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Abstract. This paper proposes a new method to derive a refined lower
bound on the makespan in the multiprocessor scheduling problem. The
result of experiments implies that the proposed method really improves
the performance of the underlying branch-and-bound scheme when it is
applied at the root in the search tree; e.g., we could achieve a speedup
of at least 7000 times in the best case.

1 Introduction

In this paper, we propose a new method to refine the lower bound on the
makespan in the multiprocessor scheduling problem (MSP). The proposed
method is an extension of Fernandez’s bound (abbreviated as FB hereafter)
that is known to provide the best bound among others [1], and can be computed
in a quadratic time [2]. The key idea of the extension is a recursion; i.e., in
determining the as soon as possible start time and the as late as possible com-
pletion time of each task, that should be as precisely identified as possible to
obtain a sharp bound under FB, we recursively calculate lower bounds on the
makespan for several sub-instances of the given instance. The proposed method
was implemented as a part of a branch-and-bound (B&B) algorithm for solving
MSP, and was experimentally evaluated. The result of experiments implies that
the proposed method really improves the performance of the underlying B&B
scheme when it is applied at the root vertex in the search tree (note that an
optimal lower bound at a child vertex in the search tree is not smaller than
a lower bound at the parent vertex). We found that the amount of speedup
caused by the proposed method is at least 7000 times in the best case, and it
could solve difficult instances within few seconds that could not be solved under
conventional schemes within a day.

2 Model

Let G = (V (G), E(G)) be a directed acyclic graph with node set V (G) and edge
set E(G), where a node in V (G) represents a task that should be sequentially
and non-preemptively executed on a processor, and an edge in E(G) represents
a precedence constraint between tasks. Terms “node” and “task” are used in-
terchangeably. Let |V (G)| = n. A node with no predecessors is referred to as an
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entry node, and a node with no successors is referred to as an exit node. G is as-
sumed to contain exactly one entry node s, and one exit node t. In this paper, we
consider a parallel computer system consisting of m identical processors, where
the time for communication is negligible compared with the time for executing
a task. Let w(u) denote the execution time of task u. In this paper, we assume
that w(u) is an integer, and without loss of generality, assume w(s) = w(t) = 0.
Let tcp(G) denote the length of a longest directed path in G, where the length of
a path is defined as the summation of execution times of tasks on the directed
path (including terminal nodes). In what follows, we often denote V (G), E(G),
and tcp(G) as V , E, and tcp, respectively, if the underlying graph is clear from
the context. The multiprocessor scheduling problem (MSP), that we will
study in this paper, is the problem of finding a feasible schedule with a minimum
makespan for given G and P .

3 Lower Bound

3.1 Known Techniques

An outline of the lower bounding technique shown in [1] is described as follows.
Suppose that we want to calculate the lower bound for partial solution x. Let ST

be the set of feasible schedules for x in which the entry node s starts at time 0
and the exit node t completes by time T . Given time interval [θ1, θ2], for 0 ≤ θ1 <
θ2 ≤ T , let R(θ1, θ2, T ) denote the minimum amount of intersection of a schedule
in ST with interval [θ1, θ2], over all selections of the schedule. Then, a lower bound
on the number of processors required for completing any schedule in ST within
T time units is given by mL(T ) def= max0≤θ1<θ2≤T �R(θ1, θ2, T )/(θ2 − θ1)�. If
m ≥ mL(tcp), we cannot improve the lower bound on the makespan from tcp;
however, if m < mL(tcp), we could improve it in the following two different ways:
In the first method, called FB [1], the lower bound on the makespan increases
to at least tcp + q, where q ≥ max0≤θ1<θ2≤tcp

{
−(θ2 − θ1) + R(θ1,θ2,tcp)

m

}
. The

second method, called FBB [2], uses binary search to find a minimum T such
that mL(T ) ≤ m. Note that FBB provides a better bound than FB in general.

3.2 Proposed Method

Let C be a set of integers (⊂ {0, 1, . . . , T}) consisting of the as soon as possible
completion time (ASCT) and the as late as possible start time (ALST) of all
tasks u ∈ V , provided that the entry task starts at time 0 and the exit task
completes by time T . In [2], we showed that C contains a pair (θ1, θ2) that
minimizes R(θ1,θ2,T )

θ2−θ1
(resp. −(θ2 −θ1)+ R(θ1,θ2,tcp)

m ); i.e., it is enough to examine
all combinations of elements in C to calculate FBB (resp. FB). In addition, we
showed in [2] that an examination of all combinations takes only O(n2) time,
i.e., the examination of a single combination takes a constant time in average. In
FBB and FB, the elements of C are determined based on the length of the longest
path to the entry and/or exit nodes. However, we could refine the preciseness of
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the values by recursively applying lower bounding techniques that are used in
calculating a lower bound from given set of integers C, since the length of the
longest path is a trivial lower bound that could generally be improved by using
FB and FBB [1,2].

