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Abstract. This paper describes the construction of 3D dynamic statis-
tical deformable models for complex topological shapes. It significantly
extents the existing framework in that surfaces with higher genus can
be effectively modeled. Criteria based on surface conformality and min-
imum description length is used to simultaneously identify the intrin-
sic global correspondence of the training data. The proposed method
requires neither surface partitioning nor artificial grids on the param-
eterization manifold. The strength of the method is demonstrated by
building a statistical model of the complex anatomical structure of the
left side of human heart that includes the left ventricle, left atrium, aor-
tic outflow tract, and pulmonary veins. The analysis of variance and
leave-one-out-cross-validation indicate that the derived model not only
captures physiologically plausible modes of variation but also is robust
and concise, thus greatly enhancing its potential clinical value.

1 Introduction

With the increasing popularity of the Active Shape and Appearance Models [1,
2], 3D shape modeling and segmentation based on these techniques are gain-
ing significant clinical interest. In essence, the technique recovers the underlying
shape by exploiting a priori knowledge about the plausible variations of anatom-
ical structures captured by the Point Distribution Model (PDM). The practi-
cal quality of a PDM relies on the definition of correspondence across a set of
segmented samples. Brett and Taylor [3] generated correspondences using ICP
while a diffeomorphism between the shapes was maintained by harmonic map.
Davies et al. [4] solved this problem by manipulating global parameterization
subject to the Minimum Description Length (MDL) criterion. For time varying
3D objects, identification of dense correspondence within the training set is a sig-
nificant challenge. Landmark techniques based on anatomical features has been
proven to be problematic for 3D shapes that undergo large deformation over
time. To resolve this difficulty, Horkaew and Yang recently proposed a harmonic
embedding technique for establishing optimal global correspondence for a set of
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dynamic surfaces whose topological realization is homeomorphic to a compact
2D manifold with boundary [5]. Its application to left ventricular modeling has
demonstrated its compactness and ability for capturing principal modes of vari-
ation that are biologically meaningful.

One of the key challenges of 3D statistical shape modeling is the parameter-
ization of surfaces with generic topologies. For high genus shapes, most of the
current techniques [6,7,8] have limited their investigation to surface remeshing,
texture mapping and metamorphosis between a pair of objects. The method
recently proposed by Praun et al. [9], suggests a parameterization algorithm
based on heuristic legal checks to avoid path intersection for a group of sur-
faces. Although being able to create a valid set of smooth surface partitions, the
resultant meshes are not necessarily statistically optimal. This is also true for
other approaches [10,11]. The alternatives of using level set embedded in higher
dimension manifold or volumetric registration, on the other hand, are less com-
pact and do not explicitly guarantee the topology of the final result [12,13].

General anatomical structures can have shapes with higher genuses. A nor-
mal human heart as shown in Figure 1, for example, consists of four chambers,
each topologically equivalent to a sphere with different numbers of boundaries
corresponding to valvular and vascular orifices. The left and right ventricles are
connected with the atria at mitral and tricuspid valves. When all the valvular
structures and inflow/outflow tracts are considered, the shape to be modeled
becomes highly complex even in its static form. The purpose of this paper is
to extend the harmonic embedding techniques proposed by Horkaew and Yang
for anatomical structures with complex topology. One possible extension to the
technique is to use surface subdivision such that each surface patch can be har-
monically embedded on its own. This, however, requires the identification of
geometrical landmarks for separating the overall structure into physiologically
independent but topologically simple substructures. The network of partitioning
curves implies the initial boundary correspondence and surface subdivision. For
dynamic shapes, the treatment of surface continuity and correspondence across
boundaries with this approach, however, is challenging. In this paper, a more ef-
fective embedding scheme that incorporates multiple boundaries associated with
high genus objects is proposed. Whilst ensuring the generative PDM is geomet-
rically and statistically optimal, the method also has the following features:

– No surface partitioning prior to parameterization is required while maintain-
ing the conformal structure and multi-resolution properties for the surface.

– No artificial structure is introduced to the parameterization domain, i.e., the
correspondence is implicit to ensure flexibility in mathematical treatment and
reduce shape artifacts.

We demonstrate in this paper how the proposed method can be used for modeling
the entire left side of the heart including Left Atrium (LA), Left Ventricle (LV),
major Pulmonary Veins (PV) and the Left Ventricular Outflow Tract (LVOT).
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2 Material and Methods

2.1 Surface Parameterization

One of the key steps for the proposed statistical shape modeling scheme is the
parameterization of a generic surface with its equivalent topological domain. The
base domain used in this study is a unit sphere. Since the underlying anatomy of
LV and LA across subjects is consistent, the vertices correspond to the bound-
ary orifices are mapped onto given locations of the base domain before surface
parameterization. For LV and LA, the mitral annulus was parameterized onto a
contour connecting the unit spheres used for mapping the LA and LV, as shown
in Figure 1(c). Without loss of generality, the mitral annulus was always pa-
rameterized onto a contour centered by the north pole so as to ensure that no
singularity was introduced by mapping infinitesimal area of the surface to in-
finity. During the subsequent analysis the G1 continuity across the mitral valve
boundary was maintained by conformal parameterization.

