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Abstract. Gene Ontology information related to the biological role of
genes is organized in a hierarchical manner that can be represented by a
directed acyclic graph (DAG). Treemaps graphically represent hierarchi-
cal information via a two-dimensional rectangular map. They efficiently
display large trees in limited screen space. Treemaps have been used to
visualize the Gene Ontology by first transforming the DAG into a tree.
However this transformation has several undesirable effects such as pro-
ducing trees with a large number of nodes and scattering the rectangles
associated with the duplicates of a node around the screen. In this paper
we introduce the problem of visualizing a DAG as a treemap, we present
two special cases, and we discuss complexity results.

Keywords: Treemap,DirectedAcyclicGraph (DAG)Visualization,Gene
Ontology.

1 Introduction

The Gene Ontology Consortium (GO) [14] databases store thousands of terms
that describe information related to the biological role of genes. The information
in GO is organized in a hierarchical manner where the terms are placed in layers
that go from general to specific. The GO organization can be represented by a
directed acyclic graph (DAG) where the set of vertices V is the set of terms and
an edge is used to declare the is a or part of relationship between two terms.

Treemaps graphically represent hierarchical information via a two-dimensional
rectangular map, providing compact visual representations of large trees through
area, color and shading effects [3,5,11]. Treemaps, have also been used to visu-
alize compound graphs that contain both hierarchical relations and adjacency
relations [7].
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In the context of GO, treemaps have been used to visualize microarray data,
where each gene transcript is assigned all possible paths that start from it and
terminate to the root (the “all” term) of GO [1]. Symeonidis et al. in [12] pro-
posed to decompose the complete GO DAG into a tree by duplicating the nodes
with many in-coming edges, and then to use a treemap algorithm to visualize the
tree, see Figure 1. The duplication of a node however triggers the duplication of
all of its descendants. Therefore the transformation of a DAG into a tree leads to
trees with (potentially exponentially) many more nodes than the original DAG.
Symeonidis et al. in [12] reported that the initial GO DAG had ∼ 20.000 terms,
while the produced equivalent tree had ∼ 100.000 terms. Another drawback of
duplicating the nodes is that the rectangles associated with the multiple repli-
cas of a node are scattered around the screen. In this paper we introduce the
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Fig. 1. Example of transforming a DAG into a tree and then drawing it as a treemap

problem of drawing a DAG as a treemap without converting it to a tree first.
We consider several variations of the problem, we present some characterizations
of simple families of DAGs that admit such a drawing, and provide complexity
results for the general problem.

2 Problem Definition

2.1 Notations

Suppose that G = (V, E) is a layered directed acyclic graph (DAG) with a
partition of the node set V into subsets L1, L2, . . . , Lh, such that if (u, v) ∈ E,
where u ∈ Li and v ∈ Lj, then i > j. Without loss of generality we assume that
the layering is proper, since the “long” edges that span more than two layers
may be replaced by paths having dummy vertices in the internal layers [2].

Let Rv denote the display region of a node v ∈ V . Every directed edge e =
(u, v) from a node u to a node v corresponds to a drawing region Re = Rv ∩ Ru

which is the part of the child’s drawing region Rv that is drawn within the
parent’s drawing region Ru.

Given a vertex v ∈ V we denote the set of its in-coming and out-going edges
by Γ−(v) = {e ∈ E/destination(e) = v} and Γ+(v) = {e ∈ E/origin(e) = v}
respectively.
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2.2 Treemap Drawing Constraints

Treemaps have the invariant that the drawing rectangle of any node (different
from the root) is contained within the drawing rectangle of its parent. When
the graph is a tree this invariant can easily be satisfied since every node has one
parent. When the graph is a DAG, the above invariant should be replaced by the
invariant that the drawing rectangle of any node is contained within the union
of the rectangles of its parent nodes. Apart from this invariant it is plausible
to assume that the drawing rectangles of sibling nodes do not overlap and that
the drawing rectangle of a parent node is covered by the drawing rectangles of
its children nodes. The above invariant and assumptions are summarized in the
following definition.