The proposed method is based on the above intuition. More concretely, in
determining the ASCT of a task u, 1) it first considers a subgraph G′ of G
consisting of all predecessors of u containing the entry task s, and 2) it calculates
a lower bound on the makespan of G′ provided that there are m processors in
the system (the ALST of a task u can be determined in a similar manner). The
refinement of ASCT and ALST is carried out according to a linear order of
the tasks, say s, u1, u2, . . . , un−2, t, that is consistent with the given precedence
constraints; i.e., ASCT is refined from s to t, and ALST is refined from t to s.
Any (trivial) lower bounds could be used as their initial values. It is worthy to
note that when examining ASCT of task ui, we can use refined ASCT’s for tasks
s, u1, u2, . . . , ui−1, and conversely, when examining ALST of task ui, we can use
refined ALST’s for tasks ui+1, ui+2, . . . , un−2, t. Such a refinement is repeatedly
applied until no updates can be observed.

4 Experiments

4.1 Preliminaries

In order to evaluate the quality of the approach, we implemented the proposed
recursive method as a part of B&B algorithm for solving MSP. In the resultant
B&B algorithm, referred to as REC hereafter, the recursive application of FBB
is attempted only at the root vertex, and at the other vertices, it determines
the lower bound by using FBB. The specification of the machine used in the
experiments is as follows: CPU: PentiumIII 850MHz, memory: 1GB, and OS:
FreeBSD4.4.

In the experiments, we used STG (standard task graphs) suite [3] as the
benchmark set. Since our main objective is to exactly solve relatively small
instances, among several task graphs contained in the STG suite, we focus on 360
small ones with less than 1000 tasks. In addition, we discriminate 107 “difficult”
instances by executing conventional FBB scheme for 10 minutes; The number
of difficult instances that could not be solved in 10 minutes by the conventional
scheme is: 14 for m = 2; 38 for m = 4; and 55 for m = 8. Note that among
those 107 instances, only 31 instances can be solved within 24 hours by the
conventional scheme, and in all of those solved instances, the lower bound at the
root vertex coincides with the final solution; i.e., for those instances, we could
not improve the lower bound at least at the root vertex. However, it does not
imply that the improvement of lower bounds is meaningless. In fact, there are
several instance in which a “decision” is made at a high level of the search tree;
in such cases, a better lower bound really plays an important role in pruning
branches at as higher level of the search tree as possible.
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Table 1. Instances whose lower bound could be improved by REC.

ID FBB REC UB difference
m = 2 50-0007 264 265 272 → 265 7 → 0

100-0009 560 567 576 → 569 9 → 2
300-0009 1478 1479 1484 → 1481 6 → 2
500-0009 2793 2798 2808 → 2805 10 → 7
700-0009 3589 3614 3632 → 3630 18 → 16
900-0008 2558 2569 2577 → 2571 8 → 2

m = 4 300-0010 444 446 455 → 449 9 → 3
500-0002 724 744 748 → 745 4 → 1
500-0003 1361 1363 1369 → 1367 6 → 4
700-0000 975 979 981 → 981 2 → 2
700-0003 1922 1949 1955 → 1952 6 → 3
700-0011 2034 2048 2091 → 2085 43 → 37
900-0003 2433 2548 2554 → 2552 6 → 4
900-0010 1368 1376 1395 → 1390 19 → 14
900-0011 3051 3058 3084 → 3079 26 → 21

m = 8 500-0023 652 654 671 → 671 17 → 17
700-0023 923 930 959 → 944 29 → 14

4.2 REC

Table 1 shows a list of (difficult) instances whose lower bound at the root vertex
can be improved by REC. Note that those instances can not be solved within 24
hours by FBB. As is shown in the table, the use of REC really reduces the gap
between upper and lower bounds; e.g., the gap becomes zero for one instance,
one for one instance, and two for four instances. In addition, it achieves a large
amount of improvement of the lower bound in several instances. However, a much
more important fact we have to point out is that there exists an instance that
could be solved by using REC. For that instance, i.e., graph 50-0007 for m = 2,
REC can output an optimum solution in 10 seconds, while it takes more than 24
hours under FBB (under REC, the lower bound at the root can be found in 50
ms, and an optimum solution 265 can be found within 10 seconds). That is, at
least for this instance, we could achieve more than 7920 times speedup by using
the proposed method.

5 Concluding Remarks

In this paper, we proposed a recursive method to derive a refined lower bound
on the makespan in the multiprocessor scheduling problem. An important open
problem is to apply the recursive method to several vertices besides the root
without increasing the computation cost.
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