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Abstract. Motion estimation has traditionally been approached either
from a pure discrete point of view, using multi-view tensors, or from a
pure continuous point of view, using optical flow. This paper builds upon
a novel framework of hybrid matching constraints for motion estimation,
combining the advantages of both discrete and continuous methods. We
will derive both bifocal and trifocal hybrid constraints and use them to-
gether with a structure estimate based on filtering techniques. A feedback
from the structure estimate will be used to further refine the motion es-
timate. This gives a complete iterative structure and motion estimation
scheme. Its performance will be demonstrated in simulated experiments.

1 Introduction

Structure from motion is one of the central problems in computer vision and has
been extensively studied during the last decades. The objective is to compute
the motion of the camera and the structure of the scene from a number of its
two-dimensional images. The standard method is to first estimate the motion of
the camera, based on matching tensors, obtained from corresponding points in
an image sequence. Then, given the motion of the camera, the structure of the
scene is obtained as a sparse set of 3D-points, which can be used as a starting
point for surface estimation or texture mapping, cf. [1].

The most common method for estimation of the matching constraints is based
on a discrete setting, where e.g. the fundamental (or essential) matrix is esti-
mated between an initial view and another view obtained later in the sequence,
c.f. [2]. In order to deal with long image sequences several matching constraints
are then pasted together, giving a consistent set of matching constraints from
which the motion of the camera can be estimated, cf. [3]. Another approach,
closely related to optical flow, is to use a continuous setting and estimate the
motion parameters from continuous time matching constraints based on image
point positions and velocities, c.f. [4,5,6].

Attempts has been made to combine the discrete and the continuous meth-
ods. In [7], a number of differential matching constraints were derived and an
algorithm for updating the fundamental matrix along an image sequence was
� This work was partially supported by the SRC project 621-2002-4831.

B.K. Ersbøll and K.S. Pedersen (Eds.): SCIA 2007, LNCS 4522, pp. 142–151, 2007.
c© Springer-Verlag Berlin Heidelberg 2007



Recursive Structure and Motion Estimation 143

indicated. However, no experimental evidence or details about the algorithm
were given. These ideas have been taken up and extended to a form suitable for
on-line structure and motion estimation, cf. [8], and preliminary results on an
on-line structure and motion system have been reported in [9].

The main purpose of the present paper is to develop suitable methods for
on-line recursive structure and motion estimation for long image sequences. By
this, we mean methods that can update a current estimate of the position of
the camera and the structure of the scene, when a new image in the sequence
becomes available. Such methods have been presented in [10] and [11], where in
both cases complex non-linear procedures are used to update the structure. We
will propose a novel method where the motion estimation is separated from the
structure estimation, enabling simpler and more stable update schemes.

In this work we derive and utilize two types of matching constraint, called
hybrid matching constraints (HMC), for the estimation and update of motion
parameters. The first one is an extension of the epipolar constraint to a hybrid
epipolar constraint, where both corresponding points in two images as well as
their motion in the second image are used. The second one is an extension of
the trifocal constraint to a hybrid trifocal constraint, where both corresponding
points in three images as well as their motion in the third image are used. These
hybrid constraints will enable us to update the current motion estimate linearly
based on at least three corresponding points. This will be shown theoretically,
by proving the exact number of linearly independent constraints obtained from
each corresponding point. The HMC are here fused with a continuous-discrete
extended Kalman filter for the state estimation, in order to construct an algo-
rithm for recursive estimation of both structure and motion. We also introduce
a linear reprojection error constraint, where feedback of the structure estimates
is used to recursively obtain corrections to the motion estimates. This constraint
connects the structure and motion estimation processes in a consistent way, and
is significantly improving the performance of the method.

2 Problem Description

2.1 Camera Model and Notation

We assume the standard pinhole camera model,

λx = PX , (1)

where x denotes homogeneous image coordinates, P the camera matrix, X ho-
mogeneous object coordinates and λ a scale factor. The camera matrix P is
usually written as P = K[ R | −b ], where K denotes the intrinsic parameters
and (R, b) the extrinsic parameters (R being an orthogonal matrix). We will from
now on assume that the camera is calibrated, i.e. K is known and that the image
coordinates have been transformed such that P can be written as P = [ R | −b].
When several images of the same point are available, (1) can be written as
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{
λ(t)x(t) = P (t)X, t ∈ [0, T ] or

λixi = PiX, i = 1, . . . M
(2)

in the continuous time case and the discrete time case respectively. The camera
matrix P is assumed to have the form

P (t) = [ R(t) | −b(t) ] or Pi = [ Ri | −bi ] , (3)

in the continuous case and in the discrete case respectively. We furthermore
assume that the object coordinate system has been chosen such that R(0) =
R1 = I and b(0) = b1 = 0, implying that P (0) = P1 = [ I | 0 ].