Definition 1 (Treemap basic drawing constraints). The drawing is con-
strained by the following rules.

B1. The display area of the DAG (screen) is a rectangle.
B2. Every node is drawn as a rectangle (Rv is a rectangle for every v ∈ V ).
B3. If two distinct nodes u, v ∈ V are assigned to the same layer their rectangles

do not overlap (area(Ru ∩ Rv) = 0).
B4. The rectangle of a child node occupies a non-zero area in each one of its

parent node rectangles. (area(Re) = area(Ru ∩ Rv) �= 0 if e = (u, v) ∈ E).
B5. The rectangle of a child node is contained in the union of rectangles of its

parent nodes (Rv ⊂ ∪(u,v)∈ERu).
B6. The rectangle of a parent node is covered by the rectangles of its children

nodes (Ru ⊂ ∪(u,v)∈ERv).

The drawing rules of the above definition are quite general since they do not
constrain the area of the leaf nodes, and the proportion of a child’s node area
that is drawn on each one of its parent rectangles. To simplify the analysis
of the problem we constraint these two parameters by making the following
assumptions.

Definition 2 (Treemap additional drawing constraints)

A1. The leaf nodes are drawn in equal area ( screen area
number of leaf nodes) rectangles.

A2. The drawing rectangle of a child node occupies the same area on each one
of its parent rectangles (For every non source node v, area(Re) = area(Rv)

|Γ −(v)| ,
for every e ∈ Γ−(v)).

In the following we will use the term treemap drawing to characterize a drawing
according to the basic and additional drawing constraints.

Having defined the drawing rules, we can define the following problems:

1. Given a DAG G1, does G1 admit a treemap drawing?
2. In case that the answer to the first problem is negative, what is the minimum

number of node duplications that are needed to transform G1 into a DAG
G2 that admits a treemap drawing?
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2.3 Examples and Counter-Examples of DAGs That Admit a
Treemap Drawing

Examples of DAGs that admit a treemap drawing appear in Figure 2. From the

b caa cb
d

e

fed f

(a) The K33 DAG

ba

a cb e

d fed f

c

(b) A “circular” DAG

Fig. 2. Examples of DAGs that can be drawn as treemaps
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Fig. 3. Examples of DAGs that do not admit a treemap drawing

counter-examples of Figure 3 we see that there are DAGs that cannot be drawn as
treemaps. The DAG in Figure 3(a) cannot be drawn due to adjacency constraint
violation. The leaf nodes e, f, g, h, i, j constrain the parent nodes a, b, c, d to be
drawn in adjacent rectangles. However we cannot have a configuration where
all the pairs {a, b},{a, c},{a, d},{b, c},{b, d},{c, d} of rectangles are adjacent. In
this case in order to draw the DAG we can either duplicate one of the nodes
e, f, g, h, i, j or draw one of these nodes using two disjoint rectangles. The two
operations are similar and when applied to child node remove the corresponding
adjacency constraint.

In general, due to the four color (map coloring) theorem there exists a counter-
example involving five parent nodes and ten children nodes (one child node for
every pair of parent nodes), even in the case that we relax constraint B2, allowing
drawings to be simply connected regions of the plane.

The example of Figure 3(b) shows a DAG that does not admit a treemap
drawing, due to area imbalance among the first layer nodes a, b, c. Assuming
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that the leaf nodes have unit area, then nodes a and c have area 1/2+1/3 while
node b has area 1 + 1/3. However, if we relax constraint A2, then this DAG
admits a treemap drawing.

2.4 Node Duplication

Usually, a DAG encountered in practice does not admit a treemap drawing. In
this case we should relax one or more of constraints B1-B6, A1-A2 or change the
form of the DAG. Symeonidis et al. in [12] chose to transform the DAG into a
forest of trees by multiple node duplications. An example of a node duplication
is shown in Figure 3(b), where after the creation of two replicas of node e, one
with two parents and one with one parent, the DAG is transformed into a new
DAG which admits a drawing, see Figure 4.
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Fig. 4. After the duplication of node e the DAG of Figure 3 is transformed into a DAG
that has a treemap drawing

3 Special Cases

We will continue by considering two special cases. The first case is based on a
restricted form of DAGs, the second on a restricted form of treemaps.