Fig. 1. Short axis MR images covering 4 chambers of the heart from the apex to the
atria during diastole (a) and its corresponding 3D surface reconstruction (b). (c) The
configuration used for surface parameterization of the LV and LA used for this study

The remaining internal vertices were then uniformly distributed on each
sphere by using Tutte’s mapping [14]. With the introduction of boundary con-
tours as shown in Figure 1(c), the trimmed sphere is no longer convex and mesh
folding is inevitable. To alleviate this problem, the vertices were first mapped
to a stereographic complex domain followed by iterative mesh untangling and
smoothing [15]. The technique was based on maximizing the minimum area of
simplicial elements in a local sub-mesh such that

x̂ = max
x

(
min

1≤i≤N

∣∣x1
i − x x2

i − x
∣∣) (1)

In the above equation, the ith triangle in the local submesh is defined by the
positions of the free vertex x and the positions of the two other vertices x1

i and
x2

i , and x̂ is the new optimal position of the free vertex. In this study, Polak-
Ribiere’s conjugate gradient optimization was adopted. This unfolding scheme
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results in topologically valid mesh that can be spatially degenerated. A variant
of constrained Laplacian smoothing was subsequently applied to enhance mesh
quality. The algorithm relocates the free vertex to the geometric center of the
immediate neighboring vertices, only if the quality of the local submesh was
improved according to the quality metric given by [16],

α(Tx) = (I)2
√

3
‖(x2 − x0) × (x1 − x0)‖

‖x2 − x0‖2 + ‖x0 − x1‖2 + ‖x1 − x2‖2 (2)

I =
{

+1 , if (x2 − x0) × (x1 − x0) · Nx > 0
−1 , otherwise

Where Tx is a triangle defined by three vertices x0, x1 and x2 and the surface
normal vector Nx is evaluated at the center of the triangle. The function I
captures the inversion of the element to prevent mesh folding.

2.2 Variational Approach to Conformal Surface Embedding

The mesh obtained above generally has a good quality but its parameterization
may not preserve the local geometric property. The purpose of conformal em-
bedding at this stage is to reparameterize the LV and LA surfaces M to their
respective topologically equivalent unit spheres S with corresponding bound-
aries. A variational approach to piecewise linear Harmonic Maps was used [17].
The advantage of the variational approach over the leastsquare ones [5,10] is that
the convex constraints on the manifolds may be relaxed, provided that the initial
parameterization is already of valid topology. Let (M, m) ∈ R3 and (S, s) ∈ R3

be two diffeomorphic Riemannian manifolds and Φ : (M, m) → (S, s) is a con-
formal map, which minimizes metric dispersion. This metric can be represented
as a sum of potential energy in a configuration of springs, each of which is placed
along an edge of the triangulation. For this approach, we define linear Laplacian
operator �PL : CPL → CPL on function Φ to be

�PL Φ =
∑

{i,j}∈M

κij (Φ(i) − Φ(j)) (3)

where Φ = (φx, φy, φz) is a harmonic map from the surface mesh M to a unit
sphere S and κ is a spring constant, defined as a summation of cotangent weight-
ing coefficients of its subtended angles of a given edge (i, j). Since map Φ is
harmonics if it only has a normal component (�Φ)⊥ and its tangent component
�Φ is zero, therefore at critical point we have �Φ → (�Φ)⊥. In this case,
Φ can be solved by iteratively displacing internal free vertices in the steepest
gradient direction, i.e.,

δΦ = −DΦ × δt (4)

DΦ(i) = �Φ(i) − (�Φ(i))⊥ and (�Φ(i))⊥ = 〈�Φ(i),n(Φ(i))〉n(Φ(i))

where 〈, 〉 is inner product in R3 and n(p) is a normal vector on S at point p. For
a sufficiently small step size δt, the resultant parameterization is guaranteed to
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converge to the conformal approximation. Finally, Deluanay triangulation was
used to remesh the conformal domain with equilateral triangles to ensure that
the final mesh is topologically correct, angle-preserving, and not degenerated. It
is worth noting here that the conformal property used here also ensures the shape
consistency, i.e., the G1 continuity from LV to LA across the mitral annulus.

