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Abstract. Numerical information is crucial to successful performance on many 
tasks. Accordingly, as a basis for developing augmented cognition applications, 
it is important to understand how people apprehend numerical information and 
whether there are systematic limitations on their ability to do so accurately. This 
paper reports research on the role of non-numerical spatial information and of 
numerical representations in adults’ judgments about large-numerosity spatial 
arrays. Arrays that contained more open space tended to be perceived as less 
numerous than ones with less open space. Further, the accuracy with which 
viewers estimated the arrays’ numerosities bore little relation to their success in 
identifying the more numerous array in each pair. Numerical judgments thus are 
heavily influenced by spatial information that is not necessarily a reliable cue to 
numerosity. While some information about absolute numerosity is extracted in 
making numerical comparisons, it appears to be very imprecise. 

1   Introduction 

The ability to discriminate large numerosities, like discriminations between continuous 
quantities such as area and duration, is a function of the ratio between the quantities.  
Even infants successfully discriminate between 8 and 16 items, but they fail when the 
contrast is 8 versus 10 [1]. Research with adults has led to estimates that the degree of 
contrast at which they are able to attain a 75% success rate on a two-choice 
discrimination task is one in which the ratio of the smaller to the larger numerosity is 
about .86, corresponding to the discrimination of 25 from 29.   

Understanding the cognitive processes underlying numerical judgments is 
important to the development of augmented cognition systems for any application in 
which the evaluation of numerical quantities is vital to sound decision-making.  A 
particularly important issue to consider is whether the ways in which people normally 
process numerical information may introduce systematic biases that could be 
compensated for via an augmented cognition system. 

One reason to suspect that such biases are likely to exist is that numerical contrasts 
often are associated with in continuous properties of stimuli, such as their aggregate 
surface areas or contour lengths. Moreover, the same ratio properties that control 
numerical discriminations also control discrimination on non-numerical dimensions 
such as area and duration (cf., [2]). The covariation that is often present between 
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number and other quantitative dimensions raises the possibility that in making 
numerical discriminations people may utilize non-numerical information such as 
aggregate stimulus area, and that possibility is consistent with the observation that 
numerical discriminations vary with stimulus parameters in precisely the same way 
that non-numerical discriminations do. The trouble is, that if stimuli that need to be 
compared numerically differ on other dimensions that enter into discriminative 
processing—for instance, if one array is composed of  larger items than the other—
those differences can introduce biases into the numerical judgments that are 
generated. 

Studies with infants have obtained strong evidence that what appear to be 
numerical discriminations are in fact based on non-numerical properties, at least 
under some circumstances. These studies rely on the phenomenon of habituation—a 
decrease in responding over repeated presentations of the same or similar stimuli, 
followed by renewed responding when the stimuli are changed in ways that the infant 
notices. Clearfield and Mix habituated infants to arrays that were identical in both 
numerosity and either contour length [3] or aggregate area [4], after which they 
showed the infants two kinds of test arrays: (a) arrays that matched the previous 
stimuli in number but differed in either contour length or area, and (b) arrays that 
matched the previous stimuli in contour length or area but differed in number.  The 
important finding was that the infants looked more at the arrays that differed from the 
habituation arrays in contour length or area than at those that differed in numerosity. 

The classic adult research on numerosity discrimination (e.g., [5], [6]) used arrays 
of dots without attempting to control item size, so that numerical discriminations 
might well have been a function of with differences between the stimuli in continuous 
extent (e.g., total stimulus area or contour length). More recently, Whalen, Gallistel, 
and Gelman [7], and Shuman and Kanwisher [8], using sequences of dot as stimuli, 
controlled for total sequence duration but not for the cumulative duration of dot 
exposure.  

Results obtained by Barth, Kanwisher, and Spelke [9] raise the possibility that 
dependence on non-numerical information in making numerical judgments may be a 
function of the fineness of the discrimination that is required. Barth et al. controlled 
for non-numerical forms of quantity comparison by using a cross-format (spatial vs. 
temporal) task, reasoning that since spatial and temporal quantities do not share non-
numerical dimensions such as area or duration, successful cross-format discrimination 
could only be based on numerosity. They found that performance was as good on 
these problems as on corresponding single-format problems, suggesting that even in 
the single-format condition adults did not rely on non-numerical forms of quantity 
information. However, their task differed from other studies of numerical 
discrimination in that participants had to discriminate same-numerosity pairs (e.g., a 
20-tome sequence and an array of 20 dots) from different-numerosity pairs, and 
within the different-numerosity problems the ratio of the smaller to the greater 
numerosity one was .67 or smaller, corresponding to comparisons such as 20 vs. 30.  
As this is a substantially more marked contrast than that at which previous research 
has obtained evidence of successful numerical discrimination, Barth et al.’s results are 
entirely consistent with the possibility that finer numerical discriminations involve 
substantial use of non-numerical cues.   
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2   Experiment 1 

