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Abstract. This study develops a 3D facial reconstruction system, which con-
sists of five modules, using the orthographic projection model to approximate 
the perspective projection model. The first module identifies a number of fea-
ture points on the face and tracks these feature points over a sequence of facial 
images by the optical flow technique. The second module applies the factoriza-
tion method to the orthographic model to reconstruct a 3D human face. The  
facial images are acquired using a pinhole camera, which are based on a per-
spective projection model. However, the face is reconstructed using an ortho-
graphic projection model. To compensate for the difference between these two 
models, the third module implements a simple and efficient method for ap-
proximating the perspective projection model. The fourth module overcomes 
the missing point problem, commonly arising in 3D reconstruction applications. 
Finally, the fifth module implements a smoothing process for the 3D surface by 
interpolating additional vertices.  

Keywords: 3D reconstruction, factorization, orthographic projection, and per-
spective projection. 

1   Introduction 

The goal of 3D facial reconstruction, which has been studied for decades, is to recon-
struct the 3D face model from either a single image or a set of images taken from 
known or unknown camera viewpoints. Lee et al. [9] developed a technique for con-
structing 3D facial models by using laser scanners, and the method acquires a very 
high accuracy reconstruction result. However, their method is time-consuming and 
the equipments are expensive. Hence its applicability in the public domain is limited. 
Various researchers present different approaches in the use of single or multiple cam-
eras for 3D reconstruction. We organize those approached into several categories. 

One category is to apply the Bundle Adjustment (BA) approach, such as [5], [11], 
[12], [14], [15], [22], and [27]. They model the 3D reconstruction problem as a mini-
mization problem between the 2D ground-truth feature point locations and a 2D loca-
tion estimating function which consists of a 3D-2D projection function (the intrinsic 
and extrinsic parameters of the camera motion) and the 3D shape of the object. By 
using the Levenberg-Marquardt (LM) algorithm, which takes the advantages of both 
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the Gauss-Newton algorithm and the steepest descent algorithm, they can solve both 
the parameters of the 3D camera motion and the shape of the 3D object simultane-
ously. However, because applying LM algorithm to this case will suffer the problem 
of calculating the inverse Hessian matrix, whose size is dominated by the estimated 
parameters, LM will take a long time for the computational converge. In addition, the 
BA approach itself is also a large sparse geometric parameters estimation problem. 
There are many sparse optimization methods to accelerate the BA algorithm, but it 
still needs a long time to solve the parameters, especially for very long image se-
quences. Therefore, [11], [12], [27] use local optimization to accelerate the speed to 
solve the problem. 

Another category is the shape from shading (SfS) approach [17], [28], which can 
reconstruct the 3D shape as long as the scene or object satisfy the Lambertian reflec-
tion model. However, not all scene or object can satisfy this constrain. Therefore, a 
number of researches [8], [16], [20] turn to seek some Bidirectional Reflection Distri-
bution Functions (BRDFs), which can more generally model the reflection model to 
reconstruct the 3D structure. 

The other category is the shape from motion (SfM) approach, which can be solved 
by using the factorization approach [13], [18], [21]. By introducing the rank constraint 
and factorizing by singular value decomposition (SVD), the factorization approach 
with the orthographic projection models [18] or the para-perspective projection mod-
els [13] can factorize the location matrix of the 2D feature points in the image plane 
to the 3D rotation matrix of the 2D image frame and the 3D shape matrix of the ob-
ject. Moreover, the work in [21] generalizes works in [18] and [13] to recover both 
the 3D rotation information and the 3D shape of the object by applying the perspec-
tive projection model. 

