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Abstract. Diffusion Tensor MR Imaging (DTI) provides non-invasive
approach to track white matter (WM) trajectories within human brain in
vivo, and thereby facilitates studies of anatomical connectivity between
sub-cortical and cortical regions. This paper presents a probabilistic fiber
tracking framework, which aims to address the two problems in earlier
approaches: first, it does not adopt fractional anisotropy (FA) as the
stopping criteria so that the exploration of cortico-cortical connectivity is
feasible; secondly, fiber tracking process is regularized so that trajectory
with low curvature means high belief of connection between two voxels.

1 Introduction

Diffusion tensor MR Imaging (DTI) fiber tracking algorithms provide poten-
tial for non-invasive reconstructing of white matter (WM) trajectories of human
brain in vivo, as well as assessing changes due to disease, such as multiple sclero-
sis, amyotrophic lateral sclerosis (ALS), stroke, schizophrenia, reading disability,
etc [1]. In early work, one of the most popular approaches is a simple determinis-
tic line propagation technique whereby a single trajectory is propagated bidirec-
tionally from a manually defined seed point by moving in a direction parallel to
principle diffusion direction (PDD) [2,3,4,5,6,7]. However, there are three major
limitations to such a deterministic approach. First, they assume that PDD is the
tangent vector of underlying dominant WM trajectory orientation in each voxel
and estimated from measured DTI data that is discrete, coarsely sampled noisy,
and voxel averaged. Hence, there is uncertainty caused by the noise and artifacts
present in any MR scan and incomplete modeling of diffusion signal [8] associated
with PDD. Furthermore, the reliability of reconstructed WM trajectory cannot
be estimated using such deterministic approaches. Secondly, they cannot handle
a voxel which contains more than one WM trajectories with different orientations
since only one trajectory within each voxel is presumed by single tensor model.
Especially, at millimeter-scale resolution of DTI the number of such voxels may
be considerate given widespread divergence and convergence of WM trajectories
[9,10]. And such voxels manifest by the form of oblate diffusion tensor (pancake-
like shape) [11]. By examining DTI data of single subject, about 9.97% of within
brain voxels possibly does not contain one WM trajectory. Third, most of them
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adopt fractional anisotropy (FA) as the stopping criteria. When FA is smaller
than a certain value, fiber tracking process terminates making exploration of
cortico-cortical connectivity impossible since FA near sub-cortical and cortical
regions is very small. Therefore, these deterministic fiber tracking approaches
work best on datasets with high FA and without voxel containing multiple WM
trajectories. In addition, they cannot reveal sufficient and reliable information
for analysis of human brain anatomical connectivity.

More recently, several probabilistic fiber tracking approaches [8,12,13,14] have
been proposed to address the three limitations to deterministic approaches by
modelling uncertainty associated with PDD. Often, a probability density func-
tion (PDF) derived from either raw diffusion weighted images [8,14] or estimated
diffusion tensor [12,13] for each voxel, which estimates the probability of the
orientation of local trajectories in all possible directions, is proposed. Then, sim-
ple line propagation is carried out using derived PDF of seed point as well as
those voxels that the reconstructed trajectory passes through. This process is
repeated in Monte-Carlo fashion to generate adequate number of WM trajecto-
ries to represent PDF of trajectories starting from seed point. Finally, statistical
connectivity map is produced from reconstructed trajectories to estimate prob-
ability of connection from seed point to any other voxels. In [8,13,14], such a
map is estimated using Probabilistic Index of Connectivity (PICo), which is cal-
culated as the number of trajectory passes through the region divided by the
total number of trajectory reconstructed. This index is reasonable estimation of
belief that there is a connection between two regions. And it is also adopted in
this paper. Further normalization on this index is applied making comparison of
connectivity starting from different regions feasible.

By studying previous probabilistic approaches, it was realized that there is
still one problem in them, high curvature of reconstructed trajectories. It is be-
lieved that trajectory with low curvature means high belief of connection between
two voxels. The factors that determine curvature of reconstructed 3D piecewise
trajectory are turning angel (i.e. inverse cosine of dot product of previous di-
rection and current direction vectors) and step size at each propagation step.
In deterministic approach, low curvature is achieved by terminating fiber track-
ing process when turning angel is too high at the expense of coverage area of
reconstructed trajectories. In probabilistic approach [8,12,13], such a priori in-
formation is not incorporated into PDF of local trajectory orientation. Therefore,
most of reconstructed trajectories are irregular. In [14], Friman et al. considered
the trajectory as first-order Markov Chain to minimize the probability of occur-
rence of large turning angel. However, step size was not taken into consideration.
Furthermore, first-order Markov Chain is insufficient to minimize curvature, es-
pecially when trajectory passes through regions with low FA.