3.1 Two Terminal Series Parallel Digraphs

A Two Terminal Series Parallel (TTSP) digraph is recursively defined as follows
[2,13]. An edge joining two vertices is a TTSP digraph. Let G1 and G2 be two
TTSP digraphs. Their series and parallel compositions, defined below, are also
TTSP digraphs.

– The series composition of G1 and G2 is the digraph obtained by identifying
the sink of G1 with the source of G2.

– The parallel composition of G1 and G2 is the digraph obtained by identifying
the source of G1 with the source of G2 and the sink of G1 with the sink
of G2.

Due to its recursive structure a TTSP digraph always admits a treemap drawing.
The base TTSP digraph is drawn as a rectangle. In a series composition the
rectangle of graph G2 is drawn on the top of the rectangle of graph G1. In
a parallel composition the rectangle of the composite graph is sliced into the
rectangles of G1 and G2.
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Algorithm

1. Construct the decomposition tree of G [13] and merge the adjacent P -nodes.
In the resulting tree the P -nodes may have two or more children.

2. Using the decomposition tree calculate the size of the components.
(a) In a series composition size(G) = size(G1) = size(G2).
(b) In a parallel composition size(G) = size(G1)+size(G2)+. . .+size(Gk).

3. Using the decomposition tree recursively draw the component rectangles.
(a) The rectangles have area proportional to the size of the corresponding

component.
(b) In a series composition, the rectangles of the two components coincide.
(c) In a parallel composition, use any of the existing treemap algorithms to

lay out the component rectangles.

(a) The base TTSP
digraph

G1

G2

G2

G1

G2 is drawn 

on top of G1

(b) Series composition

G1 G2 G2G1

(c) Parallel composition

Fig. 5. Recursive definition of a TTSP digraph and the corresponding recursive
treemap drawings

(a) A TTSP (b) Slice and Dice layout (c) Squarified layout

Fig. 6. Example of a TTSP digraph treemap drawing

3.2 One Dimensional Treemaps

Definition 3. A treemap is called one dimensional if the rectangle representing
a node is divided with vertical (or horizontal) lines into smaller rectangles repre-
senting its children and the orientation of the lines is the same for all the nodes
of a hierarchy.
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Since the height (resp. width) of all the rectangles is constant and equal to
the height (resp. width) of the screen, the problem is one dimensional and the
rectangles Rq can be represented by intervals Iq. Also only the ordering and not
length of the intervals Ie = Iu∩Iv, e = (u, v) ∈ E constrain the problem. For this
reason we consider the out-going edges of every non-leaf node u ∈ V as subnodes
inside the node. The in-coming edges of a node can be considered as in-coming
edges of every one of its subnodes. A drawing ∪ne∈Lk

Ine of the subnodes ne ∈ Lk

of layer k ∈ {2, . . . , h} corresponds to an ordering of the subnodes ne ∈ Lk.

a b
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c d e

c d e
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Fig. 7. A one dimensional treemap example. A subnode is created for each out-going
edge.

Definition 4 (ONE DIMENSIONAL TREEMAP FOR DAG). The
recognition problem
INSTANCE: A DAG G.
QUESTION: Can G be drawn as a one dimensional treemap?

Suppose that u is a node in layer Lk. We will give the necessary and sufficient
conditions that the ancestor subnodes of u must satisfy in order to be able to
draw Iu as an interval. With the term ancestor subnodes we mean the subnodes
reachable from node u if the direction of the edges is reversed.

Let Pu,i denote the set of ancestor subnodes of node u ∈ Lk in layer i ∈
{k + 1, . . . , h}.

Theorem 1 (Necessary conditions). Suppose that in a one dimensional
treemap drawing of a graph G = (V, E) a node u ∈ Lk can be drawn as an
interval Iu. Then the union of the drawings of the ancestor subnodes of u in
layer i, ∪e∈Pu,iIe, is an interval for every layer i ∈ {k + 1, . . . , h}.
Proof. By induction on the layers Lk+j , j = 0, . . . , h − k.

