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Abstract. Hydrophobicity has long been considered as one of the pri-
mary driving forces in the folding of proteins. We discuss here the evo-
lutionary average of the hydrophobicity profile in an aligned family of
proteins and found a patchy mean hydrophobicity profile. This is in con-
trast to Bastolla et al (2005b) results for the large superfamily of globular
proteins. The idea is to use singular value decomposition and cavity fil-
tering in order to remove the eigensequences burried in the evolutionary
noise

1 Introduction

It is well known that hydrophobicity is a major determinant of protein stability
and evolution. With respect to sequence-structure correlation, the evolutionary
average of hydrophobicity profiles of sequences with the same fold correlates
with principal eigenvector of fold’s contact matrix (PE) much strongly than
the hydrophobicity profile (HP) of its single sequence [1]. In the Structurally
Constrained Neutral (SCN) model of protein evolution [2,3,4] the correlation is
perfect (almost one), and yields

hs
evol ≡

20∑

a=1

πs
aha =

√
〈h2

evol〉 − 〈hevol〉2
(〈c2〉 − 〈c〉2) (cs − 〈c〉) + 〈hevol〉 , (1)

where hevol is the position specific evolutionary average of the HP, πs
a is the

position specific amino acid distribution at site s resulting from the evolutionary
process (a indicates one of the 20 amino acid types) and cs is the PE component
of the contact matrix of the family. Assuming this equation is the only relevant
condition, the amino acid distribution at site s is predicted to be the distribution
of maximal entropy [11] with mean given above , i.e.

πs
a =

exp[−βsha]
∑20

a′=1 exp[−βsha′ ]
. (2)

The site specific Boltzmann parameters (’inverse temperature’) βs determine
the width of the amino acid distribution. The width parameter varies from site
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to site and measures the tolerance of site s to accept mutations over very long
evolutionary time. In principle it can catch external parameter dependence of
the distribution due to say temperature, regulatory effects, e.t.c.

In this paper we estimate the evolutionary average hydrophobicity sequence
from a set of aligned protein sequences from elastase family. The idea is to use
eigensequences related to the inter-species hydrophobicity sequence correlation
matrix to remove the evolutionary noise from the sequences and hence avoid
inspection of large database to compute the mean hydrophobicity. For example,
Bastolla et al. (2005a) used thousands of globular sequences from the PFAM,
the FSSP, and the SCN databases in order to compute the evolutionary mean
hydrophobicity profile. Since the aligned sequences are represented through hy-
drophobic profiles by quantifying each of the amino acids in the sequences using
for example Kyte and Doolittle hydropathy scale it can be viewed as multi-
dimensional heterogenous hydrophobicity sequences. We then use Singular Value
Decomposition (SVD) and cavity filtering in order to decorrelate and remove the
eigensequences burried in evolutionary noise. The average hydrophobicity profile
is then computed from the first few useful eigensequences corresponding to the
largest eigenvalues of the cross species hydrophobicity covariance matrix.

2 Dataset and Methods

2.1 Dataset

The dataset consists of L = 32 aligned sequences of length N = 247 (including
gaps) from elastase family. The sequences were located from a search in the NCBI
and SWISSPROT protein data banks. Elastase is a member of the large family of
serine proteinases which includes trypsin and chemotrypsin, and is synthesized
initially in the pancreas as an inactive precursor. The 3D structure of these
molecules has also abeen modeled at the department of chemistry, university of
Tromsø. The dataset can be obtained on request from us.

We represented the sequences through hydrophobic profiles by quantifying
each of the amino acids in the sequences using Kyte and Doolittle hydropathy
scale [7]. That is the hydrophobicity of residue a at position s in a sequence is
given by

Ha(s) = YT
a(s)f (3)

where Ya(s) = (0, 0, . . . , 1a(s), 0, . . . , 0) ∈ IR21 is a count vector for residue a1 =
{1, 2, . . . , 21} at site s and f is the hydrophobic index in Kyte and Doolittle. For
all the consecutive amino acids in sequence l we have

Hl = YT
l f (4)

where Yl = {Yl,a(s)}N
s=1 ∈ IR21×N is a dummy matrix that consists of N unit

count vectors. Hence H is L × N elastase sequences represented through hy-
drophobic profiles. Plot of hydrophobicity level of ela-pig (PDB:1qnj) is shown
in Figure 1.
1 Gaps were treated as if they were a 21st amino acid type.
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Fig. 1. Hydrophobicity profile of one of the elastase sequences,1QNJ, generated by
quantifying each of the amino acids in the sequence using Kyte and Doolittle hydropa-
thy scale

2.2 Estimating Average Hydrophobicity Profile (HP)

The problem of computing the average HPs from H can be considered as ex-
tracting mean hdrophbocity sequence from a noisy one2. We assume two types
of noise contributions in our data - one along the sequence chain (due to for
example the stochasticity of the folded protein chain) and the other across the
sequences (due to evolutionary noise). In order to decorrelate and remove the
eigensequences burried in evolutionary noise we eigen decompose (SVD - Singu-
lar Value Decomposition) the estimate of the noise covariance matrix Σ̂,

Σ̂ = UΛUT (5)

where U ∈ RL×L is an orthogonal matrix (i.e.,UTU = I), the columns of U form
an orthonormal basis for the HPs of the sequences and Λ = diag(λ1, λ2, . . . , λL)
is a diagonal matrix with entries λl, eigenvalues in decreasing order. The noise se-
quences are approximated by subtracting a smoothed (denoised) mean HP from
each of the observed HPs. We choose a deterministic gaussian ’cavity filtering’
procedure [10] due to local amino acid interactions along the protein sequence. It
has also the non-enhancement property of local extrema: values of local maxima
cannot increase and respective values of local minima cannot decrease [8]. The