Inspired by work [14], a new probabilistic fiber tracking approach is presented
in this paper. The approach models the trajectory as high order Markov Chain,
which means that current direction is determined by several previous directions.
At each propagation step, unlike previous approaches, both the current direction
and step size are sampled. This new approach was applied to young normal DTI
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data to study trajectories passing through splenium of corpus callosum, then
compared with [13].

2 Method

The reconstructed WM trajectory x is a piecewise continuous 3D space curve
which is considered as a sequence of space vector {xk, k = 1, 2, ..., N}. The
reconstruction process can be modelled as sequential sampling using equation (1)

xk+1 = xk + αkνk (1)

where νk and αk are the direction vector and step size of kth sampling step,
respectively.

WM trajectory x is modelled as mth order Markov chain to regularize the
reconstructed trajectory, that is, (νk, αk) depend on previous m sampling steps.
In this paper, Monte Carlo estimation of anatomical connectivity from region A
to region B θAB = EπhAB(x) is of interest, where x is a random WM trajectory
sampled from the distribution π(x) can be expressed as:

π(x) = P (ν1, α1|y, D̂)
m∏

l=2

P (νl, αl|νl, ..., νl−1, y, D̂)

N∏

k=m+1

P (νk, αk|νk−1, ..., νk−m, y, D̂) (2)

where D̂ is estimated diffusion tensor using multivariate linear regression, and y
is logarithm of raw diffusion weighted images (DWI).

In [8,14], posterior PDF of PDD νk and αk is derived from DWI using two-
tensor model, which assumes two fiber trajectories with different orientation
present within each voxel. Although problem of incomplete modelling in single
tensor model is partially resolved, more data acquisitions as well as computa-
tion effort are required since two-tensor model involves more latent parameters.
Considering limited acquisition time and limitations inherent to MR Imaging
scanner (i.e. millimeter-scale resolution of DTI data), single tensor model is a
reasonable compromise to reflect the averaged diffusion coefficient over a voxel
in any direction of space. Therefore, posterior PDF of PDD νk and αk is derived
from estimated diffusion tensor D̂. Any additional trajectory within a voxel is
simply considered as uncertainty. And νk’s posterior distribution becomes dis-
perser when multiple trajectories present within a voxel. Furthermore, instead
of constant step size, it is adaptable so that the lower the uncertainty is, the
larger it is.

The anatomical connectivity from region A to region B is measured using
Probabilistic Index of Connectivity in [8,13,14] by first sampling a large number
of trajectories starting from region A, and calculating the proportion of trajec-
tories that pass through region B. This measure indicates the belief that there
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is connection from region A to region B. Note that this index is not symmet-
ric. To compute connectivity from region B to A, sampling trajectories starting
from region B needs to be performed. This index of connectivity is not compara-
ble suppose the starting region is different. Therefore, we proposed a coefficient
associated with starting region, which measures the true relative number of tra-
jectories passing through the region. And if the starting region is gray matter
(GM), the volume of the region is a good candidate. Here, we assume the neurons
are uniformly distributed in the region. If the starting region is WM, average FA
is chosen. Currently, only comparison of connectivity starting from homogeneous
brain tissue is possible. The connectivity function hAB(x) is:

hAB(x) =

{
cA If x passes through region B

0 otherwise
(3)

2.1 Diffusion Tensor Estimation

DT-MR Imaging consists of acquiring DWI Ii, i = 1, 2, . . . , K;K ≥ 6, which mea-
sures a single scalar apparent diffusion constant (ADC) along different diffusion-
sensitizing directions gi, i = 1, 2, . . . , K;K ≥ 6. In DT-MR Imaging, diffusion
tensor D that characterizes anisotropic water diffusion within a macroscopic
voxel is estimated from the set of at least 6 DWIs with non-collinear and non-
coplanar diffusion-sensitizing directions, which are uniformly distributed on a
unit sphere surface, plus the non-diffusion weighted image I0 (i.e. b = 0) using
equation (4) [16,17] via multivariate linear regression (equation (5)):

Ii = I0 exp(−bgT
i Dgi) (4)

Y = Xβ + ε, ε N(0, σ2) (5)

where

Yi = ln Ii − ln I0

X = −b

⎛

⎜⎜⎜⎝

g2
1x g2

1y g2
1z 2g1xg1y 2g1xg1z 2g1yg1z

g2
2x g2

2y g2
2z 2g2xg2y 2g2xg2z 2g2yg2z

...
...

...
...