In my research, I have been examining the role of non-numerical information in 
relative magnitude judgments for pairs of numerosities in which the numerical 
contrast is quite small. An initial experiment, conducted with 14 undergraduate 
students, varied the sizes of the items comprising the arrays to be compared in such a 
way that the more numerous array was equally often composed of smaller items and 
of larger items than the less numerous one.  Examples of the problems are shown in 
Figure 1. The problems varied in a variety of ways other than the relation between 
item size and relative numerosity, but most of them did not have a significant impact 
on performance, so I won’t explain them in detail. One variable that did matter was 
the numerical contrast in a problem: performance was poorer, at 68% correct, on the 
contrast 21 versus 24 than on contrasts of either 18 versus 21 (81% correct) or 24 
versus 28 (78% correct), corresponding to the fact that the ratio of smaller to larger 
numerosity is a bit closer to 1 for the 21 versus 24 contrast (a ratio of .875) than for 
the others (each of which correspond to a ratio of .857). The relation between item 
size and numerosity had an even more marked effect on performance, and it was in 
the opposite direction to what might be expected if judgments were based on contour 
length or aggregate stimulus area: Participants correctly identify the more numerous 
array when that array was composed of smaller items than its counterpart (so that the 
correct array was smaller than its counterpart in contour length and stimulus area) 
than when it was composed of larger items (and thus was greater than its counterpart 
in contour length and stimulus area). Overall, 85% of the problems on which the more 
numerous array was composed of smaller items were answered correctly, as 
compared to just 67% of those on which the more numerous array was composed of 
larger items than the other array.  An analysis of variance confirmed that this effect 
was statistically reliable, F(1,13)  = 7.13, MSe = .096, p < .05, as was the effect of 
numerical contrast, F(2,26) = 10.07, MSe = .012, p < .001.  

Although not consistent with the idea that adults compare continuous quantity 
properties of arrays such as contour length or stimulus area as a basis for making 
relative numerosity judgments, the effects of item size in this study do support the 
more general notion that people can and do use a variety of non-numerical 
information in making judgments of relative numerosity. One possible explanation for 
the inverse effect of item size observed in Experiment 1 is that participants’ 
experiences with everyday objects, which very often vary in size inversely with 
number, biased them toward  choosing arrays composed of smaller items as the more 
numerous. Smaller items are very often packaged in large numerosities than larger 
ones, so that, for instance, a single-serving package of  candies contains more pieces 
when the individual candies are small than when they are larger.  Experience with this 
inverse relation may have led to the impression that, of two arrays that differed only 
slightly in numerosity, the one comprised of smaller items was the more numerous. 

Notwithstanding the bias toward choosing the alternative composed of smaller 
items, the participants in Experiment 1 were able to identify the correct array more 
often than not even when it in fact consisted of larger items than its counterpart.  The 
question remains, therefore, how these numerical discriminations were made.  
Inspection of Figure 1 suggests another non-numerical cue that might have 
contributed  to correct performance.  It is the presence of unfilled space, either within  
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Fig. 1. Examples of problems from Experiment 1 (rotated 90o) 
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an array or at its edges. A second experiment examined the impact of this kind of 
information on judgments of relative numerosity.  

3   Experiment 2 

Specifically, Experiment 2 varied two spatial properties of arrays: (a) the degree to 
which the array as a whole filled the page, and (b) the amount of empty space 
between items within an array, by varying whether the items were evenly spaced or 
arranged in clusters, creating larger gaps between the clusters. In addition to  
investigating the effects of these variables on discrimination performance, the 
experiment also assessed the accuracy with which participants had encoded numerical 
information about the arrays they compared and how that related to their 
discrimination performance. Upon completion of the discrimination task, participants 
were asked to estimate the numerosities of the arrays they had just seen.  Insofar as 
adults make relative numerosity judgments by forming representations of the 
numerosities of each array and comparing those (rather than by comparing non-
numerical properties of the arrays), variation in the accuracy of viewers’ estimates 
would be expected to correlate fairly well with their success in identifying the more 
numerous arrays. 

20 undergraduate students (6 men and 14 women) participated in this experiment. 
Examples of the problems presented to them are shown in Figure 2. Half of the 
problems involved arrays containing small outline drawings of triangles or crescent 
shapes, which were evenly spaced and arranged in either an oval configuration that 
left the corners of the page empty or a rectangular configuration that filled the page 
more completely. The remaining problems involved arrays containing larger outline 
drawings of the same shapes, which were either evenly spaced or arranged in pairs or 
clusters of four, creating larger spaces between clusters.  Each problem pitted an array 
of triangles against an array of crescent shapes; and the two arrays differed both in 
numerosity and, orthogonally, in layout.  Thus, the more numerous array was equally 
often the one with more open space and the one with less.  Two numerical contrasts 
were used: 40 versus 45 and 42 versus 48. 

Consider first how performance was affected by variations in how the small-item 
arrays filled the page. The data from these problems are summarized in the upper 
portion of Table 1. Participants’ judgments were significantly more accurate when the 
more numerous array was the one that filled the page more completely (M = .86) 
rather than the one that left empty space at the corners (M = .59).  An analysis of 
variance (ANOVA) on the data confirmed that this effect was statistically reliable, 
F(1,19) = 11.27, MSe = .131, p < .01. 