2.3 Identifying Optimal Correspondence

The next step of building the statistical shape model is to establish optimum
point correspondence within the training set. With the proposed framework, we
formulate the correspondence problem as that of defining a set of dense vec-
tor fields, by which each surface in the training set is deformed. These vector
fields are interpolated with radial basis splines whose control points are con-
strained around the defined boundaries. It is worth noting that by doing so,
no artificial grids were imposed on the parameterization process. To reduce the
computational cost, a k-d tree was used for sampling a deformed surface point
on the parametric domain. Similar to previous studies, MDL was employed as
the optimization criterion for the derived statistical model. It is well known that
the MDL function is highly non-linear and can have multiple local minima, the
optimization is therefore carried out in a hierarchical manner. At the coarsest
parameterization level, the correspondence vector fields were deformed such that
they minimized the Euclidean distances between a pair of surfaces. At the sub-
sequent levels L, a set of 4L−1 spline control points and corresponding vector
values were recursively inserted into the domain, with their positions determined
by maximizing the multi-site geodesic distances on an individual surface. The
parameterization was optimized subject to the MDL of the entire training set
on a per-surface basis. The ordering, by which each sample was optimized, was
randomly permutated before each iteration [18]. Conjugate gradient method was
used to identify the optimal deformation fields and finally, Principal Component
Analysis (PCA) was applied to capture the mean shape and principal modes of
variation.

2.4 Data Acquisition and Validation

Four healthy subjects, (mean age = 27, range 25-29 years) were studied in supine
position with a Siemens Sonanta 1.5T (40mT/m, 200mT/m/ms). A breath-hold
retrospectively ECG-gated trueFISP cine sequence (TE = 1.63ms, TR = 3.26ms)
was used. The effective temporal resolution was 22-30ms and multiple parallel
short axis images were acquired in two multislice groups, one to cover from the
valvular plane to the apex of the LV with 10mm increments, and the other from
the aortic arch to the valvular plane in 5mm increments, due to the geometrical
complexity of the LA. The in-plane and through-plane image resolution used was
1.2mm x 1.2mm and 7mm, respectively. The image segmentation scheme follows
the method used in [5] for depicting the cardiac borders. For the LV, the mitral
and aortic valve planes were manually defined along with the left ventricular
in-flow and out-flow tracts. Similarly, the planes cutting through the pulmonary
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veins were also specified, giving a total of five boundary contours including the
mitral annulus. A total of thirty-four shapes of the LV and LA were used for
building the dynamic statistical shape model.

3 Results

Figs. 2(a) shows an example of the initial Tutte’s mapping of the LA projected
onto a stereographic plane. It is evident that significant mesh folding is intro-
duced particularly around the pulmonary veins. The resultant parameterization
of the unfolded mesh after applying the proposed mesh smoothing and conformal
parameterization are illustrated in Figs. 2 (b) and (c), respectively. A total of 10
control points, excluding those on the boundaries, as shown in Figs. 2(d) were
used to interpolate correspondence vector fields to establish the optimal set of
control points. It is worth noting that these vector fields were bounded on the
manifold and determined by the MDL objective.

Fig. 2. The stereographic projection of the zoom up around the boundaries of the
parameterized LA surfaces showing the initial state (a), after applying mesh untangling
and smoothing (b) and conformal maps (c) and positions of the control points (d)

Fig. 3 demonstrates the principal modes of variation captured by the derived op-
timal PDM. An animation of the first three modes corresponds to contraction,
radial twisting and shortening (http://vip.doc.ic.ac.uk/˜gzy/osdm/). The
compactness of a model is measured by using the total variance captured by the
principal modes. The generalization ability is assessed by using leave-one-out
reconstruction, i.e., the PDM was built by using both LV and LA surfaces from
all but one subject and then fitted to the excluded samples. The accuracy of the
reconstruction is measured as the residue of the fitted model to the actual data.
The process is repeated by excluding each of the remaining subjects in turn. The
averaged residue over the samples is then computed.

Fig. 4 shows the quantitative comparison of these measurements for the
model obtained by sampling on the conformal map, and that obtained by mini-
mizing Euclidean distance between a pair of surfaces, i.e., parameterization given
at the first level of recursion, and the optimal model proposed in this paper. It
can be observed from the graphs that the optimal model is 67% and 25%, re-
spectively, more compact than the conformal and minimized Euclidean models.
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Fig. 3. The variation captured by the first two modes of variations. The shape parame-
ters were varied by ±2σ, seen within the training set. They corresponds to contraction
and radial twisting

Fig. 4. Quantitative comparison of these measurements among the conformal, minimiz-
ing Euclidean distance, and the proposed optimal models, showing analysis of variances
(left) and leave-one-out fitting residue (right)

Further analysis of the model shows that the averaged fitting residue of gener-
ated PDMs to the actual data by taking into account other modes of variation,
the optimal model gives consistently less residue than that of the other methods.

4 Discussions and Conclusion

Conformal surface embedding is an essential step towards optimal statistical
deformable surface modeling for dynamic structures. We have shown that the
basic concept described in [5] can be extended to shapes with complex topol-
ogy, thus enhancing its practical clinical value. The proposed method produces
a PDM that is significantly more compact than the one obtained from the con-
formal and minimized Euclidean techniques. It must be pointed out, however,
that the method proposed above applies only to a sub-class of all mathemati-
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cally plausible shapes and is not suitable for shapes such as n-torus. From our
experience, however, the restriction imposed on our framework is realistic for
modeling cardiovascular and other visceral structures.
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