...
...

g2
Kx g2

Ky g2
Kz 2gKxgKy 2gKxgKz 2gKygKz

⎞

⎟⎟⎟⎠

β = [Dxx Dyy Dzz Dxy Dxz Dyz]T

where b-value renders the amount of diffusion weighting.
Then eigenvalues, eigenvectors, and FA were determined. A mask was also

generated based on FA map to prevent fiber tracking outside brain.
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2.2 Estimation of Joint Posterior Distribution

This probability relates estimated diffusion tensor D̂ to WM trajectory local
direction νk and αk. Assume that νk and αk are conditionally independent, the
joint posterior distribution was decomposed into two distributions (equation (6)).
The key point is to introduce the a priori knowledge of low curvature of trajec-
tories into posterior PDF. By applying Bayes’ theorem, such a priori knowledge
was incorporated in the form of prior distribution P (νk|νk−1, . . . , νk−m) (equa-
tion (7))

P (νk, αk|νk−1 . . . νk−m, Y, D̂) = P (αk|νk, νk−1 . . . νk−m, Y, D̂)
P (νk|νk−1 . . . νk−m, Y, D̂) (6)

P (νk|νk−1 . . . νk−m, Y, D̂) =
P (Y |νk . . . νk−m, D̂)P (νk|νk−1 . . . νk−m, Y )

P (Y |νk−1 . . . νk−m, D̂)
(7)

Since single tensor model was used here, there are no other latent parameters
besides estimated diffusion tensor D̂. Assume Y depends on current propagation
direction only; the equation (7) can be further simplified into:

P (νk|νk−1 . . . νk−m, Y, D̂) =
P (Y |νk, D̂)P (νk|νk−1 . . . νk−m)
∫

νl
P (Y |νl, D̂)P (νl|νl−1 . . . νl−m)

(8)

It is impossible to evaluate integral term of equation (8) in continuous domain.
Hence, νk is discretized into a large number of samples by uniformly sampling the
sphere to transform integration into summation. The multivariate linear regres-
sion model assumes Gaussian distributed noise. The likelihood of Y P (Y |νk, D̂)
was modelled as:

P (Y |νk, D̂) =
K∏

i=1

1
σ̂
√

2π
exp(− (Yi + bgT

i R(νk)D̂R(νk)T gi)2

2σ̂2
) (9)

where R(νk) is a rotation matrix that rotates PDD to νk; the noise variance σ2

was estimated using equation (10).

σ̂2 =
∑K

i=1(Yi + bgT
i D̂gi)2

K − 6
(10)

The prior distribution P (νk|νk−1 . . . νk−m) follows:

P (νk|νk−1 . . . νk−m) ∝
{ 〈νk,

xk−xk−m

‖xk−xk−m‖ 〉 〈νk,
xk−xk−m

‖xk−xk−m‖ 〉 > 0

0 otherwise
(11)

This prior distribution gives the direction made up of low curvature trajectory
high probability. In addition, the constraint in equation (11) is to avoid backward
tracking.
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Distribution for step size P (αk|νk, νk−1 . . . νk−m, D̂) follows Gaussian distri-
bution with mean cFAk〈νk, xk−xk−m

‖xk−xk−m‖ 〉 + b (where b and c are constant) and
standard deviation σ. Therefore, when trajectory passes through regions with
high FA and turning angle is small, the probability of αk being large is high.

2.3 Sampling and Re-sampling Trajectory

The simple line propagation approach used for sampling trajectory is called
Fiber Assignment by Continuous Tracking (FACT) described in our previous
work [18]. In brief, starting from user-defined seed voxel, fiber trajectory is re-
constructed from the diffusion tensor by propagating forward and backward,
following the PDD. As given in equation (1), suppose the current point is xk,
the next point xk+1 along the path is calculated by adding the normalized PDD
νk multiplied by the step size αk, where (νk, αk) is randomly generated using
its joint posterior distribution. The tracking process is terminated when the net
change in direction within a single voxel exceeded ±π/2 [13], or the boundary of
brain is reached. This is to compare our results with [13], since different stopping
criterion may give different results. Note that, diffusion tensor D is discrete, but
continuous tensor field is required in propagation process. A statistical interpo-
lation approach proposed by [8] is adopted to interpolate diffusion tensor field.
In this statistical framework, diffusion tensor at point xk is assigned one of its
nearest neighbors tensor values. The probability of picking one neighbor is in-
versely proportional to the distance between point xk and center of the neighbor.
To estimate the connectivity from starting point to other regions, re-sampling of
generated WM trajectories is performed to give Monte Carlo estimation as well
as its standard error.

3 Results

The proposed probabilistic fiber tracking approach was carried out on real DTI
data. DTI data consists of 15 DWIs and one non-diffusion weighted image. Im-
ages were obtained from one healthy volunteer on a Philips 3T MRI scanner
using pulsed-gradient echo planar sequence with the following parameters: field
of view (FOV) = 230mm; TR = 3700ms; TE = 56ms; 256 × 256 acquisition
matrix; slice thickness = 3mm; b factor = 800smm−2. All scans were approved
by ethics committee of National Neuroscience Institute, Singapore.

