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Abstract. Model based methods to compute the fingerprint orienta-
tion images were considered more robust and accurate than the gradient
based methods as model based methods considered not only the local re-
gions but also the global orientations. This paper presented the stability
analysis of the constrained nonlinear phase portrait models of fingerprint
orientation images. Thereafter, the constrained nonlinear phase portrait
models were revised according to the stability analysis so that they were
able to avoid the potential errors due to the stability. Experimental re-
sults were presented to demonstrate the revised algorithm.
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1 Introduction

In recent decades, automatic fingerprint identification system has attracted sig-
nificant interest among the scientific research community. Though large amount
of effort has been made in both the academic and industrial communities, there
are still unsolved problems. Noisy image processing and large scale database
processing are two typical problems.

Fingerprint images consist of oriented texture. Therefore the orientation in-
formation plays a very important role in fingerprint processing. Moreover, the
orientation of the fingerprint follows a certain structure that is not random. Such
oriented structure provides a possibility to recover the orientation information
in fingerprints corrupted by noise, even for a large noise patch which cannot
be solved by the traditional gradient based methods. Accurate reconstruction
of the orientations is useful for fingerprint filtering, segmentation, classification
and recognition.

The orientation can be obtained using gradient based method [1] as shown
in Eqn. 1:

θ(xi, yi) =
1
2

arctan(
∑

2GxGy∑
(G2

x − G2
y)

) +
π

2
(1)

where Gx and Gy is the gradient vectors along the x and y components respec-
tively computed in the window region centered at (xi, yi).
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This gradient based method has an assumption that there is a single domi-
nant orientation. Otherwise, the result will not be meaningful. This assumption
implies that if a fingerprint orientation has been corrupted by noise, a trustwor-
thy orientation cannot be estimated. To overcome the noisy influence, a low pass
filter is generally adopted. While a low pass filter focuses on a local region, it is
not able to solve the large patch of noise.

Besides the gradient based methods, the model based methods have been
proposed to improve the estimation of the orientation image [2,3,4,5,6]. Model
based methods were motivated by the fact that the fingerprint ridges flow with
a certain regularity except for the limited number of singular regions. Therefore,
mathematical description of such orientation field can be achieved. The most
attractive feature of the orientation model is that it has capability to give a
global constraint to each point in an orientation image. When reconstructing
one orientation in an orientation image, all the other orientations will show their
contribution. Thus, these methods are able to overcome the limitation of filter-
based methods, which only considers the nearby orientations.

Several model-based methods have been proposed in the literature. we coarsely
divide the model based method into two categories: Zero-Pole based method and
phase portrait based methods.

A: Zero-Pole Model Based Methods

In 1993, Sherlock et al. presented an approach to model the fingerprint orientation
topology [2]. The basic mathematical description of this model is given in Eqn 2.

Om(z) = O0 +
1
2
ΣL

l=1arg(z − zcl
) − ΣK

k=1arg(z − zdk
) (2)

where zcl
and zdk

are the core point positions and delta point positions respec-
tively; z is the position of an arbitrary point; O0 is an initial or background
orientation; Om is the orientation at z; K and L are the numbers of delta points
and core points respectively.

The zero-pole model provides not a quantitative but a qualitative analysis
of the fingerprint orientation as it cannot differentiate two orientation fields
with the same singular points. It also cannot model the fingerprint without any
singular points.

In 1996, Vizcaya et al. revised the zero-pole model to a nonlinear orientation
model [3]. Eqn. 3 describes this model in a mathematical form.

Om(z) = O0 +
1
2
ΣL

l=1gcl
(arg(z − zcl

)) − ΣK
k=1gdk

(arg(z − zdk
)) (3)

The difference between Eqn. 2 and Eqn. 3 is the addition of the nonlinear
function g. g is some family of nonlinear functions that preserve the singularity
at the given point. Essentially, g is decided by the mean-square orientation error
between the actual orientation estimated from the fingerprint images and the
orientation provided by the zero-pole model.



Stability Analysis of Constrained Nonlinear Phase Portrait Models 495

Zhou and Gu [4] presented another complex model as shown in Eqn. 4 in
2004, which was also based on the zero-pole model while the high order rational
function f(z) is used as the nonlinear correction instead.