2.2 Problem Formulation

A structure and motion estimation problem can now be formulated as the task
of estimating both the structure X in (2) and the motion parameters R(t) and
b(t) in (3) at the time t, given the set of perspective measurements Mt = {x(ti) |
∀i : ti ≤ t}. A recursive structure and motion problem can be formulated as
given an estimate of the structure and motion parameters up to time t, update
this estimate based on measurements obtained up to time t + Δt.

2.3 Discrete Matching Constraints

The discrete matching constraints are obtained by using the discrete version of
(2), for several different i and eliminating the object coordinates X from the
resulting equations. In the case of two views we obtain the well-known epipolar
constraint

xT
1 Ex2 = 0, with E = RT b̂ , (4)

where we for simplicity have used the notation R2 = R and b2 = b and b̂ denotes
the skew-symmetric matrix corresponding to the vector b. The matrix E in (4)
denotes the well-known essential matrix. This constraint can be used to estimate
the motion parameters linearly from at least eight corresponding points. The
three- and four-view constraints are obtained similarly, by starting with three
(or four) images of the same point and eliminating the object coordinates X,
from the resulting system of equations, see [12,13,14]. In the three-view case the
trifocal constraints and the trifocal tensor are obtained and in the four-view case,
the quadrifocal constraints and the quadrifocal tensor are obtained. These can be
used to estimate the camera motion linearly, from at least 7 and 6 corresponding
points respectively.

2.4 Continuous Matching Constraints

The continuous time matching constraints are obtained from the camera matrix
equation (2) in continuous form and its time derivative (where for simplicity the
time dependency is expressed using an index):

λtxt = [ Rt | −bt ]X = RtX̃ − bt,

λ′
txt + λtx′

t = [ R′
t | −b′t ]X = ŵtRtX̃ − b′t = ŵt(λtxt + bt) − b′t ,

(5)
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where X̃ denotes the first 3 components of the vector X and we have assumed
that the X is normalized such that the fourth component is equal to 1. Fur-
thermore, we have used the fact that the derivative of a rotation matrix can be
written as R′

t = ŵtRt, where wt represents the momentary rotational velocity of
the camera at time t. Similarly b′t denotes the momentary translational velocity
of the camera at time t. Define

νt = b′t − ŵtbt (6)

(representing the momentary translational velocity in a local coordinate system)
and multiply the last equation in (5) with νt × xt giving

x′T ν̂x − xT ŵν̂x = 0 , (7)

which is the well known continuous epipolar constraint. This constraint can be
used to estimate the motion parameters from at least eight corresponding points.
Higher order continuous multi-view constraints are obtained by taking higher
order derivatives of (2) and then eliminating the structure, cf. [4].

3 Hybrid Matching Constraints

In this section we will introduce a novel concept, called the hybrid matching
constraints, that will be used to update the motion parameters in two different
ways.

3.1 Epipolar Hybrid Matching Constraints

Write down the camera matrix equations for time 0, time t and time t + Δt:⎧⎪⎨
⎪⎩

λ0x0 = [ I | 0 ]X
λtxt = [ Rt | −bt ]X

λt+Δtxt+Δt = [ Rt+Δt | −bt+Δt ]X .

(8)

Using Rt = et�wt as a first order approximation of R, valid between t and t + Δt,
implying that

Rt+Δt = e�wtΔtRt ≈ Rt + ŵtRtΔt ,

and
bt+Δt = bt + dtΔt, corresponding to dt = b′t ,

λt+Δt = λt + μtΔt, corresponding to μt = λ′
t ,

xt+Δt = xt + utΔt, corresponding to ut = x′
t ,

(9)

and eliminating X using the first equation in (8) and expanding until the first
order in Δt gives

[
Rtx0 xt 0 bt

ŵtRtx0 ut xt dt

]
︸ ︷︷ ︸

Md

⎡
⎢⎢⎣

−λ0
λt

μt

1

⎤
⎥⎥⎦ =

[
0
0

]
, (10)



146 A. Heyden, F. Nyberg, and O. Dahl

implying that rankMd < 4, which will be called the hybrid epipolar constraints.
Assuming normalization such that x = (x, y, 1), u = (ux, uy, 0), and expanding
the minors of Md give the following different constraints in the motion parameters:

1. Minors containing the first three rows give the epipolar constraint.
2. Minors containing two rows out of the first three give linear constraints in

dt and wt, in total nine such linear constraints.
3. Minors containing the three last rows give non-linear constraints on the

motion parameters.

For our purposes, only the second type of constraints are useful. In fact there
are exactly two linearly independent constraints on the motion parameters from
the nine constraints of the second type above. This implies that the essential
matrix can be updated from at least three corresponding points, which is a
huge improvement compared to the standard discrete approaches, where five
corresponding points give highly non-linear constraints, and at least eight cor-
responding points are needed to obtain reasonable simple linear constraints.