All above-mentioned methods are used to reconstruct the static or rigid objects. 
Recently, some researches focus on the 3D reconstructions of non-rigid objects over 
an image sequence [1], [2], [3], [19], [25], [26]. They model the 3D shapes as a linear 
weighted combination of a set of shape vectors, so that they can represent different 
shapes correspond to different images by giving different weights.  
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Fig. 1. Workflow of the proposed 3D facial reconstruction system 
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Regarding above existing works, our goal is to reconstruct a human face with a 
common PC camera and a regular PC, and it is easy for human to do pan-rotation 
without any non-rigid motion. Hence, we choose the method easily to reconstruct 3D 
rigid object. 

In all kinds methods mentioned above, the factorization method is a relative simple 
method and can acquire a good reconstruction result. Thus, current study develops a 
straightforward and efficient 3D reconstruction approach in which the perspective 
projection model is approximated by applying the factorization method to the ortho-
graphic projection model. A solution is also presented for solving the missing point 
problem when the face moves through large pan-rotation angles. Finally, a smoothing 
method is presented to interpolate additional 3D vertices in order to give the surface 
of the reconstructed 3D face a smoother and more realistic appearance.  

2   System Description 

Fig. 1 shows the major five modules in the proposed 3D facial reconstruction system. 
We will discuss each module in the following sections, and the difference between the 
results of modules C and D will be shown more clearly in Section 3. 

2.1   1st Module: Compiling Successive Facial Images and Finding Corresponding 
Points 

A conventional PC camera is fixed at a stationary position in front of the subject 
and is used to capture a sequence of facial images as the subject gradually turns his 
or her head from left to right or right to left in the pan-rotation direction. In the first 
frame of the facial image sequence, N various facial feature and contour points 
pm(u, v) are automatically located using the method proposed in [23]. The optical 
flow technique [10] is then used to track the corresponding points in the remaining 
image frames. However, a tracking error may occur for some of the feature points 
located in textureless regions of the face. Therefore, a manual correction procedure 
is applied to remedy those particular feature points. Subsequently, Delaunay Trian-
gulation [4], [6] is applied to construct the 2D triangles from the features and  
contour points.  

2.2   2nd Module: Factorization Process Based on the Orthographic Projection 
Model 

In the proposed system, the 3D face is reconstructed using the factorization ap-
proach based on the orthographic projection model [18], which is a simple model 
compared with the perspective projection model [13], [21]. Based on the locations 
of N corresponding 2D feature points over F facial image frames, a 2F×N point 
matrix W is created. By applying the factorization method [18], the point matrix W 
becomes:  

2 2 3 3

Factorization

F N F NW R S× × ××⎯⎯⎯⎯→  (1) 
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where R is the 3D rotation matrix of x and y axes and S is the 3D shape matrix. Then 
the 2D triangles are used to construct corresponding 3D polygons, where the position 
of each vertex sm is defined as (xm, ym, zm). 

2.3   3rd Module: Approximating to the Perspective Projection Model 

The reconstruction method used in this study is based on the orthographic projection 
model. However, the pinhole camera used to acquire the facial images is based on a 
perspective model. Therefore, if the orthographic model is to provide an accurate 
approximation of the perspective model, the ratio of the object depth, Δ d, to the dis-
tance between the camera and the object, d, should be very small, i.e. Δ d<<d. Since d 
is determined when the facial images are recorded, the parameter can be adjusted 
is Δ d. In other words, if Δ d can be reduced, the ratio Δ d/d is also reduced, and hence 
the reconstruction result obtained for the vertex’s depth zm, which corresponds to the 
origin of the 3D facial coordinate system, will be improved.  