For j = 0, Iu is an interval by the hypothesis.
Now, suppose that for j = 0, . . . , i < h − k, there is an ordering of the

subnodes in every one of the layers k + j, . . . h, such that ∪e∈Pu,k+j
Ie to be an

interval, but ∪e∈Pu,k+j+1Ie cannot be an interval. Then there is at least one node
v ∈ Lk+j+1, v /∈ Pu,k+j+1, which is between two nodes α, β ∈ Pu,k+j+1. Then
the interval ∪e∈Pu,k+j

Ie intersects the intervals Iα and Iβ but not the interval
Iv, a contradiction.

I Iv I
layer k+j+1

e
Pe

I
jku ,

layer k+j
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Theorem 2 (Sufficient condition). If there is an ordering of the subnodes
in Lk+1 such that the parent subnodes Pu,k+1 , of a node u ∈ Lk, k < h are
consecutive in this ordering then u can be drawn as an interval.

Proof. Since Pu,k+1 are consecutive ∪e∈Pu,k+1Ie is an interval. Then simply draw
Iu in this interval.

Algorithm
From the above theorems every non-source node u ∈ Lk defines constraints on
the admissible subnode permutations in each one of the layers Li, i ∈ {k, . . . , h}.
Therefore the decision problem is transformed to h−1 consecutive ones decision
problems [4,9]. One consecutive ones problem for each layer Li, i ∈ {2, . . . , h}.

There is one list listi of constraints for each layer Li, i ∈ {2, . . . , h}. Initially the
lists are empty. Then we add the constraints as follows.

for i = 2 to h do
for v ∈ Li do

add to the listi the constraint that the subnodes of v are consecutive.

for i = 1 to h − 1 do
for v ∈ Li do

for j = i + 1 to h do
add to the listj the constraint that the subnodes Pv,j are consecutive.

Complexity analysis
Without loss of generality we assume that there are no leaf nodes in layers
2, . . . , h.

Suppose that ni = |Li|, i ∈ {1, . . . , h} and that mi edges go from layer i to
layer i − 1, i ∈ {2, . . . , h}.

For i ∈ {2, . . . , h} the list listi has at most ni trivial constraints and at most
nj constraints due to nodes at layer Lj , j < i. In total it has ni + . . . + n1
constraints. Each costraint has size at most mi.

Therefore the total time is:

h∑

i=2

O(mi · (ni + . . . + n1)) =
h∑

i=2

O(mi · n) = O(m · n)

which is polynomial on the input size m =
∑L

i=1 mi and n =
∑L

i=1 ni

4 The General Case

4.1 The Recognition Problem

Taking the nodes of a layer Lk isolated from the rest of the DAG, the problem is
similar to a floorplan problem where the display area is dissected into nk = |Lk|
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soft rectangles, i.e., rectangles whose area is fixed but their dimensions may vary.
The number of possible dissections (the solutions space) is bounded below by
Ω(nk!23n/n4

k) and above by O(nk!25n/n4.5
k ) [10].

Considering two consecutive layers Lk+1 and Lk of a DAG, the layouts of the
two layers are constrained by the edges among the two layers, according to the
drawing rules. The combined solution space may be empty or contain a number
of solutions. We will show that deciding whether the solution space is empty or
not is NP-complete.

Definition 5 (TREEMAP FOR DAG). The recognition problem
INSTANCE: A DAG G.
QUESTION: Can G be drawn as a treemap?

Theorem 3. The TREEMAP FOR DAG decision problem is NP-complete even
if we restrict it to two layer weakly connected DAGs.

Proof. Given a dissection of the display area (screen) into |Lk| rectangles for
each layer Lk, k ∈ {1, . . . , h} of a DAG G, we can check in polynomial time if
these dissections correspond to a treemap drawing of G. Therefore the problem
belongs to NP.