Om =
1
2
arg

[

f(z)
∏L

l=1(z − zcl
)

∏K
k=1(z − zdk

)

]

(4)

Zero-pole based methods have capability to recover the fingerprint orientation.
While these methods encounter a problem in actual usage that they require all
the singular points appearing in the image. This is not always true, especially
for small sensors used for commercial purpose.

B: Phase Portrait Based Methods

Zero-pole based methods focus on obtaining the local orientation patterns near
the singular point regions followed by a series of nonlinear functions to correct
the global patterns. Unlike these methods, phase portrait based methods focus
on obtaining the global orientation patterns first. A correction will be given to
compensate the local errors near the singular points if necessary. Thus the model
will not depend on the existence of the singular points.

Gu, Zhou and Zhang [5] proposed a combination model which consists of a
polynomial model1 as in Eqn. 5 and a point charge model as in Eqn. 6. The
phase portrait model is used to approximate the global orientation image and
the point charge model is used to correct the orientation images formed by the
phase portrait model near singular points. This combination model gives better
estimation of the orientation compared to the other previous models.

cos(2θ′) = Σn
i=0Σ

i
j=0a(i−j)jx

i−jyj (5a)

sin(2θ′) = Σn
i=0Σ

i
j=0b(i−j)jx

i−jyj (5b)

PCc =

{
y−y0

r Q − ix−x0
r Q r ≤ R

0 r > R
, PCd =

{
− y−y0

r Q − ix−x0
r Q r ≤ R

0 r > R
(6)

where Q represents the strength of the singular points and R denotes the radius
of the region which the point charge model can affect.

The combination model empirically determines r which depends on the differ-
ence between the original orientation and the phase portrait model reconstructed
orientation. Furthermore, the combination model may fail where the large patch
of noise appears in the image.

In 2006, Li et al. proposed a constrained nonlinear phase portrait model.
Compared with Gu et al. approach, Li et al. used the 1st order phase portrait
model to describe the local orientation pattern near the singular points instead
1 In their paper, two polynomial models are used. Here we call two polynomial models

as phase portrait according to the convention in ordinary differential equations.
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of point charge model. More importantly, Li et al. used the 1st order phase
portrait as the constraint of the high order phase portrait model which was
used to describe the global orientation pattern. Thus no ad-hoc parameters are
necessary to combine the different models. Moreover, the 1st order phase portrait
model is able to predict the orientation when a large patch of noise appears.

In this paper, we’ll give the stability analysis of the constrained nonlinear
phase portrait model. According to the stability analysis, we provide the the-
oretical background why and how to improve the constrained nonlinear phase
portrait model.

This paper is organized as follows: section 2 briefly introduces the constrained
nonlinear phase portrait model, following the section 3 : stability analysis. In
section 4, experimental results are provided. Section 5 concludes the paper.

2 Constrained Nonlinear Phase Portrait Model

The constrained nonlinear phase portrait model is composed of two parts: (1) the
1st order phase portrait model as given by Eqn. 7 to represent the local pattern
near the singular points; (2) the high order phase portrait model to represent
the global patterns as given by Eqn. 8.

dx = m ∗ x + n ∗ y (7a)

dy = c ∗ x + d ∗ y (7b)

where {c, d, m, n} are the first order coefficients, dx, dy are the x,y components
of the orientation image.

cos(2θ′) =Σn
i=0Σ

i
j=0a(i−j)j(x − xs)i−j(y − ys)j

=Σn
i=0Σ

i
j=0a(i−j)j(−x)i−j

s (−y)j
s + Σn

i=0Σ
i
j=0a(i−j)j(i − j)(−y)j

sx

+ Σn
i=0Σ

i
j=0a(i−j)jj(−x)i−j

s y + O1(xpyq) p + q ≥ 2

(8a)

sin(2θ′) =
n∑

i=0

Σi
j=0b(i−j)j(x − xs)i−j(y − ys)j

=Σn
i=0Σ

i
j=0b(i−j)j(−x)i−j

s (−y)j
s + Σn

i=0Σ
i
j=0b(i−j)j(i − j)(−y)j

sx

+ Σn
i=0Σ

i
j=0b(i−j)jj(−x)i−j

s y + O2(xpyq) p + q ≥ 2

(8b)

where {aij} and {bij} are the coefficients; O1 and O2 are the high order items.
⎧
⎨