Accordingly, in the third module of the proposed reconstruction system, the 3D fa-
cial shape S is divided into n groups (layers) g1, g2,……, gn according to the z value 
by K-means classification. In other words, the 3D facial shape S is described by 

1 2 nS g g g= U UKU and 1 4i ig g + ≥I , where 1.i n1 ≤ ≤ −  Each group gi has a set 

of corresponding 2D projection points pi. Registering two 3D coordinate systems 
requires the presence of at least 4 common points in these two coordinate systems in 
order to solve the 12-parameter rotation and translation transformation matrix. Then 
applying the factorization approach to each set of pi, we can have 

' 'factorization
i i ip r g⎯⎯⎯⎯→ , for i=1 to n. Since each group '

ig has its own 3D coordinate, it is 

necessary to register all of the groups into the same 3D coordinate system. To achieve 

this, the coordinate of '
1ig + is aligned with that of '

ig . This procedure, which is called 

the group registration procedure, is employed to register the different coordinates of 

all the groups '
ig  into the same world coordinate system to form a complete recon-

structed 3D model. The basic steps of the group registration procedure can be summa-

rized as follows: Using the overlapping regions oi(i+1) in '
ig and o(i+1)i in '

1ig + , the 12-

parameter transformation matrixτi+1 between oi(i+1) and o(i+1)i can be found by oi(i+1) 

=τi+1o(i+1)i, whereτ=[R3X3T3X1] and R, T are the rotation matrix and the translation vec-

tor. Based on the transformation matrix τ, the new coordinate of ' '
1 1 1i i ig gτ+ + +=  has 

the same coordinate as '
ig . By finding all transformation matrix τbetween n-1 succes-

sive group pairs, we can transform all coordinates of all groups into the same coordi-
nate. Then the registered 3D facial model (or facial shape) S’ is described 

by ' ' ' '
1 2 nS g g g= U UKU . Therefore, the depth zm of each vertex in the 3D object in 

the world coordinate system is more accurate.  
After improving the depth value zm of each vertex in the 3D object, the accuracies 

of the x and y values of each vertex are also needed to be improved. Analyzing the 
reconstructed 3D facial model S’, it is found that the x-axis and y-axis components of 
the 3D coordinate (x’

m, y’
m, zm) of every vertex s’m in S’ are virtually the same as the 

corresponding 2D projection point (um, vm) in the image coordinate system (Fig. 2.a).  
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Fig. 2. (a) Point pm in the image plane represents the 2D projection point of both the 3D recon-
structed point s’m in the orthographic model and the 3D object point Om in the perspective 
model. (b) The difference Δ y between the reconstruction results in the y-axis direction obtained 
from the orthographic model and the perspective model, respectively. 

 

This is understandable because the factorization approach uses the orthographic 
projection model. However, the situation, x’

m= um, and y’
m= vm, under the perspective 

model occurs when the 3D object and 2D image plane are both located at a distance 
of twice the focal length f, which can be known in advance, from the origin of the 
camera coordinate. Therefore, approximating the perspective projection model using 
the orthographic projection model requires an assumption that the x-y plane of the 3D 
object’s coordinate system overlaps the 2D u-v image plane at a distance of 2f from 
the origin of the camera coordinate system, as show in Fig. 2.b. And it can be seen 
that the reconstructed vertex s’m and the real vertex sm have an error Δ y in y-axis, 
where: 

'

2
m

m

z
y y

f
Δ =  (2) 

 

Therefore, the improved value ym for vertex sm is given by: 

'
' '

2
m m

m m m

y z
y y y y

f
= + Δ = +  (3) 

 

By the same logic, the improved value xm for vertex sm is expressed as: 

'
' '

2
m m

m m m

x z
x x x x

f
= + Δ = +  (4) 

 
Applying (3) and (4), an improved reconstruction result for the xm and ym compo-

nents of the vertex sm in S can be obtained. Note that hereafter, the result of this “im-
proved reconstruction process” is referred to as “the improved result.” 