In order to prove that there exist exactly two linearly independent constraints
among the nine ones of the second type above, we have to prove that there are
exactly seven independent linear dependencies between the constraints. Start by
extending Md with the second column, giving the following 6 × 5-matrix:[

Rtx0 xt 0 bt xt

ŵtRtx0 ut xt dt ut

]
.

The 5 × 5 minors of this matrix are obviously identically zero. Expanding the
three minors obtained by removing each one of the last three columns give

xtL11 − ytL21 + L31 − uxytE + uyxtE = 0
xtL12 − ytL22 + L32 − uxE = 0
xtL13 − ytL23 + L33 + uyE = 0 ,

(11)

where Lij denotes the hybrid constraint obtained by removing row number i
from the first three rows of Md and row number j from the last three rows of
Md and E denotes the epipolar constraint between time 0 and t. Thus (11) con-
tains exactly three linear dependencies among the epipolar hybrid constraints,
assuming that the epipolar constraint between views 0 and t is fulfilled. Repeat-
ing the same procedure by instead adding the third column and expanding the
minors obtained by removing each one of the first three columns give three fur-
ther linear dependencies. Finally, adding both the second and the third column
and expanding the determinant of the resulting 6×6 matrix, give the last linear
dependency. Thus only two linearly independent hybrid constraints remain (as-
suming the epipolar constraint is fulfilled). For practical purposes, there might
be more than two linearly independent constraints when the epipolar constraint
is not exactly fulfilled. However, these are numerically unconditioned in the sense
that they are close to spanning a two-dimensional space.
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Observe that when dt and wt has been recovered, the new motion parameters
and the new essential matrix can easily be obtained from{

Rt+Δt = e�wtΔtRt

bt+Δt = bt + dtΔt
⇒ Et+Δt = RT

t+Δtb̂t+Δt . (12)

The update in (12) guarantees that the new essential matrix fulfils the nonlinear
constraints. Observe also that although the update is nonlinear in the motion
parameters it can be performed efficiently using e.g. Rodriguez formula. Finally,
observe that either νt or dt may be used as a parameter for the translational
velocity, since they are related according to (6).

3.2 Trifocal Hybrid Matching Constraints

Write down the camera matrix equations for time 0, s, t and t + Δt:

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

λ0x0 = [ I | 0 ]X
λsxs = [ Rs | −bs ]X
λtxt = [ Rt | −bt ]X

λt+Δtxt+Δt = [ Rt+Δt | −bt+Δt ]X .

(13)

Eliminating X using the first equation and expanding until the first order in Δt
give

⎡
⎣ Rsx0 xs 0 0 bs

Rtx0 0 xt 0 bt

ŵtRtx0 0 ut xt dt

⎤
⎦

︸ ︷︷ ︸
Nd

⎡
⎢⎢⎢⎢⎣
−λ0
λs

λt

μt

1

⎤
⎥⎥⎥⎥⎦ =

⎡
⎣0

0
0

⎤
⎦ , (14)

implying that rankNd < 5, which will be called the hybrid trifocal constraints. The
minors of Nd gives the following different constraints in the motion parameters:

1. Minors containing only one row out of the first three give the previously
derived differential-algebraic epipolar constraint.

2. Minors containing only one row out of the last three give the standard dis-
crete trifocal constraints.

3. Minors containing two rows out of the first three, one row out of the middle
three rows and two rows out of the last three rows give linear constraints in
dt and wt, in total 27 such linear constraints.

For our purposes, only the last type of constraints are useful. It turns out that
there only exist two linearly independent constraints on the motion parameters
from the nine constraints of the second type above, which can be proven in the
same way as above. This implies that the trifocal tensor can be updated from
at least three corresponding points.
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3.3 Motion Estimation Using HMC

Given a current estimate of the motion parameters and a new image with at
least three corresponding points, the motion parameters can be updated using
a linear system of equations of the type

M

[
wt

dt

]
= m , (15)

where M=M(xk
0 ,xk

t ,uk
t , Rt, bt) for k=1, . . . n, n ≥ 3 and m=m(xk

0 ,xk
t ,uk

t , Rt, bt)
in the epipolar case and similarly for the trifocal case, where also xk

s appears as
a parameter.

3.4 State Estimation Using the Continuous-Discrete EKF

Given the motion parameters it is possible to employ a number of algorithms
for recursive structure recovery. Here we optionally select a continuous-discrete
extended Kalman (EKF) filter for the state estimation process [15]. For further
details, see [9] or [16].