⎩

Σi,ja(i−j)j(−xs)i−j(−ys)j = 0
Σi,ja(i−j)j(i − j)(−ys)j = m
Σi,ja(i−j)jj(−xs)i−j = n

⎧
⎨

⎩

Σi,jb(i−j)j(−xs)i−j(−ys)j = 0
Σi,jb(i−j)j(i − j)(−ys)j = c
Σi,jb(i−j)jj(−xs)i−j = d

(9)

where {xs, ys} represent the position of a singular point.
According to the linearization theorem stated in [7]: “Let the non-linear sys-

tem has a simple singular point at x = 0. Then in a neighborhood of the origin
the phase portraits of the system and its linearization are qualitatively equivalent.
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Here a singular point at the origin of a non-linear system is said to be simple if
its linearized system is simple”, since the singular point in fingerprints has its
own complete behavior and can be considered as the simple singular point, the
nonlinear phase portrait model can be linearized at the singular point. Therefore,
we have the following constraints for {aij , bij} and {m, n, c, d} as Eqn. 9.

Incorporating the constraints of the 1st order phase portrait with local de-
scriptions of the high order phase portrait gives the constrained high order phase
portrait model. Thus the proposed model incorporates the best of both the local
and global descriptions, which can describe the global orientation image but still
preserves an accurate local description near the singular points.

3 Solution of Coefficients and Stability Analysis

The solution of the coefficients {aij} and {bij} are obtained from the x and y
components separately. Thus the stability analysis is also done on each component
separately. To understand the stability of the solution for either {aij} or {bij},
the following analysis takes the {aij} as the example. The x component can be
represented by its corresponding coefficients {a(n−m)m} as shown in Eqn. 10:

dx(xi, yj) = ΣN
n=0Σ

n
m=0a(n−m)mxn−m

i ym
j (10)

where N represents its order.
Rewrite it in a matrix form as follows:

DX = XY · A (11)

where A =
[
a00 a10 a01 · · · a(n−m)m · · · a0N

]T ,

DX =

⎡

⎢
⎢
⎢
⎣

cos(2θ(x1, y1))
cos(2θ(x1, y2))

...
cos(2θ(xI , yJ))

⎤

⎥
⎥
⎥
⎦

XY =

⎡

⎢
⎢
⎢
⎣

1 x1 y1 · · · xn−m
1 ym

1 · · · yN
1

1 x1 y2 · · · xn−m
1 ym

2 · · · yN
2

...
...

...
...

. . .
...

1 xI yJ · · · xn−m
I ym

J · · · yN
J

⎤

⎥
⎥
⎥
⎦

(12)

The constraints in Eqn. 9 have its matrix form as shown in Eqn. 13:

L · A = H (13)

where H =
[
0 m n

]T and

L =

⎡

⎣
1 . . . (−x)i−j

s (−yj
s) . . . (−y)N

s

0 . . . (i − j)(−y)j
s . . . 0

0 . . . j(−x)i−j
s . . . N

⎤

⎦ (14)

Hence the constrained nonlinear phase portrait model can be viewed as the
weighted linear least square problem with linear equality constraints, as stated
in the following Eqn. 15:

min
A∈B

‖W(XY ·A − DX)‖2, B = {A|L ·A = H} (15)
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where ‖·‖2 is the norm, W represents the weights which generally are represented
by the corresponding coherence.

If the constrained matrix L has full row rank: rank(L) = p, the least square
problem has the unique solution, which has been proven by Eldèn [8]:

A = LI·W ·XY + · H + (W ·XY ·P0)+ · W · DX (16)

where (·)+ represents the pseudo inverse of a matrix, L+
I·W· XY = (I−(W · XY · P0)+·

W · XY) · L+, and P0 = I − L+ · L.