2 We are presently developing a Boltzmann lattice approximation for discrete evolu-
tionary sequence noise and protein observables in an aligned phylogenetic protein
family.
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Fig. 2. Scree plot: A plot of eigenvalues λl, in decreasing order. The plot is used to
decide the number of eigensequences that are useful (eigensequences to the left of the
elbow or bend).

hydrophobicity profiles of sequences, H are then projected into new coordinates
to obtain the eigensequences

Q = HTU . (6)

The eigensequences due to evolutionary noise are then filtered out by using
the first K = 3 eigensequences. K is determined by the point at which the
remaining eigenvalues are relatively small and all about the same size. One way
to determine K, the number of eigensequences Q = [q1q2 . . .qK] to retain is by
use of a scree plot [6], a plot of λl (the eigenvalues in deccreasing order) versus
l. A scree plot for the HPs of elastases, H is shown in Figure 2. To determine
K, we look for an ‘elbow’ (bend) in the scree plot. The eigensequences whose
eigenvalues plot to the right of such ‘elbow’ are ignored since they are defined
here to be due to evolutionary noise. Thus the information in the scree plot
indicates that we extract the first three eigensequences.

The denoised eigensequences Q̂ are inverse projected to obtain a denoised
version Ĥ of H:

ĤT = Q̂T UT . (7)

The site specific average hydrophobicity profile of the aligned elastases is calcu-
lated by taking the mean of the denoised HPs of the sequences:

hs =
1
L

L∑

l=1

Ĥl,s = (h1, h2, . . . , hN ) . (8)
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Finally we perform cavity field on the average hydrophobicity profile. The cavity
fields is defined as [10]

hs =
∑

t�=s

Jstht (9)

where the couplings Jst are taken to be translational invariant gaussian. We
choose a deterministic cavity field since our Jst parameters are assumed to have
small variance compared to their mean. The cavity field describes the local in-
ternal filed which the amino acid ‘sees’.

The algorithm to estimate the site specific average hydrophobicity profile can
then be divided into seven main steps:

1. Estimate the noise hydrophobicity sequences by subtracting a cavity filtered
cross species mean HP from all the HPs of the sequences.

2. Compute the estimated noise covariance matrix Σ̂.
3. Diagonalize Σ̂ = UΛUT, where U ∈ RL×L is an orthogonal matrix (singular

vectors), Λ = diag(λ1, λ2, . . . , λL) are the eigenvalues. Decorrelate the HPs
of the sequences by projecting them into new coordinates to obtain the
eigensequences, i.e., HTU
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Fig. 3. (a) Hydrophobicity profiles of all the aligned elastase sequences. The hydropho-
bicity profiles were generated by assigning a hydrophobicity value to each of the amino
acids in each sequence using Kyte and Doolittle hydropathy scale. (b) SVD denoised
version of HPs of the sequences. The HPs were reconstructed using only the first three
useful eigensequences that account 82.4% of the total variance.
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4. Remove the eigensequences due to evolutionary noise by choosing the first
K useful eigensequences (use for example a scree plot to decide the number
of eigensequences to retain).

5. Reconstruct the hydrophobicity sequences, Ĥ from the denoised eigense-
quences (multiply by UT ).

6. Calculate the site specific average hydrophobicity profile from the denoised
HPs of the sequences using (8).

7. Perform cavity filtering on the average hydrophobicity profile using (9).

3 Results and Discussion

We demonstrated our method using the aligned protein sequences from elastase
family represented through their HPs (see Materials and Methods). Figure 3
shows plot of HPs of all the aligned elastase sequences and their SVD denoised
version. From the figure we see a lot of variations (evolutionary noise) in the
original sequences while in the second plot much of the evolutionary noise is
removed. Only the first three eigensequences that account 82.4% of the total
variace were used in the reconstruction. The site specific average hydrophobicity
profile was then estimated from the reconstructed denoised eigensequences (first
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Fig. 4. (a) Site specific average HP estimated from the reconstructed denoised eigense-
quences. (b) Result of cavity ‘filtering’, short range interaction - three amino acid local
interactions along the mean HP sequence.



164 S.H. Ahmed and T. Fl̊a

three eigensequences) using equation 3. Finally cavity filtering was applied on
the average HP. Short range amino acid interactions (three local amino acid
interactions) along the sequence profile was used. Figure 4 shows plot of average
HP and its cavity filtered version. From Figure 4(a) we see that the estimated
average hydrophobicity profile is still patchy. This might be due to variation
along the sequences. We therefore used cavity filtering to smooth this variation
(see Figure 4(b)).

We have analyzed (not yet published) the correlation between this estimated
average hydrophobicity and average surface exposure of our proteins and found
that the correlation is stronger than when the average hydrophobicity is com-
puted by just averaging the HPs of the sequences or estimated using wavelet
based smoothing methods.

4 Conclusions and Further Work

In this paper, we developed a method to estimate average hydrophobicity se-
quence from a set of aligned sequences from one protein family. We tested this
method on aligned sequences from elastase family. The method has removed
the evolutionary noise effectively. We are still working further to test how effec-
tive the method is by analyzing the correlation between mean hydrophobicity
and surface-exposure or principal eigenvector of fold’s contact matrix for var-
ioius families. This mean profile can be improved if we for example use more
physico-chemical properties like charge, electrostatic interactions, e.t.c.

So far we have computed an estimate of a mean HP profile but our future aim
is to estimate the site specific Boltzmann paramters, βs from this mean HP. This
width parameter in principle can catch external parameter dependence of the
distribution due to for example temperature. So we think that this parameters
can be used to classify proteins within a family, for example identify significant
diferences between mesophilic and psychrophilic populations [13].
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