Variations in the spacing of items within arrays also affected performance. The 
data from the large-item arrays in which item spacing was varied are summarized in 
the lower portion of Table 1. Participants’ judgments were significantly more accurate 
when the more numerous array was the one in which items were evenly spaced (M = 
.83) than when its items were clustered, leaving extra empty space between the 
clusters (M = .70).  This effect, too, was statistically reliable, F(1,19) = 7.90, MSe = 
.044, p = .01. 
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Fig. 2. Examples of problems from Experiment 2 (rotated 90o) 
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Table 1. Mean Proportions of Correct Responses as a Function of Spatial Layout 

       Numerical Ratio 
          ______________________ 

Spatial Variable          40 v 45     42 v 48 
___________________________________________________________________ 

I.  Array Configuration 
   More numerous array fills page more completely       .856      .863 

than less numerous array        

Less numerous array fills page more completely         .557      .619  
than more numerous array 
 

II.  Spacing of items 
   Items in more numerous array are evenly spaced       .819      .850 

while those in less numerous array are clustered 

Items in more numerous array are clustered while       .672      .731 
those in less numerous array are evenly spaced 

___________________________________________________________________ 

 
The estimates participants gave for the largest number of items in the arrays they 

had seen ranged from 20 to 110, with a median of 50.  The estimates for the smallest 
number of items in the arrays they had seen ranged from 10 to 65, with a median  
of 27.5. Estimation accuracy, measured by the average deviation of viewers’ 
estimates of the smallest and largest numerosities from the correct values, correlated 
only a non-significant.147 with performance across all of the discrimination problems 
combined.  In contrast, the correlation between discrimination scores for the two 
major subsets of problems in the experiment—those involving small items arranged  
to more or less completely fill the page, and those involving larger items arranged 
either in clusters or evenly—was a statistically significant .541; and the correlation 
between scores on subsets of problems that were essentially replications of one 
another was .944. 

In short, the results of Experiment 2 again support the idea that numerical 
discriminations are often based on non-numerical properties of the stimuli to be 
compared.  Consistent with the expectation that viewers would interpret open space as 
an indication of relatively low numerosity, performance was more accurate when the 
array with more open space was the less numerous one than when it was the more 
numerous one. 

An even more compelling finding from Experiment 2 was inaccuracy of viewers’ 
verbal estimates of the numerosities of the arrays they had seen and its lack of relation 
to their accuracy in making relative numerosity judgments. If viewers had been 
generating numerical estimates as they viewed the arrays it seems unlikely that 
immediately upon completion of a task in which they formed approximate numerical 
representation of 128 arrays (two on each of 64 trials), every one of which contained 
between 40 and 48 items, their memory of those approximate numerical 



164 C. Sophian 

representations would be so poor as to result in estimates that differed so greatly from 
the actual numerosities. Additionally, the lack of significant correlation between the 
accuracy of viewers’ verbal estimates and their discrimation performance strongly 
suggests that numerical representations of the sort needed to make the verbal 
estimates were not the basis for the relative numerosity judgments.  Instead, it seems 
likely that viewers judged relative numerosity on the basis of cues that did not require 
determining, even approximately, how many items were in either of the arrays they 
were comparing. Indeed, many participants expressed surprise and a sense of 
unpreparedness when asked for their verbal estimates, as if they would have 
processed the arrays quite differently had they known they would be asked about the 
absolute numerosities of the arrays. 

4   Conclusions 

There are many ways of arriving at a judgment as to which of two arrays is more 
numerous, some specifically numerical (such as counting) and others not, such as 
comparing the sizes of items or the amount of empty space in the arrays. While the 
present results show that numerical discriminations are strongly influenced by spatial 
factors, they certainly do not rule out the use of specifically numerical comparison 
strategies as well, under appropriate circumstances. A more reasonable conclusion is 
that adults draw upon a variety of different processes in making judgments about 
numerosity. While this idea may seem unparsimonious, in fact it is only an 
instantiation of the well-established idea that much of mathematical cognition, like 
other kinds of cognition, is strategically adapted to the particulars of the problems to 
be solved. Brazilian children selling produce in the marketplace use heuristic 
combinations of additions and subtractions to arrive at the total cost for a specified 
number of items [10]; and competent U.S. students use a variety of strategies to 
evaluate the equivalence or ordinal relations among pairs of rational numbers [11]. 

The resourcefulness adults exhibit in finding different ways of thinking about 
which array is the more numerous is likely what makes possible the impressive degree 
of success they attain in discriminating among very similar numerosities, even when 
there are too many items to count. At the same time, the use of non-numerical 
information introduces biases in numerical judgments—biases that are adaptive in 
that they reflect ways in which number often covaries with other information but that 
can also lead to error. Among the biases that should be taken into account in the 
development of augmented cognition systems are a bias toward judging small items 
as more numerous than a comparable number of larger ones and a bias toward judging 
arrays in which there is salient empty space as less numerous than ones which appear 
more full. 
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