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Abstract. Automatic construction of Shape Models from examples has
recently been the focus of intense research. These methods have proved
to be useful for shape segmentation, tracking, recognition and shape un-
derstanding. In this paper we discuss automatic landmark selection and
correspondence determination from a discrete set of landmarks, typically
obtained by feature extraction. The set of landmarks may include both
outliers and missing data. Our framework has a solid theoretical basis
using principles of Minimal Description Length (MDL). In order to ex-
ploit these ideas, new non-heuristic methods for (i) principal component
analysis and (ii) Procrustes mean are derived - as a consequence of the
modelling principle. The resulting MDL criterion is optimised over both
discrete and continuous decision variables. The algorithms have been im-
plemented and tested on the problem of automatic shape extraction from
feature points in image sequences.

1 Introduction

Inspired by the successful methods for finding feature correspondences along
curves and on surfaces for deriving shape variation models, [4], this paper de-
velops these methods further for the problem of shape modelling of unordered
point sets with outliers and possibly missing data. The main idea is that an in-
formation criterion, such as Minimum Description Length (MDL), is well suited
for determining which points should be considered as outliers and which points
should be considered to be in correspondence.

One motivation for this study is that, although it is straightforward to detect
interesting features in images, e.g., using corner detectors such as [8], it is not
at all straightforward to solve the correspondence problem. Many methods for
finding correspondences are based on either continuity assumptions, e.g., [18] or
that a model is a priori known, e.g., [16].

For unordered points sets, as opposed to what is usually assumed for curves,
it is often the case that points are frequently missing and that there are outliers.
Traditional methods for shape analysis have problem with missing data. As a
by-product of the development here, we derive novel methods for Procrustes
analysis and principal component analysis for missing data, based on principles
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for model selection. Although generalisations to missing data have been done
before both for Procrustes analysis, [9] and for principal component analysis,
[11], in the present formulation they are shown to be a logical consequence of
the modelling principle.

The underlying modelling principle we will use is MDL, that is, choose the
representation or model with shortest description, cf. [15]. It has previously been
successfully applied in computer vision to model selection problems, e.g., [12] and
as mentioned curve and surface modelling [4].

MDL has also been used on sets of images to unify groupwise registration and
model building, [20], although these mostly work on appearance based models.
This is related to our approach, but here we include decisions about what to
include in the modelling and what to consider as outliers explicitly in calculating
the description length. The algorithm therefore decides what in the images to
build the model from and what to consider as irrelevant background data.

There are several algorithms for matching one point cloud to another by
determining both a deformation and correspondences, see for example [2], and
many handle outliers in some way. However, these algorithms do not work with
a whole sequence of point sets at once. Although it is conceivable that such
methods could be used to construct shape variation models, the model built from
the corresponding points might not be optimal at all. In this paper the model
itself is an integral part of the algorithm for determining the correspondences.

Another line of research that is related to our work is the area of non-rigid
factorisation methods, e.g., [3]. In addition to reconstructing a model for the
point set, they also try to estimate the camera motion. However, they assume
that feature correspondences are given or obtained by some heuristics. Similarly,
outliers and missing data are handled with ad-hoc techniques. Our framework
is well-suited to be applied to these problems as well.

2 MDL for Feature Point Selection and Correspondence

The main problem that we formulate and solve in this paper is the following.
Assume that a number of examples S = {S1, . . . , Sn} are given, where each
example Si is a set of unordered feature points

Si = {zi,1, . . . , zi,ki}, (1)

and each point zi,j lies in Rp for some dimension p, typically p = 2 or p = 3. An
example of such sets is the output of a feature detector, e.g., [10].

(i) How should one determine which points in each set is considered to be out-
liers?

(ii) How should one determine the correspondences of feature points across the
examples?

(iii) What is a suitable shape variation model for the inliers?
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Such a procedure would be useful for unsupervised learning of shape variation
in image sequences. The learnt models could then be useful for a number of
applications, including tracking, recognition, object pose etc.

The idea here is to transfer similar ideas from shape variation estimation
for curves and surfaces, [19,4], where the correspondence problem is a crucial
problem, to the concept investigated here.

As opposed to the theory for curves and surfaces, however, we do not here
have the problem of how to weight different parts of the curves relative to the
other. On the other hand we will here allow outliers and missing data. In this
paper we will use the minimum description length paradigm, [1], to select a
suitable model.

We pose the problem as that of selecting: (i) outliers, (ii) correspondences and
(iii) model complexity, so that the description length is minimised. As we shall
see this becomes a mixed combinatorial and continuous optimisation problem,
where for each of a discrete set of possible outliers/correspondences, there is
a continuous optimisation problem which has to be solved. These continuous
optimisation problems involve both the problem of missing data Procrustes and
missing data principal component analysis. In contrast to other ad-hoc methods
dealing with outliers and missing data, the way we define missing data Procrustes
and missing data principal component analysis is a natural consequence of the
way we model the whole problem.