 
 



 Using the Orthographic Projection Model 467 

(1)

(2)(b)(a)
(1) (2) (3) 

NB

B C
CNNPCNPB

CPBP

L

B C
D

L

CP
BP

CB M
dCL

PD

DLdBLd

1
2

NPB NPC

 

Fig. 3. (a) Application of smoothing method. (b) Smoothing result 

2.4   4th Module: Smoothing the 3D Facial Surface 

The higher density of the 3D feature points in the facial image, the smoother the ap-
pearance of the reconstructed 3D facial shape. However, a high feature point density 
may cause a tracking problem in that some points may be erroneously matched with 
one of their neighbors. Therefore, in the proposed 3D facial reconstruction system, a 
small number of 2D feature points are used initially to create a draft 3D facial model 
containing only a limited number of polygon vertices. Then, a smoothing method is 
implemented in which additional vertices (D, E, F, and G in Fig. 3.b.2) are interpo-
lated to create a mesh of finer polygons. 

For each vertex v, the normal direction vN
uuv

 can be found by calculating the mean 
of the normal directions of those meshes which contain v as one vertex. As shown in 

Fig. 3.b.1 and 3.a.1 on edge BC , vertices B and C have normal directions BN
uuv

 and CN
uuv

; 

and vectors BC
uuv

and CB
uuv

can be calculated. Therefore, a vector PBN
uuv

, which lies on the 

plane formed by BN
uuv

 and BC
uuv

, can be found by solving the following equations: 

{ 0
( ) 0

PB B

PB B

N N
N N BC

=
× =





uuv uuv
uuv uuv uuv  (5) 

 

Similarly, vector PCN
uuuv

 can be found in the same way. Having found PBN
uuv

and PCN
uuuv

, 
the two corresponding planes, PB and PC, can be determined. As shown in Fig 3.a.2, 

PB and PC are planes, which intersect at line L, with normal directions PBN
uuv

and PCN
uuuv

 

passing through B and C, respectively. An arbitrary point M on edge BC  (see Fig. 

3.a.3) and line L form a plane PD with a normal direction PDN
uuuv

. The vector MN
uuv

, the 
normal direction of point M lying on PD, can be found by solving:  

{ B C+(1 )
0

M

M PD

N N N
N N

α α= −
=

uuv uuv uuv
uuv uuuv  (6) 

where α is a scaling factor used to control the weights of BN
uuv

 and CN
uuv

. Finally, the 
interpolated vertex D can be determined from: 
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( ) ( ) ( )1 2

1 2 1 2

, , ,

MMD N

d D L d B L d C L

β
θ θ

θ θ θ θ

=

= +
+ +

⎧⎪
⎨
⎪⎩

uuv uuv

 (7) 

where β is a scaling factor and d(X,L) is the distance from X to L, where X is the ver-
tex B, C, or D, respectively. Similarly, the interpolated vertices E and F can be ob-

tained from (5) to (7) for edge CA  and AB , respectively, as shown in Fig. 3.b.2. In 
this work, the point M in Fig. 3.a.3 represents the mid-point for the interpolated verti-
ces D, E, and F. Similarly, to locate vertex G in Fig. 3.b.2, lines AD, BE, and CF are 
employed to find the interpolated vertices GAD, GBE, and GCF, respectively, from (5) to 
(7). Because G should be located at the centroid of the ABC triangular polygon, the M 
position for GAD, GBE, and GCF should be as d(X, M) : d(M, Y) = 2:1, where (X, Y) is 

(A, D), (B, E), or (C, F). Vertex G is then given by ( ) / 3AD BE CFG G G G= + + . 

After the smoothing process, the original polygon mABC is transformed into six in-
dividual sub-polygons in the 3D space. Hence the 3D surface has a smoother appear-
ance. As a result, when all the polygons in the original 3D model S have been proc-
essed using the smoothing method, the reconstructed facial surface is far smoother 
and more lifelike than the original reconstructed model. 