To validate the results, the corpus callosum, which is the largest fiber bundle
interconnecting the two cerebral hemispheres, was chosen to be studied, since its
topography has been well defined in literature (e.g. [19,20,21]). The seed point
(Fig. 1) was placed on the midline in splenium (posterior part) of corpus callosum
and 1000 trajectories were generated for first-order, third-order and fifth-order
Markov Chain, respectively. We also defined a region of interest (ROI) (Fig. 1)
composed of cuneus, superior occipital gyrus, middle occipital gyrus to study
the anatomical connectivity from splenium of corpus callosum to occipital lobe.
As suggested by previous qualitative and quantitative studies [14,19,20,21], it
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Fig. 1. Fractional Anisotropy map at middle axial slice. The red arrow shows the seed
point; the blue rectangle shows region of interest.

is expected the connectivity is nearly 1 as most of fiber trajectories through
splenium span out to occipital lobe, and a few, named tapetum, extend laterally
on left side of human brain into the inferior temporal lobe.

In most previous probabilistic fiber tracking approaches, constant step size
was used. And only direction vector was sampled at each propagation step.
Compared to one of previous approach [13] (referred to as GJM method), the
proposed method which incorporates adaptive step size gives less average num-
ber of sampling steps (table 1). Hence, the adaptive step size ensures effective
sequential sampling of fiber trajectory. Furthermore, GJM method did not in-
volve any a priori information of direction vector which controls the curvature
of sampled fiber trajectories. Consequently, probability of violation of stopping
criterion due to noise or partial volume effect before reaching ROI is higher than
proposed method. In conclusion, a priori information helps reduce curvature
of sampled fiber trajectories and fiber tracking process pass through noisy or
branching regions. This is also confirmed by average curvature and connectiv-
ity shown in table 1. Since many sampled fiber trajectories by GJM method
stops before they enter into ROI, the connectivity index is much lower than pro-
posed method. In addition, high order Markov Chain does not necessarily give
lower curvature. That curvature of sampled trajectories modelled by third and
fifth order Markov Chain is higher than those modelled by first order Markov

Table 1. Comparison of characteristics of generated fiber trajectories by different
method

Method Step Curvature Connectivity

GJM Method 186.21 ± 84.49 0.1208 ± 0.0914 0.4807 ± 0.0153
1st Markov Chain 128.42 ± 53.33 0.1048 ± 0.0429 0.9074 ± 0.0085

3rd Markov Chain 148.33 ± 64.15 0.1148 ± 0.0439 0.9761 ± 0.0049

5th Markov Chain 148.93 ± 60.57 0.1127 ± 0.0411 0.9812 ± 0.0044
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(a) (b)

(c)

Fig. 2. Top view of generated fiber trajectories (a) 3rd order Markov Chain; (b) 5th
order Markov Chain; (c) GJM Method

Chain, since high order Markov Chain makes violation of stopping criterion more
difficult and trajectories near sub-cortical and cortical regions are more curved
in nature.

Fig. 2 shows top view of sampled fiber trajectories by proposed method (Fig.
2(a) and (b)) and GJM method (Fig. 2(c)). Given same number of samples, the
proposed method discovered more branches than GJM method. The proposed
method found trajectories that project into inferior temporal lobe (i.e. tapetum),
which were not found by GJM method. Hence, the convergence rate of PDF
in proposed method is possibly faster than PDF in GJM method. And fewer
samples are required to estimate the anatomical connectivity. In conclusion, the
proposed method gives better estimation of PDF of fiber trajectory as well as
anatomical connectivity.

Although high order Markov Chain is very effective in fiber tracking process,
higher order does not mean better propagation results. The order of Markov
Chain depends on the length of trajectory as well as its shape. If the trajectory
is not so long and is very straight, lower order is sufficient to regularize the
trajectory. Furthermore, if the trajectory is curved, high order may possibly
distort its shape. To study fiber bundles (consist of thousands of trajectories),
Monte-Carlo simulation with different order of Markov Chain can be carried out
to reveal different levels of information. For fiber trajectories passing splenium
of corpus callosum, 3 is an appropriate order. There is no significant difference
of characteristics of sampled fiber trajectories between third and fifth order.
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4 Conclusion

A new probabilistic fiber tracking approach allowing effective regularization of
reconstructed trajectories as well as exploration of cortico-cortical anatomical
connectivity was proposed. The advantage of our approach over previous ones is
that both turning angel and step size are taken into consideration to regularize
reconstructed trajectories. Furthermore, there is no need to specialize threshold
for FA or turning angel, which is usually difficult to determine, to terminate
fiber tracking process. This helps fiber tracking process passes through noisy or
branching regions and propagates into sub-cortical and cortical regions so that
estimation of cortico-cortical anatomical connectivity is feasible.

Future work may include development of technique to fuse anatomical con-
nectivity with function connectivity derived from fMRI.
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