3 Unordered Point Set Shape Analysis

The formulation of the problem is as follows. Assume a set S of n unordered
point sets, S = {S1, . . . , Sn} is given. For simplicity we order the points in each
set Si of ki points arbitrarily, cf. (1).

The object is now to find a reordering of such points. Assuming that the model
contains N points, such a reordering can be represented either as a matrix O
of size n × N whose entries are either 0 - representing that a model points is
not visible in an image or the identity number between 1 and ki telling which
image point correspond to the model points, i.e. Oi,j = 0 if model point j is
not visible in image i or Oi,j = k if model point j in image i is zi,k. Also
introduce the set I of indices (i, j) such that model point j is visible in image j,
i.e. I = {(i, j) | Oi,j �= 0}. Outliers are then not represented in O.

Given an ordering O the data can be reordered, possibly with missing data
into a structure T of N points in n images, i.e.

Ti,j =

{
zi,Oi,j if (i, j) ∈ I

undefined if (i, j) �∈ I.

For such a ordered point set T with missing data one can do a Procrustes
mean shape analysis with respect to a transformation group G. In loose terms
the aim is to find a mean shape m and a number of transformations {g1, . . . , gn}
with gi ∈ G such that gi(m) ≈ Ti.
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The usual method is then to perform a Principal Component Analysis on the
residuals between g−1

i (Ti) and m, from which a number of shape variational
modes, denoted vl, can be determined. New shapes can then be synthesised as
g(m +

∑d
l=1 λlvl), where λl are scalar coordinates.

Here we need to assess a number of different choices: the number of model
points N , the ordering O, the mean shape m, the transformation group G,
the transformations gi, the number of variational modes d, the shape variation
modes vl and the coordinates λl. The approach we make here is that a common
framework such as the minimum description length framework could be used to
determine all of these choices [13]. This would put the whole chain of difficult
modelling choices on an equal footing and would make it possible to use simple
heuristics for making fast and reasonable choices, while at the same time have a
common criterion for evaluating different alternatives.

The whole process can thus be seen as an optimisation problem

min
M

dl(S, M),

over the unknowns M = (O, m, {gi}, d, {vl}, {λli}) given data S.

4 Calculating the Description Length

A number of sets are given. Each set of points comes typically from images,
where a number of interesting points have been detected. In order to determine
a model that explains points that can be seen in many of the images, the goal is
to minimise the description length that is needed to transmit all the interesting
points of all views, in hope that a model will be able to make a cheaper descrip-
tion than simply sending the data bit by bit. Here we will derive the description
length for the data and the model. For the outliers one must simply send the
information bit by bit. For the points that are modelled, the idea is that it is
cheaper to send the model with parameters and residuals etc. to explain the
data. For the modelled points one must send: the model, the model parameters,
information if a certain point is missing, the transformation and the residuals.

Preliminaries on information theory. To transmit a continuum value α it is
necessary to quantify the value. The continuum value α quantified to a resolution
of Δ is here denoted α̂, αmin ≤ α̂ ≤ αmax, α̂ = mΔ, m ∈ Z.

The ideal coding codeword length for a value α̂, encoded using a statistical
model P(α̂) is given by the Shannon codeword length [17]. Using Shannon’s
codeword length the description length of a given value, α̂, encoded using a
probabilistic model, is −log(P(α̂)) , where P is the probability-density function.

Coding data with uniform distribution. Assume α is uniformly distributed
and quantified to αmin ≤ α̂ ≤ αmax, α̂ = mΔ, m ∈ Z. Then α can take
αmax−αmin

Δ different values. Since uniform distribution is assumed, the probabil-
ity for a certain value of α̂ is P(α̂) = Δ

αmax−αmin
. This gives Shannon’s codeword
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length for α̂, −log(P(α̂)) = −log( Δ
αmax−αmin

) . If the parameters αmin, αmax

and Δ are unknown to the receiver, these need to be coded as well.

Coding data with assumed Gaussian distribution. Since the mean of our
data μ is zero, the 1-parameter Gaussian function can be used. The frequency
function of the 1-parameter Gaussian function is f(x; σ) = 1

σ
√

2π
exp(− x2

2σ2 ). The
derivation for sending a number of normally distributed 1 dimensional data sets
was done in Davies [5]. The derivation gives the following expression: Lguassian =
F̃ (ns, R, Δ)+

∑ng

i=1(ns−2) log(σi)+ns

2 +
∑ng+nmin

j=ng+1 (ns−2) log(σmin)+ns

2 ( σj

σmin
)2,

where σmin is a cutoff constant, ng is the number of directions where σ > σmin

holds and nmin is the number of directions where σ ≤ σmin holds. F̃ (ns, R, Δ)
is a function that only depends on the number of shapes ns, the range of the
data R, and the resolution Δ. It is assumed constant for a given training set,
i.e. it does not depend on decisions about outliers or correspondences.

