation of edge e2 and face f2.

Cancellation of critical points in a quasi-Morse complex can be formalized in
terms of the incidence graph. Let IG = (C, A) be the incidence graph of the
quasi-Morse complex associated with f , and let p and q be two critical points
of f of consecutive index i and i + 1, respectively, such that there is a unique
integral line of f joining p and q. Then p and q are nodes of the IG, which
belong to two consecutive layers of the IG, such that p and q are connected
by a unique arc of IG. Let us denote by I+ the set of arcs incident to either p
or q. We will call this set the influence set of the cancellation uc(p, q) of p and
q. For each arc (p, s) ∈ I+, where s is an (i + 1)-cell and s �= q, we call s a
relevant (i + 1)-cell, and similarly for each arc (q, r) ∈ I+, where r is an i-cell
and r �= p, we call r a relevant i-cell of update uc(p, q). Cancellation of p and q
eliminates p and q from IG, together with arcs from I+, and introduces new set
of arcs, denoted I− connecting all relevant i-cells r, to all relevant (i + 1)-cells
s. Thus, after the cancellation of p and q, the incidence graph IG = (C, A) of
f is transformed into another incidence graph IG′ = (C′, A′), such that C′ =
C\{p, q}, A′ = (A\I+) ∪ I−. Cancellation of edge e2 and face f2 in cell complex
(and the corresponding incidence graph) from Figure 6 (left) is illustrated in
Figure 6 (right).

Another condition needs to be imposed since IG′ needs to have the structure
of an incidence graph, as explained above. We formulate these conditions in
terms of the incidence graph. Cancellation of a 1-cell p and a 2-cell q should
be forbidden if (i) there are no relevant 1-cells, and there is a 2-cell s which is
connected to no 1-cell other than p, or (ii) there are no relevant 2-cells, and there
is a 1-cell r which is connected to no 2-cell other than q. Cancellation of a 0-cell
p and a 1-cell q should be forbidden if there is a 2-cell s, which is connected to
no 1-cell other than q, while cancellation of a 2-cell p and a 3-cell q should be
forbidden if there is a 1-cell r which is connected to no 2-cell other than p.
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6 Concluding Remarks

We have recalled the notion of cancellation of critical points of a Morse function
f , and have shown how the changes of connectivity in a Morse-Smale complex
of f after a cancellation are easier to understand if interpreted as changes of
connectivity in a Morse complex of f .

We have considered the quasi-Morse complex as the combinatorial structure
of the Morse-Smale complex in the discrete case and we have discussed the
incidence graph as a representation for quasi-Morse complexes. This representa-
tion encodes both the ascending and the descending complexes associated with
a quasi-Morse complex. The incidence graph for a 3D scalar field can be con-
structed by applying the algorithm described in [5], which computes the two dual
Morse complexes through an efficient discrete approach that does not involve any
floating-point computation.

We are currently working on a definition of a multi-resolution topological
model for 3D scalar fields, based on the cancellation operators discussed and
on the notion of dependency of the modifications of a cell complex. This will
lead to a morphology-based description of a 3D scalar field at different levels of
abstraction, based on the framework on multi-resolution modeling introduced in
[6]. Further developments of this work are concerned with extending the formal-
ization proposed here to the n-dimensional case.
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