Next we will show that the problem TREEMAP FOR DAG is NP-hard. The
proof will be done by reducing the 3-PARTITION problem to a restricted ver-
sion of the TREEMAP FOR DAG problem. Namely, as input we consider only
two layer DAGs. For simplicity of the proof we will allow an input DAG to be
composed of several weakly connected components.

Definition 6 (3-PARTITION).
INSTANCE: A multiset A of 3m positive integers A = {α1, α2, . . . , α3m} where
the αi’s are bounded above by a polynomial in m and Σ

4 < αi < Σ
2 , where

Σ = 1
m (α1 + α2 + . . . + α3m).

QUESTION: Can A be partitioned into m triples A1, A2, ..., Am such that each
triple has the same sum. Specifically each triple must sum to Σ.

The condition Σ
4 < αi < Σ

2 forces every set of αi’s summing to Σ, to have
size exactly 3. The 3-PARTITION is strongly NP-complete since it remains NP-
complete even when representing the numbers in the input instance in unary [6].
The reduction is done by local replacement and using an enforcer.

Enforcer: The DAG used as enforcer has 2m+2 nodes at the second layer. The
nodes β and 1, 2, . . . , 2m + 1. At the first layer there are (m + 1)Σ + 6m + 4
nodes. Each of the nodes 1′, 2′, . . . , (2m + 1)′ has two parents. One is node β
and the other is the corresponding numbered node in the first layer. The β-node
rectangle is drawn in one side of the enforcer and precludes any other rectangle
to be drawn along this side. Also the β-node together with the γ-node force the
nodes 1, 2, . . . , 2m + 1 to be drawn as consecutive rectangles. For every pair of
(j, j + 1) of second layer nodes there exists a first layer node which has them
as parents and constrains them to be consecutive. The second node which has
as parents the nodes j and j + 1 is used for completing the drawing (garbage
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use the other side & 
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adjacency alignment garbage

collection 
 nodes 

enforcer & 
garbage
collection 

enforcer sum 
enforcer

Fig. 8. The enforcer used in the proof

Layer 2 nodes Layer 1 nodes 
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1’ 2’ 3’ 2m 2m+1’’4’ 5’
4 5 

Fig. 9. One possible drawing of the enforcer. The rectangles 1, 2, . . . , 2m+1 are forced
by the rectangle γ to have the same width.

collection). Also for garbage collection one node is connected to node 1 and one
node to node 2m + 1.

Finally, every odd numbered node of the second layer has Σ children nodes.

Local replacement: For each αi ∈ A we consider a two layer DAG which has
one node at layer two (parent node) and αi nodes at layer one (children nodes).

ai nodes 

ilayer 2 

layer 2 layer 1 

The drawing of node i is a rectangle with area αi, but without any constraint
on the aspect ratio of its sides. In order for the final drawing to be a rectangle
the 3m rectangles should fill the holes of the enforcer.

The reduction from the 3-PARTITION to TREEMAP FOR DAG uses poly-
nomial number of resources since the numbers involved in 3-PARTITION are
bounded by a polynomial in m.

The 3-PARTITION instance has a solution if and only the TREEMAP FOR
DAG instance has a solution since in every hole can fit exactly three rectangles.
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4.2 Minimization of Node Duplication

Definition 7 (MINIMUM DUPLICATION OF NODES).
INSTANCE: A DAG G1 and an integer K.
QUESTION: Can G1 be transformed into a DAG G2 that admits a treemap
drawing by duplicating at most K nodes.

Comment: The problem MINIMUM DUPLICATION OF NODES is NP-
complete since its restriction for K = 0 is the problem TREEMAP FOR DAG,
which is NP-complete.

5 Discussion

In this paper we introduced the problem of drawing a DAG as a treemap. We
defined the recognition and minimization problems and we showed that in the
general case they are NP-complete and NP-hard respectively. We also considered
two special cases by restricting the form of the DAG and of the treemap respec-
tively. We are currently investigating drawing heuristics based on relaxations of
the drawing constraints and\or restrictions on the form of DAGs. The results of
this research will be published in a subsequent paper concerning the application
of these techniques to hierarchically organized ontologies.
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