Lguassian = F (ns, R, Δ) +
ng∑
i=1

(ns − 2) log(σi) +
ns

2
+

ng+nmin∑
j=ng+1

(ns − 2) log(σmin) +
ns

2
(

σj

σmin
)2, (2)

The total description length of the interesting points in all images.
The description length for a point x̂ equally distributed over the image is

dlrect = −log(P(x̂)) = −2log(
dx

X
) .

Here X is the range, typically 100 pixels in our examples, and dx is the resolution,
which has been set to 0.5 pixels. The factor 2 comes from that an image point
is two-dimensional.

The outliers are assumed to be uniformly distributed over all the image, so
with no number of outliers dloutliers = nodlrect . For each model point we need
to know if the point is missing in an image or not. This means one bit for each np

model points in all nv images. Conversion to nats gives dlindex = log(2)nvnp ,
where np is the number of landmarks in the model and nv is the number of im-
ages. For each image the transformation g of the model has to be encoded. The
transformations are assumed equally distributed within the size of the image.
For translations this gives the following expression dltrans = (nv −1)ndofdlrect ,
where nv is the number of images and ndof is the degrees of freedom in the
transformation group, e.g. with 10 images and using 2D translations, 18 transla-
tion parameters has to be encoded. The coordinates of the mean shape and the
coordinates of the shape modes are also assumed equally distributed within the
size of the image, thus the cost is

dlmeanshape = npdlrect

dlshapemodes = npnmdlrect ,
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where nm is the number of shape modes used by the model. The residuals and
the λ-parameters are assumed Gaussian. The cost for these are

dlλ + dlres = Lguassian .

So the full cost for sending the data is

DLtot = dlλ + dlres + dlmeanshape + dlshapemodes + dltrans + dlindex + dloutliers

Given a shape model that describes part of the data for a situation we can
now calculate the description length for this data and model. For each suggested
model one needs to calculate the description length of sending all the outliers
and all the data modelled with that particular model. The number of shape
modes can vary between zero to ns − 1 and all these models must be evaluated.
Note here that since the shape modes calculated when using missing data PCA
depends on the number of modes used, the model needs to be calculated over
and over as the number of shape modes increase. In the optimisation procedure
the tested model with least description length is then compared to previous
solutions.

5 Optimising DL

The whole optimisation process over all unknowns can be divided into two parts:
(1.) Optimisation over the discrete ordering matrix O and (2.) optimisation over
the remaining parameters M̃ = (m, {gi}, d, {vl}, {λli}).

Assume that a reordering O is given, then it is straightforward to reorder the
inlier points into the data structure T as described above. Each ordering also
determines the number of inliers ninlier and the number of outliers noutlier . The
description length for the outliers is then independent of M̃. Assume now also
that a transformation group G and the number of shape variational modes d
are given. The description length now depends more or less on the remaining
residuals of the inliers. Minimising the description length is then a question of
minimising

min
m,{gi},{vl},{λli}

∑
(i,j)∈I

∣∣∣∣∣Ti,j − gi

(
mj +

d∑
l=1

vj,lλl,i

)∣∣∣∣∣ .

We solve this minimisation problem explicitly. To get an initial estimate we
solve first for missing data Procrustes by

min
m,{gi}

∑
(i,j)∈I

|Ti,j − gi(mj)|2

and then use the residuals missing data residuals ri,j = g
(−1)
i (Ti,j)−mj to obtain

initial estimates on v and λ. These initial estimates are used as a starting point
in a Gauss-Newton optimisation scheme to find the nearest local minima.
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It is straightforward to search through the number of nodes d and the dif-
ferent transformation groups G and as described above, it is then possible to
find optimal Procrustes, missing data PCA and model order that gives minimal
description length, thereby determining the solution with the best description
length for this particular choice of point reordering O. Thus, the minimal de-
scription length can be seen as a function of the ordering O.

Optimising description length with respect to O is a combinatorial optimisation
problem.Wesuggest the following algorithmthat (1)finds a reasonable initial guess
by heuristics and (2) searches for a local minima in a combinatorial optimisation
sense by adding/removing inliers and adding/removing model points.

We approach this optimisation by a local search methods with the following
four types of perturbations: (i) Change of a point from outlier to inlier, (ii)
Change of a point from inlier to outlier, (iii) Deletion of a model point, (iv)
Addition of a model point.