Now let us consider the perturbation problem defined in Eqn. 17:

min
A∈B̃

‖W̃ · X̃Y ·A − W̃ · D̃X‖, B̃ = {A|L̃ · A = H̃} (17)

where

X̃Y = XY + ΔXY EXY

D̃X = DX + ΔDXEDX

L̃ = L + ΔLEL

H̃ = H + ΔHEH

W̃ = W + ΔWEW (18)

and ‖EXY ‖ = ‖EDX‖ = ‖EL‖ = ‖EH‖ = ‖EW ‖ = 1 and ΔXY , ΔL, ΔDX ,
ΔH , ΔW ≥ 0.

In this study, the matrix XY and L are combination of the coordinates of the
points (x, y), so we have ΔXY = 0 and ΔL = 0.

According to the perturbation theory for the least square problem with linear
equality constraints developed by Eldèn in [8], the estimation errors ΔA = Ã−A
can be expressed as Eqn. 19:

‖ΔA‖ ≤ ‖(XY ·P0)+‖ ‖W+‖‖DX − XY ·A‖ΔW

+ ‖(XY ·P0)+‖ΔDX + ‖LI,XY ‖ΔH
(19)

The relative error can be estimated using Eqn. 20:

ΔA
A

≤ΔDX
DX

· κL(XY)
‖DX‖

‖XY‖‖A‖ +
ΔH
H

· κXY(L)
‖H‖

‖L‖‖A‖
+

ΔW
W

κWκL(XY)
ΔDX
DX

(20)

where
κL(XY) = ‖XY‖ · ‖(XY · P0)+‖ (21a)

κXY (L) = ‖L‖ · ‖L+
I·XY‖ (21b)

κW = ‖W‖‖W+‖ (21c)

We may justify the stability of estimated coefficients A according to the con-
strained condition numbers κL(XY), κXY (L) and κW defined in Eqn. 21 (a &
b &c) and its relative error bound according to ΔA

A defined in Eqn. 20.
From Eqn. 20, the estimation error of coefficients comes from two cases:
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1. Ill conditioned matrix L, which means that L tends to be singular, it will
result in a large κXY (L). Therefore in this case, the estimated error of the
coefficients A may be large.

2. Noise. If the perturbation of the original orientation is large, which is always
indicated by the small coherence value, this will cause large κW , ΔDX and
ΔW . Therefore the estimated error of coefficients A will be large as well.

The solution for the 2nd case generally required the image enhancement and
noisy reduction, which is out of the scope of this paper. In this paper, we only
focus on the first case.

Robustness in Cases of Two Singular Points Close to One Another

The constraints that will be added to the nonlinear phase portrait shall abide
by the linearization theorem. Therefore in fingerprints the two singular points
should be well separated so that each singular point exhibits a simple behavior
that can be described by the first order phase portrait.

The computation of the orientation uses the pixel values in a block of size
h × w (typically 8 × 8 or 16 × 16). Thus the orientation image has a smaller
size. In some loop (or tented arch) cases, the core point and the delta point
are close to each other in the orientation image. Therefore the singular point
region cannot be viewed as a simple singular point. They will interact with each
other such that the first order phase portrait description fail near the singular
regions. Therefore the perturbation ΔH of H computed from the first order
phase portrait is quite large. Moreover, it will cause a smaller (xs, ys). Let us
consider the constraints matrix in Eqn. 14. If (xs, ys) is small, the elements in the
first row will be smaller than the elements in the other rows. This will cause the
condition number κXY (L) large, which means the L tends to be singular. With
large κXY (L) and ΔH , the estimated error of the coefficients A will be large.
In Fig. 1 we show a fingerprint with two close singular points. Its reconstructed
orientation using the 1st order phase portrait as constraints near singular points
is shown in Fig. 1 (a). It fails to precisely reconstruct the orientation at the
singular point region.