3.5 Motion Estimation Refinement by Reprojection Constraints

Given motion estimates Rt and bt obtained using the HMC through (15), the
measurement xt, and the 3-D estimate X from the EKF, we seek correction
vectors α, β ∈ R

3×1 of small magnitude, such that improved motion estimates
R+

t and b+
t are given by the reprojection constraint

λ+
t xt = [ R+

t | −b+
t ]X , R+

t = e�αRt , b+
t = bt + β . (16)

Expanding the first equation in (16) to a first order approximation gives

λtxt ≈ RtX̃ + α̂RtX̃ + bt + β ⇒ R̂tX̃α + β = ε := RtX̃ + bt − λtxt , (17)

where ε can be interpreted as the reprojection error. Observe that (17) is a
linear constraint in the correction vectors α and β. Since (17) contains two linear
constraints on these 6 parameters (λt is also a free parameter) in the correction
vectors, a linear update on the motion parameters can be made from at least
three corresponding points.

The inclusion of the reprojection constraint correction step significantly en-
hances the performance of the estimation procedure, leading to more accurate
and robust estimates of both structure and motion.

3.6 Structure and Motion Algorithm

Using the results of the previous sections, the following algorithm can now be
employed for recursive structure and motion recovery:
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1. Preparations
– Assume that images are obtained sequentially at time instants ti, i=0, 1, 2 . . .,

equally spaced by Δt. Also assume some initial values for the state vector
and the error covariance matrix in the EKF.

– Given the images at times t0 = 0 and t1 = Δt with at least eight point
correspondences, get initial parameter estimates w0 and ν0 using e.g. the
continuous eight-point algorithm.

– Compute Rt1 = e�w0Δt and bt1 = d0Δt.
2. Estimation loop - for i = 1, 2 . . . do
– Using at least three point correspondences, set up the hybrid epipolar or

trifocal matching constraints in (15).
– Solve the linear system (15) for the new parameter estimates wti and dti .
– Update the rotation matrix and the translation vector according to (12).
– Use wti and νti in the EKF to get structure estimates over the time interval

[ti, ti + Δt].
– Refine the motion estimate according to (17).

Note that since we are estimating both structure and motion, the estimates are
inherently subjected to a scale ambiguity. In the above algorithm the scale issue is
resolved by assuming the translational velocity vector ν to be of unit length in the
initialization procedure. This together with the assumption of normalized image
coordinates fixes the scale for the subsequent parameter estimates through (15).

4 Experiments

Since the initial parameter values obtained by the initialization process generally
can be assumed quite accurate, the truly interesting case will be when one or
both of the parameter vectors w and ν are time varying. The hybrid-based
method can then be evaluated by its ability to follow the time-variations in the
parameters, as well as by its ability to correctly recover the 3-D structure.

For purpose of illustration we simulate images of an object consisting of eight
points in a general configuration on a grid of stepsize 10−4, and with the param-
eter vectors

w(t) =
2
3

(
1, −1, 1

)
, ν(t) =

1√
1.32

(
−1, −0.4, 0.4

)T +
1
2

(
t, t, −0.5t

)T
.

Perspective measurements were computed at time instants separated by Δt =
0.01. The estimates of the components of the rotational velocity w and the trans-
lational velocity ν together with the true values based on the hybrid epipolar
constraints, are shown in Fig. 1(a) and Fig. 1(b) respectively. The resulting 3-D
estimation error for one of the observed object points is shown in Fig. 1(c).

We also conducted a similar experiment on the same data based on the hybrid
trifocal constraints. The same procedure as before, based on the initialization
using the continuous epipolar constraint, and the recursive estimation using the
epipolar hybrid constraints, was used until time t = 0.4s. After that, the trifocal
hybrid constraints was used, with s = t/2, see Fig 2.
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Fig. 1. Estimation results obtained using the hybrid epipolar constraints: (a) True
(solid) and estimated (dashed) translational velocity ν, (b) True (solid) and estimated
(dashed) rotational velocity w, (c) 3-D estimation errors for one of the observed object
points
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Fig. 2. Estimation results obtained using the hybrid trifocal constraints: (a) True
(solid) and estimated (dashed) translational velocity ν, (b) True (solid) and estimated
(dashed) rotational velocity w, (c) 3-D estimation errors for one of the observed object
points

5 Conclusion

We have proposed an algorithm for recursive estimation of structure and mo-
tion from perspective measurements in a continuous-discrete setting, utilizing
the novel concept of the hybrid epipolar and trifocal matching constraint for
the estimation of the velocity parameters, combined with a state estimator, here
optionally selected as the continuous-discrete EKF. The structure and motion
estimation processes are connected by recursive feedback of the structure esti-
mates, resulting in reprojection error constraints used to obtain refined motion
estimates. Simulated experiments are included to illustrate the applicability of
the concept. The main advantages of the presented method is that only three
corresponding points are needed for the sequential update and correction of the
velocity parameter estimates. Further, both these update schemes are linear.

Note that it is not necessary that the same three points are tracked throughout
the whole image sequence. It is easy to change to any other triplet of point
correspondences when needed.
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