The final algorithm for determining minimal description length is then

1. Make an initial guess on point ordering O based on heuristics or randomness.
2. Calculate optimal description length for that ordering.
3. See if any of the perturbations above lowers the description length.
4. – If it does, make those changes and continue with step 3.

– If not, then we are at a local minima, stop.

5.1 Initial Guess

One way of picking a reasonable initial guess is the following. The initial guess
is made by using the points in one image as the model. For each new image
matching is done as follows. Given n points in the model and m points in the new
image. Form an n+1×m+1 cost matrix C whose first n×m elements Cij is the
Euclidean distance between model point i and feature point j after the model
points are translated or transformed according to the best fit in the previous
frame. This step of the algorithms, thus assumes that there is a smooth motion
of the feature point. The last row Cn+1,j is set to a constant representing the cost
of not associating a feature point j with a model point. Similarly the last column
Ci,m+1 is set to a constant representing the cost of not associating a model point
j to any of the feature points. The matching is then done by solving the transport
problem with supply of s = [1, . . . , 1, m] and demand t = [1, . . . , 1, n]. Here we
used standard algorithms for solving the transport problem, cf. [14].

6 Experimental Validation

6.1 Feature Point Selection, Model Extraction and Shape
Recognition

In this experiment we have taken a digital film recording of a persons face as
it moves in the scene. A sequence of 944 frames was captured and a standard
interest point detector [10], was run on all of the frames. In each frame a face
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detector was run and those interest points that were within the rectangular frame
of a face detector [6], was kept.

Thefirst100frameswereusedformodelestimation.Thisgaveroughly880feature
points(between5and13pointsineachframe).ThreesuchframesareshowninFigure1
together with the extracted feature point shown as small rectangular points.

Theinitialguessorderingresultedin584ofthe880featurepointsbeingassociated
withanyofthe9modelpoints.Thedescriptionlengthforthisorderingwas10826bits.

After local optimisation the description length lowered to 9 575 bits for a
model with 12 model points. Here 740 of the 880 points were associated to a
model point. In Figure 2 is shown three frames out of the 100 overlayed with
feature points and best fit of the 12 model points obtained after minimising
description length. Notice that certain points in Figure 1 are classified as outliers
and are not shown in Figure 2.

Fig. 1. Three out of 100 frames used for testing. Detected feature points are shown as
white squares.

Fig. 2. Three out of 100 frames used for testing. For measured points (in white) the
fitted model points are shown in black. For missing data the fitted model points are
shown in gray.

Recognition using the shape model
The model can also be used to find the object in a new image without any prior
knowledge about its position. This is accomplished by the RANSAC algorithm
[7], where the consensus was based on the description length of the matching.
For simple transformation groups, such as translation, it is enough to randomly
match one point in the model to a feature point in the image.
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Current limitations. Although the theory presented in this paper is quite
general in the sense that any transformation group G can be used, our current
implementation handles only the cases of ’no transformation’ and ’pure trans-
lation’. Another limitation is the way the combinatorial optimisation scheme
is implemented. It happens that the algorithms gets stuck in local minima, so
that some points that are inliers are associated to the wrong object point or are
considered as outliers. More perturbation types could be allowed, for example
moving an image point from one model point to another. Yet another limitation
of the scheme is that it is relatively slow. Each evaluation of a selection of inliers
and outliers involves several steps, including a singular value decomposition with
missing data for the PCA.

7 Conclusions

Inthispaperwehavestudiedtheproblemofautomatic featurepointcorrespondence
determination and shape analysis with missing data and outliers using MDL.

The modelling problem is posed as a combined combinatorial/continuous op-
timisation problem. The continuous part involves missing data Procrustes and
missing data PCA. The combinatorial part is solved by an initial guess based on
heuristics followed by local search. Although not the main focus of this paper,
missing data Procrustes and missing data principal component analysis are de-
fined and algorithms for their determination are developed. The definitions are
natural consequences of the modelling principles followed.

Theresultisanalgorithmthatgivenanumberofunorderedpointsetsdetermines(i)
the number of model points, (ii) the mean shape and shape variationalmodes of the
model, (iii) theoutliers in thedata sets, (iv) the transformationsg, and(v) the inliers
with correspondences.Weenvision this algorithmbeingusedona set of imagesafter
extraction of feature points. The fact that the model can be learnt automatically
makes it possible to acquire models on the fly, without manual interactions. Such
models can then be used for tracking, pose determination, recognition.

In this paper we have focused on the point positions. This makes the method
relativelystableto lightingvariations.However, itwouldbeinterestingtoextendthe
ideas to that of feature points including local descriptors, that capture the local
variations in intensity in patches around the feature points. This would probably
make the system better at recognising and tracking under most circumstances.
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