In order to model the orientation in these cases, we consider the functions 22:

dx = x × (x − xd) + y × (y − yd)
dy = −x × (y − yd) + y × (x − xd)

(22)

and the orientation reconstructed using these functions is shown in Fig. 1(c).
From Fig. 1(c), we can observe the loop orientation behavior where the core

and the delta are close to each other. The solutions to the Eqns. 22 are (x =
0, y = 0) and (x = xd, y = yd). Supposing the core is at the origin and the delta
is at (xd, yd), we can coarsely reconstruct the loop orientation with constraints
of two close singular points by Eqn. 22. Compared with the constraints matrix
H , we don’t use the 1st order phase portrait to describe the singular point
orientation pattern but keep the orientation of the singular points 0. In this way,
we keep the singularity of those points but no strong constraints added to cause
the constraints matrix H unstable.
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(a) by the constrained
models

(b) by the proposed
model

(c) Reconstructed ori-
entation using Eqns. 22

Fig. 1. Reconstruction orientation of fingerprint with two close singular points

In order to obtain the more precise reconstructed orientation, we incorporate
polynomial functions to Eqn. 22 as in Eqn. 23:

dx = (x × (x − xd) + y × (y − yd)) × (ΣN
n=0Σ

n
m=0a(n−m)mxn−mym)

dy = (−x × (y − yd) + y × (x − xd)) × (ΣN
n=0Σ

n
m=0b(n−m)mxn−mym) (23)

{ΣN
n=0Σ

n
m=0b(n−m)mxn−mym}

where the items {ΣN
n=0Σ

n
m=0a(n−m)mxn−mym} and {ΣN

n=0Σ
n
m=0b(n−m)mxn−mym}

are used to correct the overall orientation patterns other than singular point
regions. In Fig. 1 (b), we show an example of the reconstructed orientation
using the constraints in Eqn. 23.

4 Experiments

The proposed method aims to improve the stability of constrained nonlinear phase
portrait model when there are two singular points close to each other. In order to
verify the accuracy of the proposed method, we select 38 images from the NIST
Database 4. The size of the image is 512× 480. The block size for the orientation
estimation is 16× 16 pixels. In all these 38 images, there are at least two singular
points close to each other (Here we set the distance between the two close singular
points in 3 blocks as the close singular points according to the empirical test, which
make the constrained nonlinear phase portrait model unstable). In order to reduce
the effect of noise, all these 38 images have clear ridge-valley structure.

As the errors always occur at the singular point region, the difference be-
tween the original orientations and the reconstructed orientations is defined only
around the singular point region (here 14×14 blocks are taken) as Eqn. 24 shows.

Dis(Oo, OM ) =
1
N

∑

O∈Ω

|Oo − OM | (24)

where Oo and OM are the original orientation and the reconstructed orientation
respectively; Ω is the area around the singular points; N is the amount of the
orientation in the region Ω.



Stability Analysis of Constrained Nonlinear Phase Portrait Models 501

Table 1. The experimental results

Constrained model The proposed model
Dis 18.18◦ 9.94◦

(a) (b) (c)

(d) (e) (f)

Fig. 2. Comparisons of reconstructed orientation of fingerprint with two close singular
points. The first row shows the reconstructed orientation by the constrained nonlinear
phase portrait model; the second row by the proposed method.

Table 1 shows the experimental results. The Dis between the original orienta-
tion and the orientation reconstructed by the constrained nonlinear phase portrait
model is 18.18◦ while the Dis between the original orientation and the orientation
reconstructed by the proposed method is 9.94◦, which has 50% improvement.

More examples are illustrated in Fig. 2. Due to the instability of the con-
strained matrix when the two singular points are close to each other, the re-
constructed orientation becomes unpredictable. In Fig. 2 (a, b & c), the recon-
structed orientations have obvious errors. Such errors have been corrected using
the proposed method as shown in Fig. 2 (d, e & f).

5 Conclusion

The effectiveness of the constrained nonlinear phase portrait model has been
shown by the experimental results in our early paper [6]. However, errors do oc-
cur, especially when the two singular points are close to each other. The analysis
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in this paper showed that the solution will malfunction in such case. Conse-
quently, we propose a new model to deal with such case. The new model has
only one constraint which keeps the singularity at the singular points and aban-
dons the 1st order phase portrait constraints as it is hard to obtain the correct 1st

order phase portrait description when the two singular points are close to each
other. The experiments show that the new model has 50% accuracy improvement
compared with the previous model.
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