 
Table 1. Reconstruction Error (%) of Each Axis Using The Factorization Method With the 
Orthogonal Model And the Improved Method (sepetated by “/“) 

-1  to +1 -5  to +5 -10  to +10 -15  to +15Angles
X-axis 2.60% / 0.74% 2.57% / 0.70% 2.54% / 0.63% 2.47% / 0.57% 
Y-axis 3.49% / 1.15% 3.49% / 1.13% 3.47% / 0.93% 3.46% / 0.92% 
Z-axis 7.49% / 6.19% 7.47% / 6.17% 7.40% / 6.14% 7.29% / 6.05%  

 

(c)

(a) (b)

Ratio ( d/d) 1/3 1/4 1/5 1/6 1/7 
Improvement

(%) 43.3 41.5 40.0 38.6 37.8 

(d)  

Fig. 4. Average errors for different Δ d/d ratios: (a) 1/3, (b) 1/5 and (c) 1/7. (d) is the average 
improvement for different Δ d/d ratios. 
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2.5   5th Module: Solving the Missing Point Problem 

When the pan-rotation angle of the face is large, some facial feature points will be 
occluded, i.e. some of the feature points will disappear. This presents problems when 
applying the factorization method because some of the elements in 2D position matrix 
W will be missing. From observation, it is found that when the face turns to the left or 
right through an angle of approximately around 10°to 15°, the feature points adjacent 
to the nose are occluded by the nose. It is also observed that the ears of the face be-
come clearly visible when the head is rotated to the left or right by more than 30°. 
Therefore, the captured video sequence is segmented into three parts, namely the left 
side-view V1 (from -45°to -30°), the frontal-view V2 (from -10°to 10°), and the right 
side-view V3 (from 30° to 45°), according to [7] and [24]. The improved reconstruc-
tion process is then used to reconstruct these three parts, V1, V2, and V3, individually. 
The side-views, V1 and V3, are then registered to the frontal-view using the same reg-
istration procedure as that described in the pervious section. 

3   Experimental Results 

To evaluate the performance of the improved reconstruction method (excluding the 
smoothing process), 10 different pre-known 3D head model was used to evaluate the 
reconstruction results obtained for different values of the Δ d/d ratios. Fig. 4 shows the 
estimation errors. Figs. 4.a, 4.b, and 4.c present the errors obtained for different num-
bers of frames in the reconstruction process for Δ d/d ratios of 1/3, 1/5, and 1/7. It can 
be seen that as the Δ d/d ratio decreases, i.e. the perspective projection model more 
closely approximates the orthographic projection model, the estimation errors under 
both methods reduce. Furthermore, the improved method provides a better reconstruc-
tion performance than the original factorization method with an orthographic model. 
Fig. 4.d shows that the improvement in the reconstruction results obtained by the 
improved method reduces as the ratio decreases. This result is to be expected since the 
orthographic model used to create the reconstruction results more closely approxi-
mates the perspective projection model at lower values of the Δ d/d ratio. 

Table 1 shows the reconstruction errors using a Δ d/d ratio of 1/5. Comparing the 
errors of factorization method with orthographic model and of the improved method, 
the reconstruction results of the latter are 78%, 70%, and 17% better than those of the 
factorization method with the orthographic model in the x-axis, y-axis, and z-axis 
directions. Therefore, the improved method yields an effective improvement in the 
reconstruction results in the x-axis and y-axis directions. However, it fails to provide 
an obvious improvement in the z-axis direction. The reason for this is that the ratio 
of Δ d/d used in the layered reconstruction approach is insufficiently small. Nonethe-
less, if an adequate number of feature points are assigned such that the ratio of Δ d/d 
can be reduced, it is reasonable to expect that the improved reconstruction method 
will provide a more accurate reconstruction result. 

The robustness of the proposed reconstruction system to tracking errors was evalu-
ated by adding white Gaussian noises with various standard deviations to the tracking 
results, the 2D feature point positions, to simulate the tracking errors. The reconstruc-
tion results obtained using the improved method are shown in Figs. 5.b, 5.c, and 5.d  
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(a) (b) (c) (d) (e)

(f) (g)
 

 

Fig. 5. (a) Reconstruction result obtained using the improved method in the absence of noise. 
Note that thed/d ratio is 1/5. (b), (c), and (d) show the reconstruction results obtained when 
white Gaussian noise is added with a standard deviation of 1, 3, and 5, respectively. (e), (f), and 
(g) show the reconstruction errors of the 3D facial model after applying the factorization 
method with the orthogonal model and the improved method, when white Gaussian noise is 
added to the tracking results with a standard deviation of 1, 3, and 5, respectively. 

 
for white Gaussian noises with standard deviations of 1, 3, and 5, respectively.  The 
estimation errors obtained from the factorization method with the orthogonal model 
and the improved method are shown in Figs. 5.e, 5.f, and 5.g for Gaussian noises with 
standard deviations of 1, 3 and 5, respectively. Figs. 5.e, 5.f, and 5.g show that the 
reconstruction performance of both methods are degraded as the standard deviation of 
the Gaussian noise adding to the tracking results increases. In addition, Figs. 5.b, 5.c, 
and 5.d can be seen that the reconstruction errors in the z-axis direction (i.e. the depth 
direction) increases more significantly than the errors in the x- and y-axis directions 
as the standard deviation of the Gaussian noise adding to the tracking results is in-
creased. In other words, the reconstructed 3D face becomes flatter as the tracking 
errors increase.  

Comparing the errors of the 3D reconstruction results shown in Figs. 5.e, 5.f, and 
5.g with those shown in Fig. 4.b for the same d/d ratio of 1/5, it is observed that the 
noise factor increases the reconstruction error considerably. In other words, as the 
noise increases, the tracking accuracy of the feature points decreases, and the 3D 
reconstruction performance deteriorates accordingly. However, unlike the estimation 
errors shown in Fig. 5.b, when noise factors are taken into consideration, the error 
reduces markedly as the number of frames considered in the reconstruction process 
increases. This is because more feature point information is included in the point 
matrix W, and hence the overdetermind optimization process of the factorization 
approach has an improved ability to reduce the effects of noise interference. Nonethe-
less, the reconstruction error is still greater than that obtained when the tracking re-
sults are free of noise. 

Fig. 6.a is the comparison of the improved results and the smoothed results. It is 
clearly seen that the boundaries of the facial features such as the forehead, nose, 
mouth, and philtrum after the smooth process are much smoother than before ones. 
Hence, the effectiveness of the proposed smoothing method is confirmed. However, 
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in creating the complete model, an appropriate choice of the overlapping regions is 
essential. Specifically, the chosen regions should have a small depthd, such as the 
face near the nose, to ensure that the group registration procedure provides the opti-
mum reconstruction results, as shown in Fig. 6.b. And Fig. 7 gives some reconstruc-
tion results of real data. 

3   Conclusions 

This study has developed a straightforward and efficient system for reconstructing 3D 
faces by using the factorization method and the orthographic projection model to 
provide a simple approximation to the perspective projection model. The experimen-
tal results have shown that the proposed method provides a promising technique for  
 

Fig. 6. (a) Upper row is the improved results and the lower row is the smoothed results. (b) 
Upper one is the result with proper register part (place with small depth change) while lower 
one is with bad register part (place with larger depth change, such as cheek region). 

(a) (b)

Fig. 7. 3D facial reconstruction results obtained from three image sequences by using our im-
proved method and smoothing process. 
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reconstructing 3D faces. However, some manual refinements are required to compen-
sate for the tracking errors. The missing point problem occurs frequently in 3D recon-
struction applications. Accordingly, this study has proposed a solution in which the 
facial image is divided into three discrete parts in accordance with the rotation angle 
of the head. This study has also developed a smoothing method based on the linear 
interpolation of additional 3D vertices to improve the smoothness of the reconstructed 
facial surface. However, linear interpolation fails to provide an optimum result for 
regions of the face with large curvatures, e.g. the surface of the nose. In the future, the 
authors tend to explore the feasibility of using various non-linear curvature functions, 
e.g. nature spline or B-spline, to improve the smoothing result in the future study. 
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